
Problem 2. (1)(2) Identities. (21

2
) qn ≥ n. (3)(4) Odd terms and even

terms converge. (5) The whole sequence converges.
[Solution] (1)(2) We know that

(

pk+1 pk

qk+1 qk

)

=

(

pk pk−1

qk qk−1

)

·

(

ak + 1 1
1 0

)

=

(

pkak+1 + pk−1 pk

qkak+1 + qk−1 qk

)

This means

pk+1 = pkak+1 + pk−1

qk+1 = qkak+1 + qk−1

By computation, and these two formulae, we have

pk+1qk − qk+1pk = −(pkqk−1 − qkpk−1)

pk+1qk−1 − qk+1pk−1 = ak+1(pkqk−1 − qkpk−1)

Inductively we get

pnqn−1 − qnpn−1 = (−1)n+1

pn+2qn − qn+2pn = an+2(pn+1qn − qn+1pn) = an+2(−1)n

(21

2
) q1 = a1q0 + q

−1 ≥ 1 · 1 + 0 = 1. q2 = a2q1 + q0 ≥ 1 · 1 + 1 = 2. If
qk ≥ k and qk+1 ≥ k + 1, then

qk+2 = ak+2qk+1 + qk ≥ 1 · (k + 1) + k ≥ k + 2

Hence qn ≥ n.
(3)(4) By the second part,

pn+2

qn+2

−
pn

qn

= (−1)n an+2

qn+2qn

Since an+2, qn+2, and qn ∈ N, we prove that both sequence are decreasing
and increasing respectively. By the first part we find

pn

qn

−
pn−1

qn−1

=
(−1)n+1

qnqn−1

≤
(−1)n+1

(n − 1)2
(∗)

If k<l, then
p1

q1

>
p2k+1

q2k+1

>
p2l+1

q2l+1

>
p2l

q2l

>
p2k

q2k

>
p2

q2

Hence both sequences are bounded, and then convergent.
(5) By (∗), we find that limn→∞

p2k+1

q2k+1
−

p2k

q2k

= 0. Since both limits exist,

they are equal. Zipper theorem then yields that (pn

qn
) converges.


