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. Probability -
A cake with © equal glices.
i gqre Chocolatt , 2 are vanilla..
If you close your exes and take L?ne S’Iace,,ﬂ)e,
proba ilH;j of gefting ¢ ocolate is Yo = 3. This
means | you do +Hhe ex]oerlmerﬁr many Times, \/ou
3enera|l3 381‘ & chocolate slice fwo out of ever
three “fries. Tf he cake were all chocolai®,
you would be certajn, o get a chocolate slice,
oven with your eyes closed (probabi)i}:ujﬂ)sqno)
'+ would  be impossible To 86+ a banana slice

(probabili =0), (5,6 )
Samge Spack g = set of all oulcomes of an

experimerﬁ“
evenf A = subset of the sample space.
Ne say an event occurs i any outcome, in /A
occurs' in the expevimen%

Probability ?(/‘3\‘) = a function +hat maps an @«V’emL
< o a numberin L[O,1]

possib)e events

of the

Eveni- Spact é? = class of all
= set of gl cubsefs

sample spact
& is a power set of S

TfF S has n outcomes .)65 has 2“)
SCTs
P: Ez —= [0,}]

A — PCA) L9 Pl



O
- Pr‘obab”'ﬁ‘j that event A occurs

[ — NCA ;
PIA) NCSS
- # of elements in A

#' of elP,mEnT':S in Squ}e, Sioqc,-@
 O[0ZPAIL]) For any AEE
@ A event. AS =evenr that A does not occur

AVAS =

NCAYENGE)ZNG) o PAHPAS) =

- NES) 2] P= - PAD)
@ JAor B .0cc‘ur~s < AUR

A and B both occur < ANI3
,[_qu_‘_ least, one)= |— P{none)
® g A

ol

N{AUB)
= NA+NIB)-N(ANR)

Plaup) = P(A)YT P
~P(ANR) )
T

—

'S'lm‘f]qr\j

lopca UBUO) = PCA)TP(B) TP(C)
—PCANEY ~P(BNC) PCANC)
+P(ANBNC)

*Easier P(AUBUC) = |—P(ASNRENCS)

ther A,B,or C
P{ & ocn o )’: I-P{none occur )

. aceurs
@ Indegendem‘" Everits :Events A and B are
findependent #F__ PCANBY=P(AYP(B))]

- When A occars it has no effect on whether B oceurs
° Example: Flipping a cain, once dees not affect Ruture Flips.

@['Mlﬁuqll Exclusiv
A ond B are muﬁq”g exclugive 7 fese

‘events cannot ever occur%(qe%er.

’i"t'ond B are mutually exclusive WF PfﬁhB);@

| ¢owhich implies PCAUB)= PAYTRB) ~PTARE).

= P(R)+P(B)
o1 I+ cannot be raining and dr\/ outside. at
+he same TIMe,
(2) Mtﬁual\ﬂ Exclusive, Events are ng_eg_iﬁﬁ
. ROk 'm.dependerﬁ since  PAnRY=0
P >0, PBY>OP(A) PUB) + O
PANR) 2 PCAYPIR)
exclusive events are
one occurs, the ofher

Exampl

» Intuitvely, mutyall
éependené since rfy
cannot  occur,

Exqmégges

& whot s the Fr‘obabﬂn"\/ of 8eﬁih3-q head

when o Tair c¢oin 1S '?“P}Ded?
soln® §=§H, TS _ Nw < [L
A= IHS P N(S)
what is the probab‘:l' of 3eH‘m3 o sum of 7

@ when two dice are thrown?
Soln® S= al} Poss‘nb]e outcomes fram +hr~ow'm3
= ¢ O (12 (1L,3) Q). _ xg =
e, 2,1y 3) &) } N(sH= & éb 36

two dfce

CQ,;&D;CQ,&)’ o \r-’(o 1
(3,2
A=S (L,6)  (2,5) ,(3%) MNAY= 6
(6, 1) > (5,:2) (Hi3) .
PCPr)—W@)“— 3. | ©

L9 P2/



. Bx3) (m ?PObObﬂi‘t\j o?_geﬁlncj o 7 when one die is thrown?

