10 CHAPTER 1 | Fundamentals

1.1 EXERCISES

CONCEPTS

1. Give an example of each of the following:
{a) A natural number
{b) An integer that is not a natural number
{¢) A rational number that is not an integer
{d) An irrational number

2. Complete each statement and name the property of real
numbers you have used. .

(a) ab= Property
bDa+t@d+c)= ; Property
(© alb+c)= ; Property

3. The set of numbers between but not inctuding 2 and 7 can be
written as follows:
in set-builder notation and
in interval notation.
4. The symbol |x[ stands for the of the number x, If x

is not 0, then the sign of |x| is always

SKILLS

5-6 m List the elements of the given set that are
(a} natural numbers
(b) integers
(c) raticnal numbers
(d) irrational numbers

5. {1001, 0.333. .., —ar, —~11,11, 8, V16, 3.14, 5}
6. {0, —10,50,%,0.538, V7, 1.23, -}, V2}

7-14 m State the property of real numbers being used.
7.23+3)={3+5)2

8. 7+10=10+7

9. (x+2y) + 3 =x+ (2y + 32

10. 2(A + B) =24 + 2B

I (5x + 1)3 = 15x + 3

12, (x+ a)(x + b) = (x + a)x + (x + a)b
1. Na+b+c)y=Ta+b) + 7
4. 2x(3 + y) = (3 + y)2x

15-18 m Rewrite the expression using the given property of
real numbers.

15. Commutative Property of addition, x+3=

16. Associative Property of multiplication, 7(3x) =,
17. Distributive Property, 5x + 5y = '

18. Distributive Property, 4(A + B) =

-

4

;y

»

<23, —3(2x — 4y)

<25, (a) 5+ 5=

19-24 m Use properties of real numbers to write the expression
without parentheses.

19. (a — b)8 20. 3(x + y)
21. 4(2m) 22. 5(—6y)
24. (3a)(b + ¢ — 2d)

25-30 m Perform the indicated operations.

M) i+3
®1+5-3
® & -3)G+3)
() 0.25(3 + 5

26. @ ;-1
27. @) (3 + (1 - %)
28, (@ 36— 3)

9
5 _3 241
2. (@) T—7 ®) T
2 3 10 15
2 i us
30. @ 7 -3 b T
3 8 ¢

31-32 ®m Place the correct symbol (<<, >, or =) in the space.

3L(@ 3 067 i —067 () |067] |-067]
@3 '] -3 - ©35 ]
33-36 m State whether each inequality is true or false.
10 12 1

c(a) —<— ——< =
B@T<3 ® -5 <-1
34. (@ —6<-10 (b) V2> 141
35. (a) —m > =3 (b) 8=<9
36. (a) 11> 1.1 () 8=3

37-38 m Write each statement in terms of inequalities.
37. (a) y is negative
(b) zis greater than 1
{c} bisat most §
(d) wis positive and is less than or equal to 17
(e) vy is at least 2 units from 7
38. (a) xis positive ;
(b) tis less than 4
(¢) a is greater than or equal to 7
(d) xisless than% and is greater than —5
(e) The distance from p to 3 is at most 5

39-42 m Find the indicated set if

A=1{1,2,3,4,56,7] B=1{2,4,628}
C=1{7,8,9,10}
39. @ AUB by ANB
40. @) BUC b)yBrC
41. (a) AUBUC bMANBNC
42. (a) AUC brAncC

4344 w Find the indicated set if

A={elx=-2)

B={x|x<4d}

C={x|-1<x=5}

43, (@ BUC
4. @ ANC

(b) BNC
(b) ANB

45-50 m Express the interval in terms of inequalities, and then

graph the interval.
*. 45, (—3.0)

47. [~6,-4]
49. (—o0, 1)

46, (2,8]
48. [2,8)
50. [2,00)

51-56 m Express the inequality in interval notation, and then
graph the corresponding interval.

5. xs 1
83. x=—-5
55. x> —1

52, 1=x=<2
54, —2<x=1
56, =5 <x<2

57-58 m Express each set in interval notation.

57. (a) 8 5
o
58. (a) 3 6 e >
® 5

59-64 = Graph the set.
.59, (-2,0) U (-1,1)
61. [—4,6) U [0,8)

63. (—c0,6] N (2, 10)

60. (—2,0) N (=1.1)
62. [—4,6] N [0,8)
64. (—oo, —4) U (4,00)

65-70 m Evaluate each expression.

*.65. (a) |100]

66. (a) | V5 —5]|

67. (@) 12— |—12|]
68. (@) || —6| — |—4]|
69. (a) i

70. @) |(~2)-6]

) |-73]

() |10 — x|

) —1—|1-|-1]]
(b) ﬁ
|5

® [(-3)(-15)]

71-74 ® Find the distance between the given numbers.

71. t--o— t } —a—t -
-3 -=2-1 0 1 2 3
72. >
-3-2-1 0 1 2 3
®.73. (a) 2and i7 (b) —3and 21 () ¥ and —F

74, (a) {sand ~3;

(b) —38 and —57

(¢) —26and —1.8
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75-76 m Express each repeating decimal as a fraction. (See the
margin note on page 2.)

75. (a) 5.23 b 1.37 {¢) 2.135
76. (a) 0.7 (b) 0.28 © 0.57
APPLICATIONS

77. Temperature Variation The bar graph shows the daily
high temperatures for Omak, Washington, and Geneseo, New
York, during a certain week in June. Let Ty, represent the tem-
perature in Omak and T the temperature in Geneseo. Calcu-
late To — Tg and | Ty — T for each day shown. Which of
these two values gives more information?

W Omak, WA
¥ Geneseo, NY

s le v leralen

Daily high
temperature (°F)

Wed Thu Fri Sat
Day

[=,3
w
1

_ _
Sun Mon Tue

78. Area of a Garden Mary’s backyard vegetable garden
measures 20 ft by 30 ft, so its area is 20 X 30 = 600 ft2,
She decides to make it longer, as shown in the figure, so
that the area increases to A = 20(30 + x). Which property of
real numbers tells us that the new area can also be written
A = 600 + 20x?

301ft x

79. Mailing a Package The post office will only accept
packages for which the length plus the “girth” (distance
around) is no more than 108 inches. Thus, for the package in
the figure, we must have

L+2kx+y) =108

(a) Will the post office accept a package that is 6 in. wide,
8 in. deep, and 5 ft long? What about a package that mea-
sures 2 ft by 2 ft by 4 f1?

{b) What is the greatest acceptable length for a package that
has a square base measuring 9 in. by 9 in?
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84. Irrational Numbers and Geometry Using the EXAMPLE 1 | Exponential Notation

|1
i DISCOVERY.DISCUSSIONIWRITING followingﬁgure,explainhowtolocatethepoint\/iona . 1
; . . i — 1 =
1 1. 80. Signs of Numbers Leta, b, and ¢ be real numbers such number line. Fjan you locate' \/5 by a similar method? What Note the distinction between (a) (%)5 — %)(%)(i (i)(i) — é
[, that g > 0, b < 0, and ¢ < 0. Find the sign of each expression. flalbout ;ft(:‘? List some other irrational numbers that can be (__3)4 and —3° In (_3)4 the exponent  (p) (_3)4 = (=3)- (_3) . (_3) . (_3) — a1
‘ q (a) —a b) —b (e) be ocatec this way. applies to —3, but in —3* the exponent .
| ' @@a—» @ c—a (f) a + be N _ applies only to 3. (¢ -3*=-(3-3-3 -3) = 81
o (@) ab+ac () —abe @ ab® N N & NOW TRY EXERCISE 15 |
| 81. Sums and Products of Rational and Irrational } [
| _ Numbers Explain why the sum, the difference, and the ‘ | ‘I ' ’
' product of two rational numbers are raticnal numbers. -1 0 1 9 " We can state several useful rules for working with exponential notation. To discover
Is the product of two irrational numbers necessarily the rule for multiplication, we multiply 5% by 5%
irrational? What about the sum? 2 6 a+2
5. Commutative and Noncommutative Operations 5.5% = (5:5-5-5)(5-5)=5-5:5-5-5+5 = 50 = 5%

82. Combining Rational Numbers with Irrational
Numbers Is + V/2 rational or irrational? Is 3 - V2
rational or irrational? In general, what can you say about
the sum of a rational and an irrational number? What about the

We have seen that addition and multiplication are both 4 factors 2 factors 6 factors

commutative operations.
It appears that to multiply two powers of the same base, we add their exponents. In gen-

(a) Is subtraction commutative? o HE
eral, for any real number « and any positive integers m and n, we have

product? (b) Is division of nonzero real numbers commutative? ‘

e . . % ' =(a-ar---a)ara----ra) =a-a-a--- a=a""
83, Limiting Behavior of Reciprocals Complete the ta- ¢ ( ) )

bles. What happens to the size of the fraction 1/x as x gets P i factors n factors o + a factors

large? As x gets small? m+n

Thus ¢”a" = a
; We would like this rule to be true even when m and n are O or negative integers. For

‘ H
. * 1x * 1x | instance, we must have
1 1.0 i 0,73 — A0+3 — 93
: 2.2 =21""=2
2 0.5 _ - : |
10 0.1 ' ' ; But this can happen only if 29 = 1. Likewise, we want to have
| 100 0.01 ;
‘ 4 o4 _ ch+(—4) — ci—4 — 50 =
H 1000 0.001 ‘ 557 =5t =5 =50 =

| and this will be true if 5% =.1/5% Thesc observations lead to the following definition.

