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Now, by the chain rule,
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REVIEW EXERCISES

1
1. (a) r(u)=wui+uj, 0<u<l,; /h~dr:/(3
c 0

1
ud —u?)du = ——
12
! 11
(b) /h-drz/(2u8—3u7)du=——
c 0 72
w/2
2. (a) /h-dr:/ (= cos® u sinu + sin® u cos u) du = 0
c 0
w/2
(b) /h~dr:/ (=3 cos!t usinu + 3sin'* ucosu) du = 0
c 0
3.

Since h(z,y) = Vf where f(z,y) = 2%y* + %:172 -,

for any curve C beginning at (—1,2) and ending at (2,4).

. ) oP y? — z? oQ
h(x,y) is a gradient: oy [CERTIE = 3 h(z,y) = Varctan (y/x).

Therefore the integrals in (a), (b) and (c) all have the same value.

(a) r(u) =2cos ui+2sinuj, 0<u<2m

3n/A T _ou
/h'dr:/ [ 2sin u
c 0 4

2
(—2sin u) + cos 4

3m/4
(2 cos u)] du = / ldu = 31
0
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h(z,y,z) =sinyi+ze™j+sinzk; r(u)=u?i+uj+u’k, wuel0,3]
yu) =u z(u) =u?, 2'(u)=2u, o(u)=1, 2(u)=3u?

z(u) =u

h(r(u))-r'(u) = 2usinu + u2e*’ + 3u? sin u?
3 3
/ h(r)-dr = / (2u sinu + u?e"” 4 3u?sin u3) du
c 0
5 3
= [— 2u cosu + 2sinu + § e — cosu?’}0

=z —60083+251n3+ Le27 _ cos27

h(z,y,2) =2%i+2yj+2°k; r(u) =cosui+sinuj+u?k, wuel0,n/2]

h(e(u) () = 2% [ he)-dr = /O”/deu:%(g)ﬁ

F(z,y,2) =ayi+yzj+azk; r(u) =uit+u?j+udk.

? 1 5 .12 2685
S 3 6. _ 3 6y 7, — | 1.4 2 7] _
F(r(u)) - v =u’ +5u°; W /71(u + 5u’)du = {4u +7u}_1 28

Flz,y)=zi+ (y—2)j; r(u)=(u—sinu)i+ (1 —cosu)j, 0<wu<2nm.
F(r(u)) - =u— ucosu — 2sin u;

2m 1 ) o )
Wz/ (u—ucosu — 2sinu)du = [ﬁu + usin v + 3 cos u}o =27
0

A vector equation for the line segment is:  r(u) = (14 2u)i+4uk, we€][0,1].

242 (2 2)
mmmyﬂ:c___ilﬁ__; Fdr—C/ Ou
V1 + 4u + 20u? c V1 —|—4u+20u2

Suppose that the path C of the object is given by the vector function r =r(u), a <u <b. Then

r' = v is the velocity of the object and F-v = 0. The work done by F is

‘Amwmzlzmm»ammszmwwwmmo

O(ye™ + 2x)
dy

O(xe®™ — 2y)

=% + xye™ =
Y oz

= h is a gradient.

2
(a) h(r(u))-r’ = 3ue”’ — 4ud + 2u; / h-dr = / (3u26“3 — 4u® + 2u) du = e® — 13
c 0
(b) Let f(x,y) =e* +2%—%% Then Vf=h and / h-dr = f(2,4) — f(0,0) = e® — 13
c

18:12
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12. 8—P =dzy+2= @ —> h is a gradient.
oy or
1 1
(a) h(r(u)) = / h-dr = / (6 + 66w + 216u” + 576u”) du = {6u + 33u? 4+ 72u® + 144u4]0 =255
C 0

(b) Let f(z,y) = (z%y® + 2zy). Then Vf=h and / h-dr = f(3,5) — f(0,1) = 255
c

13. h(x,y,2) = Vf where f(z,y,z)=zy32%

(a) h(r(u)) =4u®i+3uj+2u3k; r'(u) =i+ 2uj+3u’k

1
/h(r)-dr:/ 16w du = 1.
c 0

(b) /C h(r)- dr = f(x(1) - f(£(0)) = f(1,1,1) — £(0,0,0) = L.