O Gmpossible . A die is labeled 110 6)
® Probabilihy of gefting a number less fhan 12
when one die ig thrown = |
e What are the odds in faver of Seiﬁng a number
greaner than 2 when one die ‘s Hhpown©

§=%1,2,345,¢f o

A= evenT of a number grea-ier than 2
=73,4%.5,6¢

A = 11,23 =event of gefing a number £ 2

“0dds in. Favor of A" P(A) _ NN =

Goline

means

PCAS)” NASY/NES) 2|
(IndeFenderﬂ' Events)
TF +wo coins are ?hf}}[}edq\)‘)hq‘f's the probablity of
qetting two heads?
SN cthod 1 AZevent of o head ;
1 vert a head on |5t coin,

B= élferirf‘qF a héad on 209 coin,
A and B are indePenden+ |
>(ADR)= PAYPCBY= T X3

MEHOd 2 o5, HT, TH,TTS
E = event of two heads = THHE
—. NCE -
P(EY= T!TS_% =
Two dice are Fhrown, . Event A s "he sum ds 7!
Zvent B is “at least one die is a 6. Are Aand B
independent?

Solnt Check i TANBY=PAYP(BD .
S= 2(1:5)101171- h(.llb):c:zi:Z)JCQJSD" (216D "”"}

{3.|1) .
N(s)= 6%x 06 =36

-1

L‘.

A= TO,0),025),03:4) B =Saf least ane of the 1w

§

0
(i) (52) (43D dice Is 9 © )E
NAD= G N(B®) = 5%5 ) -
Ny - e = pe)= I-PBS
PIAY= "N(S) 36 e = |- x5 _ 1
36 ~ 36
P AnB=3 (66D} L
P(ANBY = 2 - PLRIPLR) = 5 X3¢
The probabiliy John will Jouy a 'Product N %J

fhat Bill Wil buy the product Is 3 and that
T, Whatis the

Sue will buythet product 15§
Probabi]i‘):j that af least one of them will bu\y

the Prond:b?.
Soln: whether John, Bill,or Sue b”j the pmduct are
'mdependen+ evem’saﬁhey have no effect on each ather),
T Method 4 prohakilihy o least One buys e
product = 1= FrobabilriH none of them buy i
Py & X p(zysuB) =1— P(TNSTNBT)
P(BY=% = |- ?(T)P(SC)PE‘:)
PeS)= T - 2 x5 < F =[5

Method 2: P(TOSUB) =PI +P(SOTPIB) ~P(INS)-PLINB)
~P(SN8) +PETNSNB)

.._3;_!__3—_.___3_|_._i_-2__2._L
= E+FTFZTEXY TEFET3Z XY
._._3 —'—1— 1 —,_-.j_-
TEXF*Y l:ol

In throwmg two dice, event A 18 "the first die is S”
Coent B is " The +wo dice sum +o 2"

A and B are mutually exclusive, PANBY =0

because if the first die Is >, the second die (1~6)
con never get a sum of & :

LY

R 3/



exs

52 ~card deck
Heart Diamond Spade Club
& A
K o197 1
13 [Q ‘g <§ 3
J A

what is The Pmbabi)' of drawing q Sspade or a k‘;’ng
from q deck of BQ_ﬁ:cj:ar‘cls? J i

DN = event of the king of spades NCD”EDF‘:I
Soln: D= avent of @ 33 adf;a NDY=13
K=even+ofa,kirlcj NCK)=1h

S:Samp)e space of 52 cards N(SH)=52
P(DUK) = P(D) +PLK) ~PIDAK)

- 3,04 L =
- "5—'91' 1 s2 32 13
(Mutually Exclusive)

Tn a throw of 4wo dice ,what's the Probabﬂ@ of
3€fFlh5 a sum of 7 or 7

Seln:

= lel) (ha) .. .(2:6) .,
5= 1 "D L
\/._.

- e\)el’ﬂL O'F sSum 7:{(’{(0)1<Q|5))(-31‘+) NCV’):é)
) (5,20 3

E =euent of sum. I = §(56)1 (6,53

. Csﬂ)} N(SY= %

N(E)=2
PVUE)=PV)+ P(ED + P IVAE)

_ L . 2 _[2 20 mutially exclusive,
= 367 3% “ J
Gy, 93, - O o, .Gz, 4
You hque 6 om%es 3 Qppsies Yoy rondom) select

5 fruit to put in Laske'l", What is the Probabi)‘@
of a basket with 3 crangeS and 2 a]o}a)e.s?