1 1.2 EXPONENTS AND RADICALS
ZERO AND NEGATIVE EXPONENTS

ilj ; Integer Exponents P Rules for Working with Exponents P> Scientific Notation : If @ # O is any real number and r is a positive integer, then

» Radicals P> Rational Exponents P> Rationalizing the Denominator 1

=1 and a"=-
a

In this section we give meaning to expressions such as a™/" in which the exponent mfnis
a rational number. To do this, we need to recall some facts about integer exponents, radi-
cals, and nth roots.

EXAMPLE 2 [ Zero and Negative Exponents
¥ Integer Exponents / @ (@)=
A product of identical numbers is usually written in exponential notation. For example, L1 1
5.5.5 is written as 5°. In general, we have the following definition. M X = o
1 1
-2 -3 = = — = ——
EXPONENTIAL NOTATION ‘ «_NOW TRY EXERCISE 17 om
If @ is any real number and r is a positive integer, then the nth power of & is
an = a * a ----- a
 fastors ¥ Rules for Working with Exponents
The number « is called the base, and 7 is called the exponent. ’ Familiarity with the following rules is essential for our work with exponents and bases. In
the table the bases a and b are real numbers, and the exponents m and n are integers.
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DIOPHANTUS lived in Alexandria
about 250 a.D. His hook Arithmetica is

considered the first book on algebra.in }

it he gives methods for finding integer
solutions of algebraic equations. Arith-
metica was read and studied for more
than a thousand years. Fermat (see
page 99) made some of his most im-
portant discoveries while studying this
hook, Diophantus’ major contribution is
the use of symbols to stand for the un-
knowns in a problem. Although his
symbolism is not as simple as what we
use today, it was a major advance over
writing everything in words. In Dio-
phantus’ notation the equation

=T+ —5=24
is written
AKYesm ft A'-’ﬂ:lst."xb'
. Our modern algebraic notation did not

come into commaon use until the 17th
" century.

EXAMPLE 11 | Using the Laws of Exponents
with Rational Exponents

(a) al[’3a7,"3 —_ a8f3 Law 1: amarz — am+u
2/5,.7/5 m
a-'ta
(b} 5 = a3+ =3f5 = 65 Law I, Law 2:—(1—,' =g""
a

(© (2a3b4)3/2 - 23/2(a3)3/2(b4)3/2 Law 4: (abc)" = a"b"¢c"

— (\/i)3a3(3f2)b4{3/2) Law 3: (am)u = g™
= 2V/2a°p5
2534\ 3 y4 23(x3/4)3
(d) ( BE ) (x—llz - (y'Py? S'P) Laws s, 4,and 7
8 /4
== -y4x1"2 Law 3
y
= gxilfy3 Laws 1 and 2
%-. NOW TRY EXERCISES 61, 63, 67, AND 69 [ |

i 1
O Ve Ve Ve

3
X
X
7 7 7
1 1 Vd V& a

(¢} 7L_
@ Vit Ve Vi@

*_ NOW TRY EXERCISES 8% AND 91

SECTION 1.2 | Exponents and Radicals

1.2 EXERCISES

EXAMPLE 12 | Simplifying by Writing Radicals
as Rational Exponents

(2) (2{/;)(3\3/;) = (le.n’Z)(f}xl/S)
- = G 2T = gy 56 Law |

(b) V¥V = (xx 2y

Definition of rational exponents

Definition of rational exponents

= (x32)2 Law |
= 5 Law 3
*._  NOW TRY EXERCISES 71 AND 75 u

¥ Rationalizing the Denominator

It is often useful to eliminate the radical in a denominator by multiplying both numerator
and denominator by an appropriate expression. This procedure is called rationalizing the
denominator. If the denominator is of the form "V, we multiply numerator and denom-
inator by V. In doing this we multiply the given quantity by 1, so we do not change its
value. For instance,

1 _1 ,_\ Va_Va
Va Va Va Va a

Note that the denominator in the last fraction contains no radical. In general, if the de-

nominator is of the form V a™ with m < n, then multiplying the numerator and denomi-

nator by W/ a"~™ will rationalize the denominator, because (for a > 0)
‘\"fam'\’yanﬂn — '\’Vam-l*n*m — ‘\H/CF =a

EXAMPLE 13 | Rationalizing Denominators
Thisequaiél
2 2 V3 2Vv3

@ A= V3~ 3

CONCEPTS

Radical expression

Exponential expression

1. (@) Using exponential notation, we can write the product
5-5:5-5-5-5a5 . . 1
(b} In the expression 3%, the number 3 is called the | Vs

and the number 4 is called the

15-24 m Evaluate each expression.

2. (a} When we multiply two powers with the same base, we

LN 4, =2
the exponents. So 3*-3° = 15. (@) 5°-5

(b) When we divide two powers with the same base, we 16. (@) —3°
35
the exponents. So 3 =_____ . 17, () ()2
3. (@) Using exponential notation, we can write Vsas . 18. (a) (_%)—3
(b) Using radicals, we can write 5% as ___ | 19. (a) Vod
(¢} Is there a difference between V/5? and (V/3)*? Explain. 20, (2) VI8

4, Explain what 4** means, then calculate 4% in two different ways: . 21. (a) \/g

(412 - or (43). =

5. Explain how we rationalize a denominator, then complete the

22, (a) VTV28

1 N -1
following steps to rationalize ﬁ ®.23. (@) (9) !

az/s

107 3
®) 1 © 32
M) (-3) © ()37

23 1y-2
(b} D © (Z)
M ()% © @63
(b) V64 © V=32
® V356 © V%
() % © VIAVE
(®) (—32) (0 —32%

11 24. (a) 10247 o) (-7 © &)™
VIRV A
. - . . . 25-28 m Evaluaie the expression usingx = 3,y = 4, andz = ~1.
6. Find the missing power in the following calculation:
5.5 =g 25. Wxd + 14y + 22 26. V2 + 2
27. () 28. (9x)%° + (2p)*P + 2P
SKILLS

29-34 m Simplify the expression.

7-14 m Write each radical expression using exponents, and each
exponential expression using radicals.

*.29, /32 + V18
31, W48 — V3
* 33, Vier + Va©

Radical expression Exponential expression

30. V75 + V48
32, V06 + V3
3, V2t —

7. v
! L 35-40 m Simplify each expression.
8. % ‘ o *. 35, (a) x x° ) w i ub (c) z°z7 %™
0, o 428 36. (2) x%? ) 3y (&%) € xx¢
T T 10..0 5 9 -2
- . Yy x a’a
10. LT 117 .5 (a) y’ (®) F ©
1. _ 21 s
' z°z
12. /53 38. (a) oy ®) (27 {©) (8x)?




22 CHAPTER 1 | Fundamentals

*:.39. (a) (@%a*)?

40. (a) (2270

253
(b) (%)

) (2a°%a%*

(©) (32)%6z2)3

4% 2
© (3x )

41-52 m Simplify the expressicn and eliminate any negative

exponents(s).

4. (a) b*(3ab%)(2a°7)

42, (a) (4x™y*)(2x%)
043, (@) (5x3H%)(3xH%)*

44, (ay ("2 (s%)°

2x3y4

45, (a) —/—
@ 5

6y3z
46. (a) ~—5
2yz

ZN\5 37233
oo (£)(2)

4.2 2x3 2y 2
o (55

8a’p~*
2a7b°

S2t-—4 ~2
51. (a) (Ss_'t)

52. (@) (2—‘;) B

(b) (25 H(is") (16t
b) (8a%2)(3a’2")
®) (2a°62)%(5%°)
(b} (20*P(Bu"3)?
(2rw)?
rot

2,3y
(b) Ex ;3

~1 232

o s
()

3s2)?

(r~
()
o (%5=)"
(5=)”
® (—%‘iﬁ) l

(b)

(b)

(b)

(b)

53-60 m Simplify the expression. Assume that the letters denote

any real numbers.

53, Wx1©
.55, V16x°
.57, V64457

59, Valy2

54, WVl
56. x3y6
58. Va?bV64a'd

60. V'V 64x6

61-70 m Simplify the expression and eliminate any negative expo-
nent(s}. Assume that all letters denote positive numbers.