14. (a)r(u) =ui+4uj, 0<u<?2

2 2

2

/ y? dr + (2% — zy) dy = / [16u® + 4(u? — 4u?)] du = / 4u? du = %
c 0 0

(b) Cr:r(u)=ui, 0<u<2; Cy:r(u)=2i4+uj, 0<u<8y

8
/ygdm+(x2—xy)dy:/ yzd:r+(x2—xy)dy+/ yzd:v+(x2—scy)dy:0+/ (4 —2u)du = —32
C C Ca 0

() C:r(u)=uituj, 0<u<2

68

2
/ yide + (22 — xy)dy = / (3u* — 2u8) du =
c 0 35

15. (a) r(u)=(1—-w)i+uj, 0<u<l.

1
/ 2xy'/? da + ya'/? dy = / [2(1 —w)ul/?(=1) + u(l - u)l/Q] du
C 0

1 1
:72/ (17u)u1/2du+/ uw(l —u)Y?du
0

0

! 4
:—/O (1—u)u1/2du:—1—5

b)ri=i+uj, 0<u<l; ro=(1-u)i+]

1 1
1
/Qxyl/zdx+yx1/2dy:/ udu+/ —2(1—uw)du=—=

c 0 0 2

(c)r=cosui+sinuj, 0<u<m/2

/2
/ 2952/1/2(133 + yxl/Qdy = / (—2 sin®? u cos u 4 cos®/? u sin u) du = —-
c 0

18:12
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2m
16. /zda: + xdy + ydz = / (a® cos® u — ausinu + asinu)du = wa® + 27a
0

2
17. / ye™ dx + cosx dy + (ch_y) dz = / <u26“3 + 2ucosu + 3u2) du
c 0

2
— [% et +2usinu+2€osu+u3}0

1 17
— 568+§+4sin2+20052

18. r=cosui+sinuj; MNa,y)=k; ) =]r]=1

(a) M:/C)\(x,y)ds:/owkdu:kw

By symmetry, xp; = 0.

2

yMM:/yA(x,y)ds:/ ksin udu = [—kcos U}Z:Zk; =
C 0

(b)
1:/CA(x,y)R2(x,y)ds=ka2ds

T k[T 1
:/ kcosQUdu:—/ (1+sin 2u)du = —knm
0 2 Jo 2

19. (a) Set Cy :r(u) =ui+u?j, 0<u<l; Cyr:r(u)=(1-w)i+v1I-uj 0<u<l.
Then, C = Cl —+ 02.
%xyzdx—nydy:/ xy2dx—x2ydy+/ zy? dr — 2y dy
¢ C Cso
1 1
:/ (u5—2u5)du+/ [—(1—u)?+1i(1-w)? du
0 0
1 1
=/ (—uﬂdu—é/<1—u>2du=[—%uﬁ+%<1_u>s} ~ 1
0 0 0

(b) P=zy* Q=—ay

1 vz 1 1
% zy? dz — 22y dy = / / (—4zy)dy dz = / (2;102 — 2x5) der=—=
C 0 Jz2 0 3

27 1
20. (a) f(xz—i—yQ) dx+(:c2—y2)dy:// (2x — 2y) dmdy:/ / (2rcos@ — 2rsinf)rdrdd =0
c Q o Jo

2
(b) 7{(332+y2)d33+(x2—y2)dy=/ (—sinu + cos 2ucosu) du = 0
c 0

18:12
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21. P=2-2y% Q=2xy

2 1
j{(x—2y2)dx+2zydy:/ / 6ydydx =6
c o Jo

1
22. j{xyd:c—k(%ﬁ—&—xy)dy://yd:cdy:/ /
c Q “1Jo

0Q 0P 2z—2
23. P=1 2 2. =1 2 2. _ —
wE ) Qe ) GGy = T

2x — 2y
2., .2 2 2N g
ﬁln(x +y°)dx +In(z” +y )dg/—//QxQ_'_y2 dx dy

T 22 _ .
:/ / rcos 22rs1n€rdrd9
o J1 r

T 2
:2/ / (cos® —sinB) dr df = —4
0o J1

Vie? L
ydydx :/ $(1—a?)de = §

0Q_op 1 1
or Oy a2 g2

?i(l/y) de + (1/x)dy = //Q (—x_2 +y_2) dxdy = /14 /1\/5 (—x_2 +y_2) dy dx

* 3
:/ (—xig/Q—aflm—i—x*Q—i—l) de = 1
1

24. P=1/y, Q=1/x,

27 1+sin 8 21 5
25. %deI = // —2ydxdy = / / —2r?sinf dr df = / (=2)(1 +sin6)*sinfdf = -5
Q o Jo 0
26. P =¢eYcosz, Q = —€eYsinz, 8_@ — 0_P = —2eYcosz
or Oy