Soln: A =zeverrt of q basketr with, 3 oranges and &quﬂes
when you have 5 fru- total
S=all posshble ¢ombindhons ‘of & fruif

order doesn't maler | 0,0,0:%, 04 -

N(AY= T For each way you choosg 3 from 6 on&nﬂesj

there will be ways +o choos8® g, aPP]es From 3apples.
Use the comﬁng Pr‘}nciP)&

vey= (H( 2
N(S)= (;) Choose 5 outr of I Fruit ,unor\dered.

I3 3
PCAY= _?\JI—C% = (3>(9—> = @se a qucdd’OT‘)

9
(%)
The. SAT Guessing Penalty

- Muh"i?o]ﬁ choice = 5 choice (A™~ED

Each correct answ er SeJrS | poinT

(A To account for lucky guesses, 7 point is deducted
for each incorrect answer, Why?

Soln:  N.=# correct answers that you did net guess on
NG—: NCG"+ NWG‘

Number coprect  + Number of wrong
3 uesses 3uesses

Number guesses =

*A gsume -qud‘ each fime an answer N incorr\ect>
s because 7's & wrong guess. Nyw=Nwye

Total score = (Ne T Neg )= T Nwe

ETS hopes that Neg T Nwe
becquse NCG’.‘_-’ P(Ce) Ng (&t of the ﬁme,\/ou're correct,)

2 €L
= 5 Ne % J5_"_TFNWG= i Nwe
Nwg = PCWG)@
= ENg —(ysh of the fime, you guess wiong )
(8) How many answers Shou@lyoqugmﬂﬁ? beat
Qor

Hhe Odds (Answer: Elim(ha
* )

Nwe DIT- you have n, answenrs lefl over

Sons Nes > F Nw PICE)= VA, PUiE)=Mp,
: . N, ~ PUCEHNg —  V
< G = n [ R n <5
F Nwye POwG) Rs. oD, - = n<

P uA



. Probability endi A

i
- In ?nobqbi)ﬁy, you fipst Jearn about sqmpie,
. _ NAY
space; events, and counting  PUAO= "5SS

o Then , @ random varfable is inhroduced that maps -

an Outcome To o number . For exa i , the oulcomS
could be 36&703 (,6) in two rolls of dice . X couid
be the sum o X (06D =T7.The randem variable X
ma ps the outcome (L&) 1o « number 7.

* Then , the random, variable 1s deseribed b\/ o
pr\obabil densi funchion, | %), Y‘CPI‘&SGH‘HH\?
how er,\:j i+is for X To ke a Parﬂcu]qr value X,
The s‘nanlﬁc,qnce, is that a random varigble is
ComP]e'fe]H characterized by the ?d'F" The pdf
summarizes Hhe enhire stnicture below . When you
have o Fmbqbﬂ'ﬁy denS'th Junction,, the Sqm}olﬁ
space and event space can be constructed from it

m

S Sqmple space , set of all Possible sutcomes 1
an ex,aer}men

G event quée) class of all subsets of S,
has 2P elements if S has n elements

T Probability function ; a3sighs to each event in G
e number in [0;1]

X% random variable o function defined on 3
Ceﬂ. sum of 2 yolls of dice ,area of a disk )
VIER | X(2)=3s€S :X(sDeIL €&

For every inferva| of wal number‘s7 s Pm-imqge-
s an event

R the real number line
R " Borel S‘ljmo"Q\Sle"a”s st of all subsets
o the real numbers
Px s The distrisution, of X defined on R
Pe(I) = P(BREL)= P(sxNIYY) VIER
_ = Po X7 (L)
"R :he distribution, function defined on R
pt)= P(RsSt)= R, ((-o0,tT)

Function defined on
P &
. R
X >
B R

W
° The Pnobabih‘}‘}j (Jensiﬁ function, can be

a,ngjﬁ& Jo% o hisﬁa ram.
A ver ';mpoﬁ'arﬁ‘ 4% s the Gaussian (o normal )
‘Pmba Jihy densty  function., Many stafisTics
Follow *his beH—s}qued distribution,
_ o N
| M= mean, "avergge”
o~ = standard deviation,

260

an)
0| o

S
X % a random variable . LT could be }’GB)ULJ

test score,.,, et
dz (%) Y‘epresemLS how likely height X. = value X (58t)
T+ is most likely +hat the %eigh:i“ of a rqndomjj

sélected person, in a po ulation, §s the average |
he'lgH‘/u, 1 ¢~ s small', almost everyone is A tali,
=& 6% is large, there i§ & wider range of helghts,