.61, (a) xVH
62, (a) (4b)VY(8b'1*)

w4/3w2,'3

w1/3

64. (a) (8y%) %

65. (a) (x~5y1/3)—3/5

66. (a) (8aSp¥2)2

(85313)2/3

(s4t's)[/4

Sy—4 —1/4
16y*?

.63, (a)

. 67.

~—
B
N

(b) y#y*

(b) (3a>*)X(5a'?)
‘ 5512(25514)2

12

(b)

5
() (u41)6)—1,’3
(b) (szy—1f4)2(8y—3/2)—1/3
(b) (4&658)3"2

(32y—5210)l/5
by —————
(64))62 12) 1/6

_gy3/4 -3
o (22
¥z

e

1/63,-3\3 / ..—2p —1 0g7)32 -2\ -1
.69, (a) a _b x7% ) (9s7) 3g
x 1y a3/2y1/3 (27331"4)2/3 41.1/3

X x2\U6 4y3 33 X y 13
70- @) (F)(F) ® ( 2 ) ( 8z4 )

71-76 m Simplify the expression and eliminate any negative expo-.

nents(s). Assume that all letters denote positive numbers.
o1, () VT ® (Ve
72. (@) Vo3 Vo by (2Va)Va?)

A3,
73. (a) Vx¥y* \lmx“yl(’ (h) 8x*

Vax
Vi’

74, (a) Vs>V ) o
.75, @) VyVy (b) 16; v
U
76. (@) VsV ®) 3 5:;”’
%y

77=78 m Write each number in scientific notation.

®.77. (a) 129,540,000 (b) 7,259,000,000
(c) 0.0000000014 (d)_0.0007029

78. (a) 69,300,000 (b) 7,200,000,000,000
(¢) 0.000028536 (d) 0.0001213

79-80 m Write each number in decimal notation.

*:.79, (a) 3.19 X 10° (by 2.721 x 10®
(c) 2.670 x 1078 (dy 9.999 x 107°

80. (@) 7.1 x 10" b) 6 x 102
{c) 8.55 % 1073 (d) 6.257 x 10710

81-82 m Write the number indicated in each statement in
scientific notation.

81. (a) A light-year, the distance that light travels in one year, is
about 5,900,000,000,000 mi.
(b) The diameter of an electron is about
0.0000000000004 cm.

{¢) A drop of water contains more than 33 billion billion
molecules.

82. (a) The distance from the earth to the sun is about
93 million miles.
(b) The mass of an oxygen molecule is about
0.000000000000000000000053 g.
{c) The mass of the earth is about
5,970,000,000,000,000,000,000,000 kg.

83-88 W Use scientific notation, the Laws of Exponents, and
a calculator to perform the indicated operations. State your
answer rounded to the number of significant digits indicated by
the given data.

083, (7.2 X 107°)(1.806 X 107'2)

84. (1.062 X 10*)(8.61 X 10%)
(73.1)(1.6341 X 10%)
-85, ~5.0000000019

1.205643 x 10°
6. (3.610 X 1077){2.511 X 10°)

(3.542 % 107°)°
87. (5.05 x 101"

(0.0000162){0.01582)
. 88. 1504,621,000)(0.0058)

89-92 m Rationalize the denominator.

%89, (a) \/% )] \/%

v
o\

2
1 a 1
.91, (a) i (b) W (©) i
2 1
5 92. (a) o ) Tys ©) —x 2/5

93, Let a, b, and ¢ be real numbers with a > 0, b < 0, and
¢ < 0. Determine the sign of each expression.

@ b by b'° () ab’c®
3 3
@ @p-a ©@F-a @5

94, Prove the given Laws of Exponents for the case in which m
and n are positive integers and m > n,

(a) Law2 (b) Law 5 (c) Law 6

APPLICATIONS

95, Speed of Light The speed of light is about 186,000 mi/s.
' Use the information in Exercise 82(a) to find how long it takes
for a light ray from the sun to reach the earth.

96. Distance to the Nearest Star Proxima Centauri, the
star nearest to our solar system, is 4.3 light-years away, Use the
information in Exercise 81(a) to express this distance in miles.

97, Volume of the Oceans The average ocean depth is
3.7 X 10° m, and the area of the oceans is 3.6 X 10" m®
What is the total volume of the ocean in liters? (One cubic
meter contains 1000 liters.)

93.

99.

100,

101.
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National Debt As of July 2010, the population of the
United States was 3.070 X 10%, and the national debt was
1.320 X 10" dollars. How much was each person’s share of
the debt?

How Far Can You See? Because of the curvature of the
carth, the maximum distance D that you can see from the top
of a tall building of height % is estimated by the formula

=\2rh+ K

where » = 3960 mi is the radius of the earth and D and h are
also measured in miles. How far can you see from the observa-
tion deck of the Toronto CN Tower, 1135 ft above the ground?

Number of Molecules A sealed room in a hospital,
measuring 5 m wide, 10 m long, and 3 m high, is filled with
pure cxygen. One cubic meter contains 1000 L, and 224 L
of any gas contains 6,02 X 10°* molecules (Avogadro’s num-
ber). How many molecules of oxygen are there in the room?

Speed of a Skidding Car Police use the formula

§ = V30fd to estimate the speed 5 (in mi/h) at which a car
is traveling if it skids d feet after the brakes are applied sud-
denly. The number fis the coefficient of friction of the road, -
which is a measure of the “slipperiness™ of the road. The
table gives some typical estimates for f.

Tar Concrefe Gravel
Dry 1.0 0.8 02
Wet 0.5 0.4 0.1

(a) If a car skids 65 ft on wet concrete, how fast was it
moving when the brakes were applied?

(b) If a car is traveling at 50 mi/h, how far will it skid on
wet tar?
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y
|

102. Distance from the Earth to the Sun It follows from 105. Limiting Behavior of Powers Complete the following Polynomial Type Terms Degree
Kepler’s Third Law of planetary motion that the average tables. What happens to the #th root of 2 as n gets large? i
distance from a planet to the sun (in meters) is What about the sth root of 19 2x2 — 3+ 4 trinomial | 2x2 —3x, 4 2 :

d (GM) I'ISTZI:& 1/ (1)1/:: X%+ 5x binomial | x%, 5x 8

= e n n n =
o : 3—x+x*—ix%| fourterms | —1x% X% —x3 3
where M = 1.99 X 10° kg is the mass of the sun, L ; 5x + 1 binomial 5x, 1 1
G = 6.67 X 107" N-m%kg? is the gravitational constant, 2 5 5 onomiat | 9x%
and T is the period of the planet’s orbit (in seconds). 3 10 ox mon
Use the fact that the period of the earihy’s orbit is ahout 10 100 6 monomial | 6 0 E
365.25 days to find the distance from the earth to the sun. 100 ‘
Construct a similar table for n'/*, What happens to the nth . " .
DISCOVERY = DISCUSSION = WRITING raot of 1 as 7 gets large? ¥ Adding and Subtracting Polynomials |
. T - s 106. Comparing Roots Without using a calculator, deter- We add and subtract polynomials using the properties of real numbe}'s that were dis-

103. How Big Isa Billion? If you had a million (10% dollars paring - : ‘deai ine i hat is, th the same vari-
in a suitcase, and you spent a thousand (10%) dollars each mine which number is larger in each pair. cussed in Section 1.1. The idea is to .combme !lke. teljl'l‘lS (that is, errns_w1 ;
day, how ma,ny years would it take you to use all the money? (a) 2'2 or 215 ) (317 or (1)1 Distributive Property ables raised to the same powers) using the Distributive Property. For instance, |
Spending at the same rate, how many years would it take (©) 7V4or 4B (@ V5orV3 ac + bec = {a + b)c S5x7 4327 = (5+ 3)x” = 8’ !
you to empty a suitcase filled with a billion (10°) dollars? ber that i . . scedes an ex E'

In subtracting polynomials, we have to remember that if a minus sign pr - !
104, P : : btracting / B )
0 fiiz!in%‘:;;:dhg:?hz:?:srgf Ef;;igﬁft?iﬁf;gfs - pression in parentheses, then the sign of every term within the parentheses is changed |
185 . ' ; when we remove the parentheses: §
—_— G . 6 ‘JI
@ (b) 20°-(0.5) A E[
& . !
s [This is simply a case of the Distributive Property, a(b + ¢) = ab + ac, witha = —1.] 5
i :
- B ' EXAMPLE 1 | Adding and Subtracting Polynomials ‘
1.3 ALGEBRAIC EXPRESSIONS (8) Find the sum (¢ — 637 + 2x £ 4) + (x* + 552 - 7). |
. . : - , : i i - 6x2 + 2x +4) — (x* + 5x2 — Tx).
Adding and Subtracting Polynomials » Multiplying Algebraic Expressions P | (b) Find the difference (x” - 67 + 2x + 4) — ( ) j.
Special Product Formulas > Factoring Common Factors Factoring SOLUTION
Trinomials P Special Factoring Formulas B Factoring by Grouping Terms | (@) (x> — 6x%+2x +4) + (x* + 5x% — x) .
_ 3 =(x>+x¥) + (~6x>+ 5x%) + (2x — Tx} + 4 Group like terms i
A variable is a letter that can represent any number from a given set of numbers, If we | (67 4 x7) A (6 )+ ) o
start with variables, such as x, y, and z and some real numbers, and combine them using 3 =2x3—x*—5Sx+ 4 Combine like terms

addition, subtraction, multiplication, division, powers, and roots, we obtain an algebraic

3 _ 2 _ 3 + 5 2 . 7
expression. Here are some examples: b) (x*’ —6x"+2x+4) - (x X x)

i

I

2 : =t — G+ 2x+4—x7 -5+ T Distributive Property |
y— 2z

2 - ! R It
BT Va0 y+4 : =(x*—x) + (—6x% — 5x2) + (2x + Tx) + 4 Group like terms
A monomial is an expression of the form ax*, where a is a real number and  is a non- ' =—-11x2+9x + 4 Combine like terms
negative integer. A binomial is a sum of two monomials and a trinomial is a sum of three "]
i ials i ; - 15 AND 17
monornials. In general, a sum of monomials is called a polynomial. For example, the first _ NOW TRY EXERCISES

expression listed above is a polynomial, but the other two are not.

