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With the help of Addition Lemma, we're going to construct the multiple lemma. An
important fact is that,

arag + bi1by = ¢icy,

where, whenever a; + b; < 8, if we denote ag +by =m - T +n, cg =n and ¢; = a1 + by +m.

Proof.

a1a0+m:(al'T+a0>+(b1'T—|—b0>:((al'T+a0)+b1'T)—|—b0
:(al-T+(a0—i—bl'T))+b0:(al-T—l—(bl~T+a0))+b0:((a1‘T+b1-T)+a0)+b0
:(a1-T+b1-T)—|—(a0+b0):(a1+b1)-T+(a0+b0).

Note that ag+by < 9+9 = 18. If ag+ by > 10, then ag+by = 1-T + ¢ = m - T + ¢y for some
co and m = 1. At this time,

alao—i—ﬁz(a1+b1)-T+m-T—|—coz(a1+b1—i—m)-T+co.

If ag + by < 10, then ag + by =0-T + ¢y =m - T + ¢y, where m = 0 and ¢y = ag + by.

Write ¢; = a3 + by + m. Then ¢; < 8 +1 = 9. Hence arag + b1by = ¢16o. O
LEMMA.
1-1=1 1-2=2 1-3=3 1-4=4 1-5=5
2-1= 2-2= 2-3= 2-4= 2-5=10
3-1= 3-2= 3-3= 3-4=12 3-5=15
4-1=4 4-2=28 4-3=12 4-4=16 4-5=20
5-1=5 5.-2=10 5-3=15 5-4=20 5-5=25
6-1= 6-2=12 6-3=18 6-4=24 6-5=30
7-1= 7-2=14 7-3=21 7-4=28 7-5=235
8:1=28 8:-2=16 8:-3=24 8-4=32 8-5=140
9.-1= 9.-2=18 9.-3=27 9-4=236 9.-5=145



1-6=6 1-7=7 1-8=8 1-9=9
2:-6=12 2.-7=14 2-8=16 2-9=18
3-6=18 3-7=21 3-8=24 3-9=27
4.6=24 4.7=128 4-8=32 4-9=36
52-6=30 5-7=35 5-8 =140 5-9=145
6-6=36 6-7=42 6-8 =48 6-9=>54
7-6=42 7-7=49 7-8 =56 7-9=163
8-6 =148 8-7=56 8-8=064 8-9=72
9-6=>54 9-7=063 9-8=172 9-9=281

Proof. By definition frequently, 1-1=1,1-2=1-1"=1-141=14+1=2,1-3=1-2'"=
1.241=24+1=31-4=1-3=1-34+1=3+1=41.5=1-4=1-44+1=4+1=5
16=15=15+1=5+41=6,1.7=16'"=164+1=6+1=7,1-8= 1.7 = 1.7+1 = 74+1 = §,
1.9=1-8=1-841=8+1=9 Next,2-1=22.2=2.1"=2.142=2+2 =4,
2:3=2-22=2.242=44+2=6,2-4=2-3=2.342=6+2=28,2-5=2-4=2.-442=
84+42=10,2-6=2-5=2-54+2=104+2=12,2-7=2-6 =2-6+2 =12+ 2 = 14,
2:-8=2-7T"=2-7T4+2=14+4+2=16,2-9=2-8=2-842=16+2=18.

Let’s proceed. 3-1=3. 3-:2=3-17"=3-143=343=6,3-3=3-2 =3-243=6+3 =9,
4=3-3=3-343=9+3=12,3-5=3-4=3-443=1243=15,3-6=3-5 =
5+3=1543=18,3-7T=3-6'=3-6+3=18+3=21,3-8=3-7 =3-7+3 =21+3 = 24,
9=3.-8=3-84+3=24+3=27.4-1=4.4-2=4-1"=4-14+4=4+4=28,
4-3=4-22=4-244=8+4=12,4-4=4-3 =4-34+4=12+4=16,4-5=4-4 =
A 444 =1644=20,4-6=4-5 =4.514=204+4=24 4.T=4.6/ =4-6+4 = 24+4 = 28,
4.8=4-T"T=4-7T44=2844=32,4-9=4-8=4-844=32+4=236. 5-1=05.
5.-2=5-1"=5-145=545=10,5-3=5-2=5-245=10+5=15,5-4=5-3 =
5-3+5=154+5=20,5-5=5-4=5-445=204+5=25,5-6=5-5=5-5+4+5=
254+5=30,5-7=5-60=5-6+5=30+5=35,5-8=5-7"T=5-T+5=35+5 =40,
5:9=5-8=5-845=40+5=45. 6-1=6,6-2=6-1"=6-14+6=6+6 = 12,
:3=6-22=6-2+6=1246=18,6-4=6-3=6-3+6=184+6=24,6-5=6-4"=
446=2446=230,6-6=6-5=6-5+6=30+6=236,6-T=6-6 =6-6+6 =36+6 = 42,
8=6-T"T=6-7T+6=424+6=48,6-9=6-8 =6-8+6 =48+ 6 = 54.

Moreover, 7-1=7,72=7-1"=7-147=7+7=14,7-3=7-2' =7-24+7=14+7 = 21,
7-4=7-3=7-34+7=214+7=28,7-5=7-4=7-44+7=2847=35,7-6=7-5'=
T-54+7=354+7=42,7-7T=T7-6=T7-6+7=424+7=49,7-8=7-T"=7-T+7 = 49+7 = 56,
7-9=7-8=7-847=56+7=63. 8-1=8,8:-2=8-1"=8-14+8=8+8 =16,
8-3=8-22=8-24+8=16+8=24,8-4=8-3=8-3+8=24+8=32,8-5=8-4" =
84+8=32+8=140,86=8-5=8-5+8=40+8=48,8-7T=8-6' =8-6+8 = 48+ 8 = 56,
8:-8=8-7T"=8-7T+8=56+8=064,8-9=8-8=8-84+8=064+8=72.

Finally,9-1=9,9-2=9-1"=9-149=9+9=18,9-3=9-2"=9-24+9=18+9 = 27,
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9-4=9-3=9-34+9=274+9=36,9-5=9-4=9-449=36+9=45,9-6=9-5 =
9-54+9=454+9=54,9-7T=9-6 =9-6+9=54+9=63,9-8=9-7=9-7T+9 =63+9 = 72,
9:9=9-8=9-849=72+9=238I.
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