LY P

X



. I, Statistics
» Da

Data = set of numbers That reRr fo a vqriabfe
' Cheiglm*; Test Smde,m)

—data  distribution as histogram,
- & unimada] (1 p&qk) ona

data digtribution is Summarrzed b\-.j
s cenler (mean) and si}gre_c{d (skandard deviation)

Count s

-

- Mean' O'F. ‘X-lfy:;,rv-(Xn,

= 2 - ;<+9<2+,..+7<h,1
= — Z\‘X. !
!x nalt o {
* standard Devighion, of  Xi %a, -1 %Xn
g L ('}(.—&)a
o~ = &
n—|

« Medlan = middle value when data is armnged
‘ in asceno'ing (or descendingﬁor‘der

@ The median, ot 1,3, 5, 7, 99
is 5?—:(_) ' '
The median of 1,323,353 38 3

4

ode = the most ‘Fr*eczuen"}“ value, in the darq ser
° Rang@ = maximum vqlug—mimmum valug
12 men Traveled l%m]oh ovep the speed li mit

% women " H‘mf)h N o '
What was the mean speeo’ over +he limit of ali
2l drivers? ‘

Soln: 13X 1Bmph +8% Mmph, _

2]

5
SYmMERIC. (abost peal) 44|

&) Rque,= 7-0 :

Data_Value | Frequency '
5 A A me dign?
— ¢8) mode’?
3 |5 ©) meanT
N 10 : '
5 - ()R ange P ‘
,.%u,_____%_ﬁ__. —_ (B standard devialion, T
(/) There are_ 49 data values. The median vqlue, |
] @37%=}.5 '=o
occurs at  the riTij = 5% Po‘,rr}- ’uulmch N
(®) Mode= 3 B
> Mean, = o+1x5+;2>¢‘z}-;,.,+'7xi_,__:9<

==
Co- 30 ma (1= %)+ 1% + Is(x%)"+..*3 )

(E) =
T 15

=[LG]
Easier way: Use q gra P}“”ﬁ caleylgior
STAT = Edit La , Ly
2 1ST— MATH — meah ( nd 3 gwes Ly 3LL}>—7’3.5°H
median,( Lz,Ly) =2 3

std Dev(la,Ly) —2 1.60

di.{-q Tq’uehi‘j

Analy ze the re?qﬁonshj]g hetween, fo varigbles.,
@iven data (%, 4s) 5 (Ko, Yad - -- (‘ijm) jou

can get 4 SCQJJer*P}UF 3i / |
? X

You con Find 4he best-Pit- hne and predict wheit o
y 1S ;a5 a function of o, Thal’s “Linear Regression
Use Calculus! Find mu, b such+hat
5 e\ minimumy
é( M, T b 3% is o Min 2 5mB=0
As a function, of rE, , This Is 5on vex ./ gb C(mb) <O
? Lo Fe/g




Tack récorded the amount of Hime he stydied

I - 3 x -— A]
Linoar ReqreSSIONt. ‘/ E"_&:r:% Hhe night before gach of 4 hisTeT ayizzes arg
LinR%(qx%)(;fI:z% ) 5 es ing the score he aot on €och quiz. Use linear rearess,ion‘
_ - 4 to estimale the score Jack would SEF ® he studied
Exponential Regression, [ - ab” for 20  minyies, $core | Time (min)
ExpReg AT e 86 TS
: v 70 1S
Quadratic Reqressiol, : STAT &Lt 90 HO
— Y > T
QuadR &/ :j=0-><a thx+C STAT -7 CALC S 35
3 Lﬁ 5 LinReq (axth) .
3 L, U
B | _ LinReg(axts) La 4 Ly 4, |
Use 6SS] : i j 5 e T
;:Pu‘eqﬁigenﬁq\ regression 1o estimaie the 165 XY VARS YVARS SFunchion=> Y,
= L.nRe .
Tgo_% PoFuiaﬁon, Soln: :%x{-b @ =0.6069 > 6=%0.5]
s 4%,000 « STAT=EdY Ls ,Lleo : _ ~
1160 | 93,000 ; fundlion. Y(20)= 72.65 {13
197 95,000 ? STATSCALC = E Reﬁ T g—ore?’in. d P
E ‘s -
1930 23, 000 E»Refj( Ls,le ‘j/ Y . wor roblems
199 te5,000 - O(_,-,_ga (f) .v,?gg >Y-VARS (How many standard deviations above fhe mean? )
= Le . e Function 7Y Test Conya's Score | Mean Standard
_ i = :j: q X b’-‘ % 1 Y / Score peviatl n
e Yoy con also view - ~) 80 g/ T
the plot & scatier plot o= 17797 >0 - Roid 90 g4 2
e b=1.0305— X Te ST
e pne STAT PLOT . =\ — L_,_/J T 8] it
= choose ).t on which of _+h6 Tive Jests Jid Sonya g corg
XList: Ls This P)o’}'S %jgh'esb relafive 1o the rest of the test takers
Yhist ‘Lo ﬁ;i,]g‘“*’q inthe Solhs Eliminate Test V since Sonya KSCowecI below the mean,
Sanyq’s Per‘%rmqnce relative o others G’eloends on.