¥ Multiplying Algebraic Expressions

o s . i
POLYNOMIALS To find the product of polynomials or other algebraic expressions, we need to use the

A polynemial in the variable x is an expression of the form Distributive Property repeatedly. In particular, using it three times on the product of two :
n -1 binomials, we get
apx" +a, X" - Fax o
: (@+b)c+d) =alc+d)+blc+d) =ac+ ad + be + bd
whereray, a,, . . ., a, are real numbers, and # is a nonnegative integer. If ¢, # 0, . . b h
then the polynomial has degree ». The monomials a,x* that make up the poly- This says that we multiply the two factors by multiplying each term in one factor by eac
nomial are called the terms of the polynomial, ' The acronym FOIL helps us remember  term in the other factor and adding these products. Schematically, we have
that the product of two binomials is the '
sum of the products of the First terms, (@ +b){c+d)=ac+ad+ bc+ bd
Note that the degree of a polynomial is the highest power of the variable that appears the Quiter terms, the Inner terms, and ~ 1 1 1 1
in the polynomial. the Last terms. F ¢ I L
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SOLUTION | & 41, (y +2) 42. (x — 3)° 99, 2x* + 7x — 4 100, 2x2 + 5x + 3
(a) 4 2 Ay 2 4= (x3 + xZ) + (4}6 < 4) Group terms 4 (3 + 2)’)3 44, (1 _ 2!‘)3 101, 9x% — 36x — 45 102, 82 + 10x + 3
— 42 ' 103, 412 — 952 104. 49 — 4y*
x+ 1) +4x+ 1) Factor out common factors 45-60 W Perform the indicated operations and simplify. .o s . ? Y
o ! : . 108, 15 — 61 + 106. x* + 10x + 25
=x*+4)(x+ 1) Factor out x + 1 from each term . & 45, (x4 2)(x7 + 2+ 3) 46. (x + 1)(2x? — x + 1) 107 42 4 A 4 42 108 xz . x+ \
(b) x* = 2x* —3x + 6 = (x* — 2x?) — (3x — 6) Group terms 3 47, (1+ 2)(x? = 3x + 1) 48. (20— 5)(x% — x + 1) T Ty T ;S \ % 2
= x*(x —2) = 3(x—2) Factor out common factors /49, (Vx — 1/Vx) 50. V(x — V) 109, (a + b) — {a — b)? V110. (1 + ;) - (1 - ;)
— {2
=(x*—3}x—2) Factor out x — 2 from each term s51. y'Ap*P + ¥ 52, xAa — 1 L (@ — B2~ 4(a® — 1) 112 x¥x2 — 1) — 9(x2 — 1)
«_NOW TRY EXERCISE 83 m V53 (<P y I =y ) sd (2 - @ + a) V113, 56 + 64 114. 8x% — 125
®. 55 (Va - b)(Va+b) 118 2+ 2+ x 116. 3x* — 27x
_ 56 (V2 + 1+ 1)(Vi2+1-1) ®17. 2 - 2%y 118, 18y%°® — 2xy*
E 3 2 _ 3 2
| 1.3 EXERCISES : 57, (x + (2 + 5))x — (2 + x%) 119, 3x° + 52° — 6x — 10 1200 2x° + 4x* + x + 2
| . 58, ((x — 1) + x3)((x — 1) — x?) 121, y%y + 2)° + y¥(y + 2)*
X — 2 _ _ 2
‘/C ONCEPTS Polynomial Type Terms Degree ) 59 (x+y—3)2x+y+3) 60. (x+y+z)(x—y—z) 122, (x = Dlx +2)" = (x = 1¥(x + 2)
, : E 123. (@® + 2a) — 2(a® + 2a) —
i 1. Consider the polynomial 2x” + 6x* + 4%, 9. —8 iy 61-66 m Factor out the common factor. 124 (a2 N 1a2) 5 (f . “ 03
How many terms does this polynomial have? 10 L7 ) % & 61 —2:% 4 16x 62. 20 + 4 — 1422 . {a ) (@®+1)+1
i . L g x 125-128 m Factor the expression completely. (This type of
: List the t i : 2 _ - . L .
: ist the .erms ‘ 1L Vi — VA ¢ 63 (2 +2)° -5z +2) 64. y(y —6) + 9y — 6) expression arises in calculus when using the “Product Rule.”)
What factor is common to each term? . s .65, 257y — 6xy° + Bay 66. —7x*y? + l4xy® + 2lay VA25. 3(2x — 12(2)(x + 3)"2 + (2x — 17()(x + 3)712
Factor th ial: 2x5 4 3 — ) XXt xT —x ;
actor the polynomial: 2x° + 6x* +4x’ = _ 67-74 W Factor the trinomial. 126. 5(x* + 4)(2x)(x — 2)* + (7 + 4P°(4)(x — 2)°
2. T inomial x> i ' :
o factor the trinomial x= + 7x + 10, we look for two integers 13-22 w Find the sum, difference, or product. | 67 22— G+ 5 68. 224 2x—3 127. glx'”'z(Bx + 4)2 %x"lz(Sx + 4)-1,’2
whose productis__ and whose sumis . 13. (5 — 3x) + (2x — 8) 4. (12x — 7) — (5% — 12) ®. 69, 8x2 — 1dx — 15 70. 6y? + 11y — 21 128. (x* -+ 3)—1/3 _ %Iz(xz + 3)*4/3
These int ; i j
| ese integers are and , 80 the trinomial * 15 (3x% + x + 1) -+ (227 — 35 — 5) 7. 3t — 16+ 5 72 5%~ Tr— 6 129. (2) Show that ab = %[(a +b)2 - (a® + bY)].
! factors 25 ————. 16. (3x” + x + 1) — (227 = 35 = 5) . V73, 2(a + b)? + 5(a + b) — 3 (b) Show that (a” + b%)? — (a* = b)? = 4a’s”
i : 3. The Special Product Formula for the “square of a sum” is 17 (6 + 6x% — dx+ T) — (3x2 + 2x — 4) . 4. (3x + 2 + 83x + 2) + 12 (c) Show that
: (A +BP= ; (@ + bY)(c? + d?) = (ac + bd)* + (ad — bc)?
E 5 _ 18. 3(x — 1) + 4(x + 2) : 75-82 ® Use a Special Factoring Formula to factor the expression. - 2 .2, a2
i So(2x + 3 = . 2 arez i (d) Factor completely: 4a’c® — (a* — b* + ¢*)".
| 4 Thes 19. 4(x* — 3x + 5) — 3(x* — 2x + 1) : .75, 902 — 16 76, (x + 32— 4 130, Verif
i . The Special Product Formula for the “sum and difference . Verify Special Factoring Formulas 4 and 5 by expandin
y 20. 802x + 5) — 7(x ~ 9) 077, 8% — bt 78. 27x% + * their right-hand sides e )
i of the same terms™ is (A + B)(A — B) = . 2 : .
] Sol5 4 35 — 3 215Gt —4) - (£ +2) — 2t = 3) /078, 857 — 12503 80. 1+ 1000y
i o5+ x5 —x)=
' ' 22. 22 -5) + - 1) - (' = 1) 81. 162 — 24z + 9 82, x2+ 12x + 36
5. The Special Factoring Formula for the “difference of squares” ' - APPLICATIONS
is A% — B2 = S0 4x2 — 25 factors as 23-28 w Multiply the algebraic expressions using the FOIL . 83-88 m Factor the expression by grouping terms. 131, Volume of Concrete A culvert is constructed out of
method and simplify. . 3 2 3,2 - 1 lindrical shells cast i t hown i
6. The Special Factoring Formula for a “perfect square” is - Py ; ' 8. 74 dxtt x o+ d . 37— er o2 ﬁa;ﬁieqi,.ll;ngiliesfo‘;nsu(l::sfolrnﬂigrli)rfui;: fnf ao:r rlirllrc;;? ) iven
) — 5 23 (3t = 2)(7t — 4) 24, (45 — 1)(2s + 5} V85, —9x® —3x¥ +3x + 1 86. 2x* + x> — 6x— 3 insi : o s
A+ 2AB+ B2 = S0 x2 + 10x + 25 factors as on the inside front cover of this book, explain why the vol-
25, {7y - 3)(2y - 1) 26. 3x+5)(2x— 1) 87 xS+ xt x4+ 1 88 P+l x+1 ume of the cylindrical shell is
27. (4x — 5y)(3x — 28. (x + 3y)(2x ~ = aR*h — wr?
( 2l v) ( ) y) 89-94 m Factor the expression completely. Begin by factoring v B = mrh
SKILLS 2944 w Multiply the algebraic expressions using a Special out the lc;west po:'ver of t;,ach‘ comrmon factor. . Bactor to show that
f . -1/2 12 . . .
7-12 m Complete the following table by stating whether the poly- L 1oduct Formula and simplify. \/39- BTV b 4R 4 53 90. %% — 52 V = 2 - average radius - height - thickness
no:jmal is & monomial, binomial, or trinomial; then list its terms *.20. (3x + 4)? 30. (1 — 2y)? ®Y91. 272 4 0xI2 4y 92, (x — 1) — (x — 1) Use the “unrolled” diagram to explain why this makes sense
and state its degree. 31. (x — 3y)? 32, (2u + v)? .93, 17y + 1)1 + 2 P(x 4 1)1 geometrically.
POl}’llOl'l'lial 'Iype Terms Degree 33. (2x + 3y)2 4. (J’ - 25}2 %4, (‘xz + 1)1/2 + 2(x2 + 1)_1/2
7. 2% 4 452 35 (y=3)0+3) 36. (x + 5)(x — 5) - 95-124 W Factor the expression completely.
37. (3x — 4)(3x + 4) 38. (2y +5)(2y — 3) 95, 30x* + 15x" 96. 12x* + 18x

