Problem 6: (1) The inequality. (2)Show that (o,) — S. (3) Evaluate a limit.
[Solution| (1) Let e>0. By definition there is an N such that for all n>N,,

S1 =81 = S1

SNE :SNE = SNE
S —e<sy.1<S+e¢

S —e<s,<S +¢

Summing up, we get

S1+ ..+ Sn. N (n—NE)(S—5)<0n<51 + ..+ sn. N (n—NE)(S—i—s).
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(2)
Proof. [1] Let 0<¢’<1. Then by (1), we find an N such that Vn > N,
sy, “ NS — ¢ -+ 5N, NS+ €
St (NS =) st (- N)(S+0)

n .

n n n n
. . +.4sN, . -N, .
Since lim,,_, DTN — ) and lim,, 00 = N — 1, there is an N/,>N. such that for all
n n €
/
n > N/,
, S1t+ ... +SN,
—€<{—<e€
n
n — Ny
1—-é< C<1+€
n

At this time,

op<€ +(1£€)(S+€)
=+ S+ (1£8)+?
<d+S+]1+S|e+¢€
<€+S+(1+|5)e +¢€
=S+ (3+15])¢

on>—€+(1F)(S—¢€)
=+ S5 —(1£9)d £ ?

> +S5S—[1+5|¢—¢
>—+S—(1+|5)e —¢
=S5 —(3+19))¢



where the choice of + and F depends on the sign of S + ¢ and S — €. Hence
lo, — S|<(3+19|)¢

[2] Next, we prove lim,, ., 0, = S. Let £>0. Choose € = min{ﬁm, 1}. Then there is an
Ny and an N!,>N,, such that for any n > N/,

lo, — S|<(3+1]9|)¢

< (34]5))7—

3+ S

3

O

[Note] (a) The limit lim,, o, o, is call Cesaro Sum. (b) If we have the technique of upper
and lower limits, the proof can be simplified.

n—1

(3) Let Tn:1+%—|—...—|—2n1,1,§T’l=1{0-2—10—1—1-2%—%...%—(71—1)2”%1}, Sp = 30=r. Then

n

/
O-n:Tn_gn

Since s, — 0 (check !), we get ¢/ — 0. Since we also have 7, — 2, then 0, — 2 as well.