« Zoom FH  or cheose window and trace

bow dificult the test waos (#he mean Score and whether
e scored near the mean), Find the Test wher,

mogF peoPl
50n\/q was The  most s+andard C’e\l)cn'?cms above The mfian,
10-8% . 29-8]
= 3 sh dev, above Y- =
@ 2 mean 4 el
X1t 9686 _ , 2, 8%-85 _

rq P78



« Percent Increase /Decregse

Mo increases b}j P%” means X increases To :>(+’7EJOO‘ X

”9{ decf‘eqses l!) o/‘; ! means X d-ecreqses _i.

(5ee Lessan#7 andou'f',Exqm]ole&})
- Investment
P= prihc'rpq)=01mourﬂ‘ snveshed o bank account
erest = inferest €arned on e prmci,oq}
and on the inferest earne
p=$000 invested of 2% annual inferest (r=0.12)
* compounded thuqlly, Atter 3 years, what's The

Gompouncl

halance®
Sola.: P -
wien | year: PHPx T = ATOF
2 years ¢ ()~ P 2
a n n=3 .12)° 1000
n qurs . ()P = $]405
*Logic T A= B, then BS = A% Conmtrapositive

bu BFA
& If on object is @ wheel ;Then i+ must be circular
A = B

BS=AS: If an object is nor creular
g ;
Hhen T's not a wheel

B A IfF an Object is circular, -
W pakt not be a wheel .
(T+ could be a P'lzzq,)
- E@M@M@—be carehyl with units!
Cost of salad Is $2 for Lirst HqH‘\"]DOLmd Q}')a’
75¢% for each addihonal half-pourd, What's the
total charge in cents for p Pounds of salad,
where p is @ positive inieger?

= x(t7g3)

l -Soln ;s P?*' lb. ,s0 the first 200% s chqraed.

' 15¢ . (p-% « & haitnou
hq‘i"rlfagund (P 2> PM 'ﬁﬁs

= 200% + 75% x(2p-1) = [a5( 5+6p)

° Avergges

[exil The sales total for January was 50% arealer than
the average (arihmetic mear) of the monthly sales fotals
for Fefomar‘y through December, The sales Tota] for
Janu anr was what frachon of the sales tutal for
the year'f

Soln: e} S, =sales fotal for U month,

200f +

S5cs+8 = S,tSat.. 510 *S) Sy ~ P
j_l_?sl SI 105 ! ] S1+--<+S]’J... .

2.5 =

BSg - 15 WS, 5 S . 15 ]2

WU RO wT T BT s T 1as
(Distance = Rale x Time,)

Kayla drove from Ebculside +o Chatham, at o constant
speed of 2! :—Eh and then returned along the samsS
o ure from Cheai

am to Bayside.IP her querage sPeE\d
for the entire journey was 26.93 miles per hour, of
what  qverage eeJJ in miles per hour, did Kayla,
refurn from  Chatham +o Bayside?

. d ——
Soln : quide,;imp—h’? }C}\O.;*}\QYTL
BC
' -

2l mph J Vs 4

Yac = ‘_‘6_; = 4= 2] mph,

E N

r{ IUCB: —-———-‘_Jb = -(;2_-; ’Uij_g .

T - 2 L ¢ 23 _ 2.(mph)Us

V= Zh 5 acasmphs E_ 4 9 Vea* 2Unph
;G;.;amyh, ! zl!n]]aj-n, Vep

26,25 (Veptl) = 42 Ve
i Veg = 55@)1, I

L3 R¥E