. _
A J30.(Vy o+ VI(Vy - VI) a0 (Va4 2)(Va - 2) 97, x2 — 14x + 48 98, x? — 2z — 8
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132. Mowing a Field A square field in a certain state park is

mowed around the edges every week. The rest of the field is
kept unmowed to serve as a habitat for birds and small ani-
mals (see the figure). The field measures & feet by b feet, and
the mowed strip is x feet wide.
(a) Explain why the area of the mowed portion is
b — (b — 2x)%
(b) Factor the expression in part (a) to show that the area of
the mowed portion is also 4x(& — x).

DISCOVERY=DISCUSSION=WRITING

133,

134.

Degrees of Sums and Products of Polynomials
Make up several pairs of polynomials, then calculate the sum
and product of each pair. On the basis of your experiments
and observations, answer the following questions.

(a) How is the degree of the product related to the degrees
of the original polynomials?

(b) How is the degree of the sum related to the degrees of
the original polynomials?

The Power of Algebraic Formulas Use the Differ-
ence of Squares Formula to factor 172 — 162, Notice that it is
easy to calculate the factored form in your head but not so
easy to calculate the original form in this way. Evaluate each
expression in your head:

(a) 528 — 527°
(b) 1227 — 120°
(©) 10207 — 10107
Now use the Special Product Formula
(A + B)(A — B) = A* — B?

to evaluate these products in your head:

() 7951

(e) 9981002

135. Differences of Even Powers

(a) Factor the expressions completely: A* — B* and
A% — BS,

(b) Verify that 18,335 = 12% — 7° and that
2,868,335 = 128 — 75,

(c) Use the results of parts (a) and (b) to factor the integers
18,335 and 2,868,335. Then show that in both of these
factorizations, all the factors are prime numbers.

136. Factoring A® — 1 Verify these formulas by expanding
and simplifying the right-hand side.
A-1=A-1)¥aA+1)
A-l=A—-1DAA+4a+1)
A-l=A-DA+A2+4+1)
On the basis of the pattern displayed in this list, how do you
think A% — 1 would factor? Verify your conjecture. Now gen-

eralize the pattern you have observed to obtain a factoring
formula for A" — 1, where r is a positive integer.

137, Factoringx* + ax® + » A winomial of the form
x* + ax® + b can sometimes be factored easily. For example,
3t -d=r A1)
But x* -+ 3x? + 4 cannot be factored in this way. Instead, we
can use the following method.

Add and
4 2 — 4 2 _ .2
X3+ A =04+ 4) —x subtract x>
- (x2 + 2)2 — 32 Factor perfect
square

Difference of

= |:(x2 +2) — x][(xz +2) + 1] squares

= —x+ 2+ x+2)

Factor the following, using whichever method is appropriate.
@ x*+x2-2

® x*+2x*+9

© x*+4x>+ 16

(d) x%+ 222+ 1

DISCOVERY

PROJECT

Visualizing a Formula

In this project we discover geometric interpretations of some of
the Special Product Formulas. You can find the project at the
book companion website: www.cengage.com/international
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1.4 RATIONAL EXPRESSIONS

Expression . Domain
- x| 0}
. x|x
Vi {x|x =0}
1
ﬁ {x|x>0}

The Domain of an Algebraic Expression P Simplifying Rational Expressions
P Multiplying and Dividing Rational Expressions # Adding and Subtracting
Rational Expressions » Compound Fractions P Rationalizing the
Denominator or the Numerator P Avoiding Common Errors

A quotient of two algebraic expressions is called a fractional expression, Here are some
examples:

2x Vx +3 y—2
x—1 x+1 yi+ 4

A rational expression is a fractional expression where both the numerator and denomi-
nator are polynomials. For example, the following are rational expressions:

2x x X —x

x—1 x2+1 x2—5x+6

In this section we learn how to perform algebraic operations on rational expressions.

¥ The Pomain of an Algebraic Expression

In general, an algebraic expression may not be defined for all values of the variable. The
domain of an algebraic expression is the set of real numbers that the variable is permitted
to have. The table in the margin gives some basic expressions and their domains.

EXAMPLE 1 | Finding the Domain of an Expression

Find the domains of the following expressions.

24 a _x Vi
(@ 2x*+3x— 1 (b)x2—5x+6 (c)x_5

SOLUTION

(a) This polynomial is defined for every x. Thus, the domain is the set R of real numbers.
(b) We first factor the denominator.

x _ x
-5x+6 (x—2)(x—-3)

. Denominator would be 0 if
x=2orx=3

Since the denominator is zero when x = 2 or 3, the expression is not defined for
these numbers. The domain is {x|x # 2 and x # 3}.

(c) For the numerator to be defined, we must have x = 0. Also, we cannot divide by
Zero, so x ¥ 5.

-Musthavex. =0 Vx _ o o
* to take square root * . Denominator would -
x=35 beOifx=35

Thus, the domain is {x|x = 0 and x # 5}.
.  NOW TRY EXERCISE 11 |

TR A o A s AL 5 i =5 B
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Special Product Formula |
(A+B)A—B) =4~ B

Special Product Formula 1
(A+B)A—-B)=A"— B

SOLUTION 2 Since (1 + x2)™"2 = 1/(1 + x?)"? is a fraction, we can clear all frac-
tions by multiplying numerator and denominator by (1 + x2)"2,

(14 xH)Y2 — x%(1 + x2)"'2 _(a+ x)M2 - x¥1 + xR (1 + x?)¥2

1+ x* 1+ x2 (1 + x?)2
1+ x?) — x? _ 1
(1 + x2)¥ (1 + x2)%
*_ NOW TRY EXERCISE 77 u

¥ Rationalizing the Denominator or the Numerator

If a fraction has a denominator of the form A + BVC, we may rationalize the denomi-
nator by multiplying numerator and denominator by the conjugate radical A — BV/C.
This works because, by Special Product Formula 1 in Section 1.3, the product of the de-
nominator and its conjugate radical does not contain a radical:

(A+BVC)A - BVC)=4*- BC
EXAMPLE 9 | Rationalizing the Denominator

1
Rationalize the denominator: ————
1+ V2
50LUTION We multiply both the numerator and the denominator by the conjugate
radical of I + V2, whichis 1 — V2.

