Problem 2. (1)(2) Identities. (21) ¢, > n. (3)(4) Odd terms and even
terms converge. (5) The whole sequence converges.
[Solution] (1)(2) We know that
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This means

Pr+1 = PkQit1 + Pr—1
Qk+1 = QrQr4+1 + Qr—1

By computation, and these two formulae, we have

Prt1qQk — Qhr1Pk = —(PRQe—1 — QkPr—1)
Prk+149k—1 — Qk+1Pk—1 = ak+1(kak71 - Qkpkq)

Inductively we get

Pndn—-1 — GnPn—1 = (_1)n+1

Pni2qn — Qni2Pn = Qny2 (pn—l—l(bz - Qn+1pn) = an+2(_1)n
2)) @ =ago+q121-1+0=1 @g=aqp+q >1-1+1=21If
qx > k and grq1 > k + 1, then

k2 = QproQer1 + e > 1-(E+1)+k>k+2

Hence ¢, > n.
(3)(4) By the second part,
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Since @12, ¢ni2, and g, € N, we prove that both sequence are decreasing

and increasing respectively. By the first part we find
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If k<l, then
&>p2k+1 >p21+1 >@>@>22
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Hence both sequences are bounded, and then convergent.
(5) By (*), we find that lim,, ., 22 — 22 — (). Since both limits exist,

q2k+1 q2k
they are equal. Zipper theorem then yields that (Z—Z) converges.