/2 rl
?{ eV coszdr — eYsinx dy = // (—2¢Y cosx) dzdy = / / (—2¢Y cosz) dydx = 2(1 —e)
c Q 0 0

27. Oy r(u)=—ui+ (4 —-u?)j, 2<u<2; Cy: r(u)=ui, 2<u<2; C=CUCy

1 1 1
A:—/(—ydw—i—xdy):—/ (—ydx—l—xdy)—i——/ (—ydx + zdy)
2 C Cy 2 Cy

[\

2

/2 —(4 —u*)(—1) du — u(—2u) du + %/ 0du

-2

18:12



P1: PBU/OVY
JWDD027-18

P2: PBU/OVY
JWDDO027-Salas-v1

QC: PBU/OVY T1: PBU

28. Ci:r(u)=0B-2u)i+(1+2u)j, 0<u<l;
C=CLUCy
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Cy: r(u)=ui+ (3/w)j, 1 <u<3;

1 1 1
A:—/(—ydw—i—xdy):—/ (—ydm-ﬁ-xdy)—i——/ (—ydx + xzdy)
2Je 2 Je, 2 Je,

1

3

= 5/0 [—(1+2u)(—2) + (3 — 2u)2] du + %/1 [—(3/u) + u(—3/u?)] du

1 [t I
:—/ 8du—|——/ (—6/u)du=4—-3In3
2.Jo 2N

29. By symmetry, it is sufficient to consider the upper part of the sphere: 2z = /4 — 22 — 32

0z -

0z —y

3_50_\/4—532—;1/27 3—y_\/4—x2—y2

Let © be the projection of the sphere onto the zy plane, then

5:2//Q\/(zz)2+(zy)2+1dmdy:2//g\/#ﬁdxdy

rdrdf

w/2 2cos 0 1
ok
—n/2Jo 4 —r2

w/2
:4/ (2—2 1—cos20) o = 8(r — 2)

/2
30. F 2: =4 Sk kY W
. rom $+y+ z =4, Weget Z—T an Zm__i’ Zy__i
3 2 2
area of S = /./z§+z§+1dxdy—\/j/ /rdrd0:2\/67r.
Q 2Jo Jo
31 0z x 0z y
Cor 2 y? Oy 24P

The projection € of the surface onto the zy plane is the disk z2 + 32 < 9.

S://Q\/(235)2+(zy)2+1dxdy://9\/§dxdy:/Ozw/osx/irdrdezwr\@

32. A:2//,/z%—|—z§+1dxdy=2// V4x? + 4y? + 1 dzdy
Q Q
21 3 3
:2/ / \/1+4r27°d7“d9:47r/ V1+4r2rdr
o Jo 0

= g(373/2 —1)

18:12
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40.
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27 1
//yzdo:\/i/ / TQSinQ(rsin0+4)drd0:@
5 o Jo

//szdo://Sx(l—x—y)daz//gx(l—x—y)\/gdxdy:ﬂ/ol/()l_wx(l_x_y)dydx:

N
25

The cylindrical surface S; is parametrized by: = = u, y = 2cosv, z =2sinv, 0 <u <2, 0 <wv < 27.

N(u,v) = —2cosvi—2sinvj, [[|[N(u,v)||| =2

2 2w
// (x2+y2+22) da:/ / (u2+4)2dvdu:%
S1 0 0 3

The disc S3: = =0, y?+ 22 is parametrized by: =0, y = ucosv, z = usinv, 0 < u < 2,

0<v <27

2 2m
N =ui, [[IN(u,v)|]=1w // (x2+y2+z2) da:/ / (0—|—u2)udvdu:87r
Ss 0 Jo

The disc S3: = =2, y*+ 22 is parametrized by: = =2, y =ucosv, z = usinv, 0 < u < 2,

0<v <27

2 2m
N =ui, [[|N(u,v)||=u; // (z® +y* + %) da:/ / (44 u?) udvdu = 24r
So o Jo

12 224
Thus, //(m2—§—yz—|—22)da:%—}—87r—|—247r:77T
S

The cylindrical surface S is parametrized by:
r=2cosu, y=2sinu, z=v, 0<u<2r, 0<v<1.