1 — 1 1-V2 Multiply numerator and
1+Vv2 1+ \/i 1 — V2 denominator by the
conjugate radical
__1=V2 Soocial Broduct Forrmata |
12 . (\/5)2 pecial Product Formula
_1-V2 1-V2 5
1-2 -1

®.. NOW TRY EXERCISE 81 |

EXAMPLE 10 | Rationalizing the Numerator

) . Vd+h—2
Rattonalize the numerator; ——k—

SOLUTIGN We multiply numerator and denominator by the conjugate radical

V4 + h+ 2
\/4+h—2= Vd+h—2 V4d+ h+2

Multiply numerator and
denrominator by the

h h V4 + h+ 2 conjugate radical

(VA +R)? — 22

Ty ———— e Spectal P Fi 1
k(\/m +2) pecial Product Formula ]

4+ h-—-4
Mva+h+2)

— h _ 1 Property 5 of fractions
R(VE+ h+2) T ANAL R+ 2 {cancel common factors)

*_NOW TRY EXERCISE 87 _ ' n

TR

1.4 EXERCISES
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¥ Avoiding Common Errors

Don’t make the mistake of applying properties of multiplication to the operation of addition.
Many of the common errors in algebra involve doing just that. The following table states sev-
eral properties of multiplication and illustrates the error in applying them to addition.

Correct multiplication property | Common error with addition
(a-b)? = a*-b? (a+ b)2%a2 + b
Va-b=VaVvb (a,b=0) \/a+b¥\\/c—z+\/3
Vat-b =a-b (a,b=0) \/a2+b2}!\a+b
11_ 1 1,1y 1

ab a-b a bPa+p

ab at by

— = b

. b a A

ateh™' = (a-b)"! al+bp! %(a + b}t

To verify that the equations in the right-hand column are wrong, simply substitute
numbers for ¢ and b and calculate each side. For example, if we take a = 2 and b = 2
in the fourth error, we find that the left-hand side is

I 1

L1 1
a b 2

whereas the right-hand side is
1 1 1

a+b 2+2 4

Since 1 # %, the stated equation is wrong. You should similarly convince yourself of the
error in each of the other equations. (See Exercise 105.)

CONCEPTS 4. Consider the exprcssion% - x-l-il - = _: ek
1. Which of the following are rational expressions? (a} How many terms does this expression have?
3x Vr + 1 (2 -1) (b) Find the least common denominator of all the terms.
@ P-1 ®) 2%+ 3 x+3 {©) Perform the addition and simplify.

2. To simplify a rational expression, we cancel factors that are

common to the

and

. S0 the expression

SKILLS

simplifies to

3. To multiply two rational expressions, we multiply their

So

2

x+1'x

together and multiply their

X
+3

(x + 1){x + 2}

(x +3)}x + 2)

is the same as

5-12 m Find the domain of the expression.
5 —x*t+x¥+ox 6. 4x2 — 10x + 3

g 22+ 1 \/8_2:2—5
x— 4 3t+6
y y—— 10. Vi + 3
together. x—1
Q*.\.ll_._xz-i_—l 12 \/a
"xi—-x-2 x4l
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13-22 m Simplify the rational expression.

‘/13 4(x* — 1) 3r+2)x—-1)
TRE+2DEE-1) 6(x — 1)?
2z _ -2 —
15 === 16 222
xe—1 -4
24 6x + P —x -
47 x2 6x + 8 18.)' x—12
X2+ 5c+4 2+5x+6
¥ —3y— 18 20 y+y
TP+ 5y 43 Ty -1
257 — 22 — 6x 1 — 52
S == 22,
IxT—Tx + 6 x*-1

23-38 m Perform the multiplication or division and simplify.

2-25 x+4 4 +
3.5 : 24, X E*2
x*=—16 x+35 =4 16x
2 —2x— 15 x+3 2+ 2% — -
® 55 2 X 26.)'2 2x 3.3 X
r-9 x—35 —=2x—3 3+=x
7 xz—x—ﬁ. x4t t—3 t+3
Toxr42x xP—2x-3 P49 -9
29 2y +yt 2w -y —y?
. Xt — y? X — xy — 27
30 2+ T+ 12 aP+5x+6
T+ 4+2 K+ en+9
o g *H3 XTI+ 12
T4 -9 27+ Tx— 15
- Zx+1 6 -x—2
T x—15 x+3
4'-9 2 +y-3
T2 49— 18 Y +5y—6
34 2x2+3x+1;x1+6x‘+5
Txf+2x— 15 2x%—T7x + 3
X 2% —3x~2
x+1 x -1
35— \/3.—
x 6 222+ 5+ 2
x4+ 2x+1 XP+x-2
3. = 3.
¥z toz
39-58 w Perform the addition or subtraction and simplify.
X 2x— 1
39. 2 + . -
' x+3 40 x+4 !
1 1 1 2
41. + 42, ——
x+1 x-—1 x+5+x—3
. 1 1 :
g3 a9, 22
x+1 x+2 x—4 x+6
- x 2 5 3
45 —— 4 S 46. -
x+12 x+1 2x—3  (2x -3y
2 3 4
7. 5 - =+ = i
2 a3 48°u+1+u+1
1 1 1 1 1
49, — + S — =
22 50'x+x2+x3

x 1 2 1
51. + 52. —
-4 x-2 x+3 XK+ Tx+12
X N S —
xXX+x—2 x*-5x+14
1 1
54, -+
x+3 -9
55.24- 3 .
x x-1 x2—x
s6. - x 1 _ 2
x*—x—6 x+2 x-—3
J 1 _ 2 3
x4+l (x+1)2 0 x2-1
1
58. 1

P +3x+2 xP-2x-3

59-68 m Simplify the compound fractional expression.

x 1+
*. 59 x+2 \/60—6_—1
1 : 1
x+ 2 1"c—l
x+2_x—3 x—3 x+2
._1 _ p—
*-;61,}: x—2 \/62..3: 4 x+1
x+2 x+3
x_ ¥
63 & — —2 64, >—2
L 1_1
y  x 2y
L -2 _ 2
65— Y . Y
G+ Ty
L
67. 1 -—7 68. 1+ -
== 1+
x 1 +x

69-74 m Simplify the fractional expression. (Expressions like
these arise in calculus.) '
! 1 !

1
1+ x+ Va
gy THx R

(AP — T+ k) — (6 - T

71.
h
t i
2 2
7. (x+_h])1_x

132 x 2
73.1f1+(x3——) \/74. 1+(—'>
4x3 1= x? .

75-80 m Simplify the expression, (This type of expression arises
in calculus when using the “quotient rule.””)
5 2x(x + 6)* — xH4)(x + 6)°

' (x +6)°
76 3+ 2)%x — 3" — (x + 2)’(2)(x — 3)
(x=3)

o1 + ) — (1 + )7

- 77 X+ 1
(1 — IZ)[/Z + x!(I _ xz)"llz
78, 1 —x?
(7 — 3x)" + 3x(7 = 3x)72
79 7- 3
31+ )P —x(1 + x)7H
/80, 0+ 2
81-86 ® Rationalize the denominator.
3 1 2
. g1, 82, ———
TR 3-V5
1 2
i 84, ———
; 83 Vi 4+ 1 VZ+ AT
y 2 - )
b 5, ———~ 86. —————=
L R G Vi - V5
: 87-92 m Rationalize the numerator,
- V5 +
% 87, 1 V5 88. u
3 2
—~Vi+h + V2
g YE—Vith Vg, Vrt V2
VXVx + 5
91. Vx + 1 —x 92, Vi +1- Vi

93-100 m State whether the given equation is true for all values of
the variables. (Disregard any value that makes a denominator zero,)

b b 16 +a a
93, =1-- 4, =1+ —
b—¢ c ? 16 16
2 12 x+1 x
95, ==+ = . ==
4+x 2 =x % y+1 'y
97_22):.2& 98. ~ =;
b 2b x+y 14y
— + 2
g9, 24— .8 T A S S
b b X
APPLICATIONS

‘/101. Electrical Resistance If two electrical resistors with
resistances R, and R, are connected in parallel (see the
figure), then the total resistance R is given by

1
1 1
—_— ,_I.. —
Ry R

R=

(a) Simplify the expression for R. .
(b) If R, = 10 ohms and R, = 20 ohms, what is the total
resistance R?
R,

AV~

102. Average Cost
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A clothing manufacturer finds that the

cost of producing x shirts is 500 + 6x + 0.01x2 dollars.

(a) Explain why the average cost per shirt is given by the ra-
tional expression

_ 500 + 6x + 0.01x2
x

A

{b) Complete the table by calculating the average cost per
shirt for the given values of x.

x Average cost

10
20
50
100
200
500
1000

DISCOVERY *DISCUSSION = WRITING

103. Limiting Behavior of a Rational Expression The

104

105

rational expression

P?-9

x—3

is not defined for x = 3. Complete the tables and
determine what value the expression approaches as

x gets closer and closer to 3. Why is this reasonable?
Factor the numerator of the expression and simplify to
see why.

x2-9 xI—-9
x x
*xr—3 x—3
2,80 3.20
2.90 3.10
2.95 3.05
2.99 3.01
2.999 3.001

Is This Rationalization? 1In the expression 2/Vx we
would eliminate the radical if we were to square both numer-

. ator and denominator. Is this the same thing as rationalizing

¥

the denominator?

