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The Gamma function (a generalization of the factor function n!) is defined as I'(x)

Jy~ e7't""'dt and the Beta funcion is B(z,y) = Fr((xx)i(yy)) Then we have these properties:

(i) T(z+1) = 2().
(i) T(n+1) = nl.
(i) T(3) = V7
(iv) T(m + 1) = Cr@mD mi2lmtl) /7

(v) Blw,y) = Jy (1 —2)" 120" dz.

To evidence (iv),
Dim+3) = (m— 1+ )(m—2+ 1)+ (0+ D0(3)
2m -1 2m —3 1
= 5 . 5 5\/7_T
_ @m)@2m —1)(2m —2)---(4)(3)(2)
22 (m)(m — 1)(m = 2) - (2)(1
(2m)! 2m)2m —1)---(m+2)(m+1)

—~
—_
~—

T2l 92m VT

Supposely we know that the volumn of a ball in R?® with radius 7 is Vs(r) = %7?7“3. Find
that in R* and in R, i.e. V4(r) and V3(r).
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Vs(r) = /T Vi(Vr? — a?)dx = ' %WZ(\/W)‘ldx = %7?2/ (r* — 2*)%dx
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If we try Vg(r), we'll find Vs(r) = w36, It seems that V,(r) is of the form V,(r) =

6
apmhrr™ = Cpr™, where {k, 1%, = (1,1,2,2,3,3,4,4,---).

To reach a recurrance relation between V( ) and V,41(r), Assume V,(r) = Cpr", we

perform the following;:

Vn+1(7“)=/ Ch(Vr? — a2)"dx
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This means:
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Let us try more cases. In fact, we have:
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Observing more, we might find that

ml T2
ST L% +1)
2(j+1)
Cojr1 = . G . . wits
G+H1+DG+1+42) -G +1+j+1)/x
2j+1 2j+1
T2 T2

F(j+143) T(EH+1)

Hence, for general case,

=
Va(r) = mr

To show this, we know that when n = 2, the formula holds, so now if we also know that
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If £ =2p+ 1, namely, odd, then
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Else if k = 2p, even, then

W§Tk+122p+1r(p + 1)

k —=
() (2p+1)!
B 7T2Tk+122p+1p| B 7T§7,1c4r12p+1
o 2 ! T (2p+1)(2p)(2p—1)--(4)(3)(2)(1)
(2p +1) () (20—2)~ (1))
s L it ke