1 27
N(u,v) =2cosui—2sinuj, |[||N(u,v)]||=2; //SL’ZdO‘Z// 2vcos u(2)dvdu = 0.
s o Jo
V.-v=4z, V xv=2k 38V -v=0, Vxv=0
V-v=1l+4ay, Vxv=(xz—2)i—yzj+zk

V-v=yz+uzsinzy, V xv=zxcoszyi+ (zy —ycoszy)j+ (ysinzy — zz)k

18:12
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41. () V-v=z—z+y

/// z—x—l—ydzdydx——

(b) atz=0, n=-iv- n—O/ / 0dydz =0

1,1
at x =1, n:i,v'n:z,//zdydz:1/2
o Jo

1 pl
at y =0, n:fj,v~n::cy:0,//0dzdz:0
0o Jo

1 g1
at y = 1, n:j,v~n:fasy:fx,/ / —zdrdz = —1/2
0o Jo

1,1
at z =0, n:—k,v-n:O,//Odydxzo
o Jo

1,1
at z =1, n:k,Von:yz,//ydydle/Q
0 Jo
The sum is 1/2
42. (a) V-v=3

4 p2r gl
/// 3dxdydz = / / / 3rdrdfde =4(2m)(3) = 12
T o Jo Jo

(b) atz=0, n=-i, v.-n= —z, // —zdydz =0 (by symmetry)
S

atx=4, n=i v.-n=4+4z, //(4+z)dydz://4dydz:47r
s s

for z=+/1—-92, 0<z<4,n=-yj++/1—-y?kand

veon=1-22—yV/1—-92+a2/1—-192

1 4
1
//(1—2y2—y\/1—y2+x\/1—y2)dxdy:8—?6+47r
-1J0

for z=—y/1—9% 0<z<4,n=yj++/1—9y?kand

von=—-14+2°—yy/1—y2+zy1—y2

1 4
16
//(—1+2y2—y\/l—y2+x\/1—y2)dxdy:—8+§+47r
-1J0

The sum is 127

January 4, 2007
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43. The projection of S onto the zy-plane is: Q: 2?4+ y? <9.

//V~nd0:// (4m2+2xyz+22)dxdy
S Q
:// (4x2+2xy[97x27y2}+[97x27y2]2>d:cdy
Q

2m 3
= / / [47% cos® 0 + r?(9 — %) sin 20 + (9 — r*)?] rdr df = 324w
o Jo

44. Onz =0, n=—i, v-n=—22=0, the fluxis 0;

2

onz=a, n=1i, v-n=a? the fluxis a*;

a a
1
ony=0, n=—j, v-n=uxz, theﬂuxis/ / xzdxdz:ZaQ;
o Jo
a a 1
ony=a, n=j, v-n=—zxz, theﬂuxis/ / —mzdxdz:—zaz;
o Jo
onz=0, n=-k, v.-n=0, thefluxisO;
2 4

onz=a, n=k, v-n=a® the fluxisa®.

Hence the total flux is 2a*.

I
8
|
|
<

1 1 R 11 R
45. (a) (VXV)-n:(i+j+k)-<—§xi—§yj+#k> = A

1 1 V4 —ax?—y? // 1 1 4 — 2% —y? 2
——p—y+ X 7 |do= ——x——y+ dx dy
//S< 2t Y 2 ) S\ T2 2 22—y

—x —y
//<\/4—a:2—y2 VA4 —x? —y? >
2 2 .
:/ / (_ rcosff  rsind —|—1>rdrd0:47r
o Jo N N e
(b) r(f) =2cosfi+2sinfj, 0<6<2r

//S[(va)-n]do%Cv(r)~dr/02ﬂ4cos29d047r

January 4, 2007
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2ri+2yj+k

1+ 4x? + 4y2’
1
Vxv)n daz//—4x +6yz2 +1)do
//S[( )-x] s 1+4m2+4y2( v )
://(4xy+6y22+1)dazdy
Q

46. (a) v=23i+zj+y’k; n=

:// [4zy + 6y(9 — 2% — y*)? + 1] dx dy
Q

2 3
= / / [47% cos @sin 6 + 6rsin (9 — r*)* + 1] rdrdf
o Jo

3
:/ 2mrdr = 97
0

January 4, 2007

983

(b) The boundary of the surface is the curve 22 +y?> =9, 2=0; r(u)=3cos ui+ 3sin uj+ 0k;

v(r(u)) = 3cos uj+9sin®uk; r'(u) = —3sinui+ 3cos uj

27
fv-dr:/ 9 cos? udu = 9.
c 0

18:12