Algebraic Errors The left-hand column in the table on
the following page lists some common algebraic errors. In
each case, give an example using numbers that show that the
formula is not valid. An example of this type, which shows
that a statement is false, is called a counterexample.
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Algebraie error

106. The Form of an Algebraic Expression An algebraic

I, 1w 1
a bfa+b

(a + b)z% a®+ b?
VaTE¥ass

a+b\!b
a N

(@® + b3)‘/3%a +b
arrr/an %am/n

—llnv i
a ﬂ "

a

Counterexample - .
expression may lock complicated, but its “form” is always
1 N 1 - 1 simple; it must be a sum, a product, a quotient, or a power.
2797 9 2 For example, consider the following expressions:
x+ 2% x+35
1+ x%) + ( ) +
(bt (25 ({14
5—x° 1+

1+ V1 +x? l—x

With appropriate choices for A and B, the first has the form
A + B, the second AB, the third A/B, and the fourth A2,
Recognizing the form of an expression helps us expand, sim-
plify, or factor it correctly. Find the form of the following al-
gebraic expressions.

(a)x+1/1+§ ) {1+ 231 + x)°

1.5 EquaTtions

- Z2V1+x
© Va'(dx® + 1 (d) 1-2Vi+x
FE Vit

x = 3 is a solution of the equation
4v + 7 = 19, because substituting
x = 3 makes the equation true:

_x=3

Solving Linear Equations P Solving Quadratic Equations ® Other Types
of Equations

An equation is a statement that two mathematical expressions are equal. For example,
3+5=38

is an equation. Most equations that we study in algebra contain variables, which are sym-
bols (usually letters) that stand for numbers. In the equation

4x + 7 =19

the letter x is the variable. We think of x as the “unknown” in the equation, and our goal
is to find the value of x that makes the equation true. The values of the unknown that make
the equation true are called the solutions or roots of the equation, and the process of find-
ing the solutions is called solving the equation.

"Two equations with exactly the same solutions are called equivalent equations. To
solve an equation, we try to find a simpler, equivalent equation in which the variable
stands alone on one side of the “equal” sign. Here are the properties that we use to solve
an equation. (In these properties, A, B, and C stand for any algebraic expressions, and the
symbol < means “is equivalent 10.”)

PROPERTIES OF EQUALITY
Property Description

1L.A=8B & A+C=B+C Adding the same quantity to both sides of
an equation gives an equivalent equation.

2.A=B < CA=CB (C+#0) Multiplying both sides of an equation by
the same nonzero quantity gives an equiv-
alent equation.

Because it is important to CHECK
YOUR ANSWER, we do this in many
of our examples. In these checks, LHS
stands for “left-hand side” and RHS
stands for “right-hand side” of the
original equation.

SECTION 1.5 | Equations 45

These properties require that you perform the same operation on both sides of an equa-
tion when solving it. Thus, if we say “add —7” when solving an equation, that is just a
short way of saying “add —7 to each side of the equation.”

¥ Solving Linear Equations

The simplest type of equation is a linear equation, or first-degree equation, which is an
equation int which each term is either a constant or a nonzero multiple of the variable.

LINEAR EQUATIONS

A linear equation in one variable is an equation equivalent to one of the form
ax+b=10

where a and b are real numbers and x is the variable,

Here are some examples that illustrate the difference between linear and nonlinear equa-
tions.

Linear equations Nonlinear equations
Not linear; contains the
4x—-5=3 ¥+ 2=38 square of the variable
9y = %x -7 Vi 6x=0 Not linear; contains the

square root of the variable
x—6= g T 2x=1 Not linear; contains the
reciprocal of the variable
EXAMPLE 1 | Solving a Linear Equation
Solve the equation 7x — 4 = 3x + 8.

SOLUTION We solve this by changing it to an equivalent equation with all terms that-
have the variable x on one side and all constant terms on the other,

Tx—4=3x+8 Given equation
(Ix—4)+4=(3x+8)+4 Add 4
Tx=3x+ 12 Simplity
7x — 3x=(3x + 12) — 3x  Subiract 3x
dx = 12 Simplify
14y =412 Multiply by &
x=3 Simplifj
x=3 x=3
=3 : LHS = 7(3) — 4 RHS = 3(3) + 8
=17 =17
LHS = RHS v
& . NOW TRY EXERCISE 15 |

Many formulas in the sciences involve several variables, and it is often necessary to ex-
press one of the variables in terms of the others. In the next example we solve for a vari-
able in Newton’s Law of Gravity.
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‘When solving equations that involve absolute values, we usually take cases.

EXAMPLE 14 | An Absolute Value Equation

Solve the equation |2x — 5| = 3.

SOLUTIGN By the definition of absolute value, | 2x — 5| = 3 is equivalent to

2x—5=3 or 2x—5=-3

2x =8 2x =2

x=4 x=1

The solutions arex =1, x = 4. ~

*.. NOW TRY EXERCISE 105

1.5 EXERCISES

CONCEPTS

1. True or faise?
(a) Adding the same number to each side of an equation
always gives an equivalent equation.

(b) Mulﬁplying each side of an equation by the same number
always gives an equivalent equation.

{¢) Squaring each side of an equation always gives an equiva-
lent equation.

2. Explain how you would use each method to solve the equation
P—4dx—5=0.

(a) By factoring:
(b) By completing the square:
(¢) By using the Quadratic Formula:
3. (a) The solutions of the equation x(x — 4) = Qare

(b} To solve the equation X — 42 = O, we _______ the
left-hand side.
4. Solve the equation V2x + x = 0 by doing the following
steps.

{a) Isolate the radical:
(b) Square both sides:

(¢) The solutions of the resulting quadratic equation are

(d) The solution(s) that satisfy the original equation are

5. The equation (x + 1}* — 5{(x + 1) + 6 = O is of
type. To solve the equation, we set W = . The result-
ing quadratic equation is .

6. The equation x° + 7x* - 8 = O is of

the equation, we set W =

type. To solve

, The resulting quadratic
equation is

SKILLS
7-10 ® Determine whether the given value is a solution of the
equation.
7. dx+T7=9x—3

{a) x= -2 b) x=2
B.1-[2-(3-x)]=4x—(6+x)

(@ x=2 b) x=4

.x"i:x—s 10.%—xi4=
@ x=4 Mx=8 {a) x=2 (b)x=4

11-28 m The given equation is either linear or equivalent to a
linear equation. Solve the equation.

1L 5x—3=4 12, 2x +7 =131
13.3+4x=5 4. 3x—-8=1
015 —Tw=15 - 2w 16. 5t—13 =12 — 5¢
3
17. 4y —2=1} =z 47
2y 1y 18 5 102
2 1 y+1
LSyt oy -3y =——
19 37 2(y 3) 7

20, 2(1 —x)=3(1+2x)+5
1 x  x+1

2l x—ix—ix—5= L2 — = =
X —3Xx = 3Xx 0 22, 2x 2+ 7 6x
2x—1 4 1 4

23. = o=t
x+2 5 24x 3x
4 2 35 3 1 1

25, + = . --=
x—1 x+1 xT-1 26Jc+l 2 3x+3

+35

27, (1 — 4P =(r+ 42 +32 28 V3x+ VI =xv§

29-42 m Solve the equation for the indicated variable.

mM
#.29, PV = nRT; forR 30. F=G 7 form

: : 1 1 1
Yp = : 32, -="—+—
J“p_21+2fu, for w R R R for R,
33 a—2[b—3c—x)]=6 forx
Cax+b
=2 forx
3. ex+d
35, a%x +(a— 1) =(a + 1)x; forx
-1 b+1
36'azl=a_b_+—a—; fora
M
37, V=3mr’h; forr 38. F= Gm—z; for r
r
(1 P )2- for i
39. A=P 100/ ° or i
40, a* + b2 =c% forb
o n(n + 1)
41, h = zgt° + vet; Tort 42. §= T; for n
43-54 = Solve the equation by factoring.

43 52 +x—12=0 44, x2+3x—4=0
45. x2+ 8x+12=0 46, x> ~Tx+12=10
47. 2*°+ Ty +3=0 48. 4x2—4x—15=10
49, 3x2+ 5x =2 50, 6x(x — 1) =21 —x

s B2-27=0 52, 247 =8

53 (r-1)2 =38 © 54, (3x+2)*=10

55-62 m Solve the equation by completing the square.
&85 2+ —~5=0 56. 2 —4x+2=0
5. 2+ 3x -1 = 58. ¥ —-6x—11=0
.59, 22+ 8x+1=0 60. 32 —6x—1=0
6L x?=3x 1 62. 42 —x=0

63-78 m Find all real solutions of the quadratic equation.

63 X +5x—6=0 64. 2 —2x—15=0
65 2 —Tx+10=0 66. x* - 30x + 200 =0
6.3+ Tx+4=0 68. 2 +x—-3=0
®69. 32+ 6x - 5=0 70. 2—6x+1=0
T2y —y—1=0 2.2 -+%=0
73.0=x"—4x+ 1 74. 42 + 16— 9 =0

&75 = 3w - 1) 76. 3+ 52+ 2=0

77. 25x + T0x + 49 =0 78. 10y — 16y +5=10
79-84 m Use the discriminant t;) determine the number of real so-
lutions of the equation. Do not solve the equation,
79 22— 6x+1=0 80. 3x2=6x—9
S8 X2 42205+ 121 =0 82, x2+22Ix+121=0
83 2+ S+ 2=0 84. x> +rx—s=0 (s>0)

85-108 m Find all real solutions of the equation.

1 1 5 i0 12
. 85, == . =S4 4=
85 x—1+x+2 4 86 x x—3 0
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2
s7.x11—%=0 ss.x:100=50
X x+1 x+5 5 28

O 7 x+3 T S S
o9 V2rF i+ 1l=x 92 V5—x+1=x-2

9. VVx-5+x=5 9, 2x+Vx+1=
*05, 5 — 1352 +40=0 96. x* —5x2+4=0

97. 2x* +4x2+1=0 98, x—2x*—-3=0

09 M52 r6=0 100 Vi—-3¥r—4=0
101, x'2 4 35712 = 10y 3R
102. 4(x + D)2 = 5(x + DM+ (x + 1)2 =0
103. x -5V +6=0 104, x'2 — 331/ = 3416 — ¢
&0105 [3x+5]=1 106. |2x| =3
107, |x — 6| = -1 108. |x — 4| = 0.01

APPLICATIONS

109-110 = Falling-Body Problems Suppose an object is
dropped from a height /1, above the ground. Then its height after
¢ seconds is given by i = —16:% + hy, where F is measured in
feet. Use this information to solve the problem.

109. If a ball is dropped from 288 ft above the ground, how long
does it take to reach ground level?
110. A ball is dropped from the top of a building 96 ft tall.

(a) How long will it take to fall half the distance to ground
level?

(b) How long will it take to fall to ground level?

111-112 = Falling-Body Problems Use the formula
h = —16t% + vyt discussed in Example 9.

. 111, A ball is thrown straight upward at an initial speed of

ve = 40 ft/s.
(a) When does the ball reach a height of 24 ft?
(B) When does it reach a height of 48 ft?
{c) What is the greatest height reached by the ball?
(d) When does the ball reach the highest point of its path?
(e} When does the ball hit the ground?

112. How fast would a ball have to be thrown upward to reach a

maximum height of 100 ft? [Hins: Use the discriminant of
the equation 1612 — vt + h = 0.]

113. Shrinkage in Concrete Beams As concrete dries, it
shrinks—the higher the water content, the greater the shrink-
age. If a concrete beam has a water content of w kg/m®,
then it will shrink by a factor

5= 0.032w — 2.5

10,000
where § is the fraction of the original beam length that
disappears due to shrinkage.

(a) A beam 12.025 m long is cast in concrete that contains
250 kg/m® water. What is the shrinkage factor §? How
long will the beam be when it has dried?
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(b) A beam is 10.014 m long when wet. We want it to shrink to
10.009 m, so the shrinkage factor should be § = 0.00050.
What water content will provide this amount of shrinkage?

)
i
Ky

Vam e

vl
1Y

114. The Lens Equation If F is the focal length of a convex
lens and an object is placed at a distance x from the lens,
then its image will be at a distance y from the lens,
where F, x, and y are related by the lens equation

i 1 1

F x y
Suppose that a lens has a focal length of 4.8 ¢m and that the
image of an object is 4 cm closer to the lens than the object
itself. How far from the lens is the object?

115. Fish Population A large pond is stocked with fish.
The fish population P is modeled by the formula
P=3+ 10V + 140, where ¢ is the number of days since
the fish were first introduced into the pond. How many days
will it take for the fish population to reach 5007

116. Fish Population The fish population in a certain lake
rises and fails according to the formula

F = 1000(30 + 17t — %)

Here F is the number of fish at time ¢, where ¢ is measured in
years since January 1, 2002, when the fish population was
first estimated.

(a} On what date will the fish population again be the same
as it was on January 1, 20027

(b) By what date will all the fish in the lake have died?
117. Gravity If an imaginary line segment is drawn between the
centers of the earth and the moon, then the net gravitational
force F acting on an object situated on this line segment is
_~K 0.012K
x% (239 — x)?

where K >> 0 is a constant and x is the distance of the

object from the center of the earth, measured in thousands of
miles. How far from the center of the earth is the “dead spot”
where no net gravitational force acts upon the object? (Ex-
press your answer to the nearest thousand miles.)

118. Profit A small-appliance manufacturer finds that the profit
P (in dollars) generated by preducing x microwave ovens per
week is given by the formula P = {5x (300 — x) provided
that 0 = x = 200. How many ovens must be manufactured in
a given week to generate a profit of $12507,

119. Depth of a Well One method for determining the depth
of a well is to drop a stone into it and then measure the time
it takes until the splash is heard. If d is the depth of the well
(in feet) and ¢4, the time (in seconds) it takes for the stone to
fall, then = 167, so 1, = Vd/4. Now if 1, is the time it
takes for the sound to travel back up, then 4 = 1090¢, be-
cause the speed of sound is 1090 ft/s. So £, = 4/1090. Thus,
the total time elapsed between dropping the stone and hear-
ing the splash is

vVd | d

hth=———
1= T Toso

How deep is the well if this total time is 3 s?

DISCOVERY =DISCUSSION=WRITING

120. A Family of Equations The equation
xt+k—-5=kx—k+1

is really a family of equations, because for each value of &,
we get a different equation with the unknown x. The letter &
is called a parameter for this family. What value should we
pick for k to make the given value of x a solution of the re-
sulting equation?

@ x=20 b)) x=1 (€) x=2

121. Proof That 0 = 1? The following steps appear to give
equivalent equations, which seem to prove that 1 = 0, Find

the error.
x=1 Given
=y Multiply by x
x*—x=0 Subtract x
x—1)=0 Factor
A1) = 0 Divide by x — 1
x—1 x~1
x=0 Simplify
1= Givenx = |

T T

22, Volumes of Solids The sphere, cylinder, and cone
shown here all have the same radius r and the same volume V.
(a) Use the volume formulas given on the inside front cover
of this book, to show that

3 3

= %'rrrzhz

4
g—'n'r = 1rr2hl and 3T

(b) Solve these equations for /, and 4.

123. Relationship Between Roots and Coefficients

The Quadratic Formula gives us the roots of a quadratic equa-
tion from its coefficients. We can also obtain the coefficients
from the roots. For example, find the roots of the equation

x% — 9x 4 20 = 0 and show that the product of the roots is
the constant term 20 and the sum of the roots is 9, the negative

1.6 MODELING WITH EQUATIONS

124.
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of the coefficient of x. Show that the same relationship be-
tween roots and coefficients holds for the following equations:

¥—2x—8=0
X +4x+2=0
Use the Quadratic Formula to prove that in general, if the

equation x%+ bx + ¢ = 0 has roots r and ry, then ¢ = nr;
and & = —(r| + r).

Solving an Equation in Different Ways We have
learned several different ways to solve an equation in this
section. Some equations can be tackled by more than one
method. For example, the equation x — Vx — 2 = Qs of
quadratic type. We can solve it by letting Vx = u and
x = u? and factoring. Or we could solve for Vx, square
each side, and then solve the resulting quadratic equation.
Solve the following equations using both methods
indicated, and show that you get the same final answers.
@ x—Vx—2=0 quadratic type; solve for the
radical, and square

ﬁ + xl__O + 1 =0 quadratic type; multiply

by LCD

(b)

Making and Using Models » Problems About Interest » Problems About
Area or Length P Problems About Mixtures » Problems About the Time
Needed to Do a Job P Problems About Distance, Rate, and Time

Many problems in the sciences, economics, finance, medicine, and numerous other fields
can be translated into algebra problems; this is one reason that algebra is so useful. In this

section we use equations as mathematical models to solve real-life problems.

¥ Making and Using Models

We will use the following guidelines to help us set up equations that model situations de-
scribed in words, To show how the guidelines can help you to set up equations, we note

them as we work each example in this section.

GUIDELINES FOR MODELING WITH EQUATIONS

1. 1dentify the Variable, Identify the quantity that the problem asks you to find.
This quantity. can usually be determined by a careful reading of the question
that is posed at the end of the problem. Then introduce notation for the vari-

able (call it x or some other letter).

2. Translate from Words to Algebra. Read each sentence in the problem again,
and express all the quantities mentioned in the problem in terms of the variable
you defined in Step 1. To organize this information, it is sometimes helpful to
draw a diagram or make a table. -

3. Set Up the Model. Find the crucial fact in the problem that gives a relation-
ship between the expressions you listed in Step 2. Set up an equation (or
model) that expresses this relationship.

4. Solve the Equation and Check Your Answer. Solve the equation, check your an-
swer, and express it as a sentence that answers the question posed in the problem.




