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(b) x = ar cos3 θ, y = ar sin3 θ; x
2
3 + y

2
3 = a

2
3 =⇒ r = 1 and x = a cos3 θ, y = a sin3 θ

A =
∫ 0

π
2

y(θ)x′(θ) dθ =
∫ 0

π
2

a sin3 θ(3a cos2 θ[− sin θ]) dθ

= 3a2

∫ π
2

0

sin4 θ cos2 θ dθ = 3a2

∫ π
2

0

(sin4 θ − sin6 θ) dθ

= 3a2

[
3 · 1
4 · 2

π

2
− 5 · 3 · 1

6 · 4 · 2
π

2

]
(See Exercise 62(b) in 8.3)

=
3a2π

32

(c) Entire area enclosed: 4 · 3a2π

32
=

3a2π

8

4. (a)

a = 3, b = 2 a = 2, b = 3

(b) From Problem 2, Jacobian J = 8abr cos7 θ sin7 θ

A =
∫ π

2

0

∫ 1

0

8abr cos7 θ sin7 θ dθ = 4ab
∫ π

2

0

cos7 θ sin7 θ dθ =
ab

70

REVIEW EXERCISES

1.
∫ 1

0

∫ √
y

y

xy2 dx dy =
∫ 1

0

[1
2
x2y2
]√y

y
dy =

∫ 1

0

(
1
2
y3 − 1

2
y4

)
dy =

[1
8
y4 − 1

10
y5
]1
0

=
1
40

2.
∫ 1

0

∫ y

−y

ex+y dx dy =
∫ 1

0

[
ex+y
]y
−y

dy =
∫ 1

0

(e2y − 1) dy =
[1
2
e2y − y

]1
0

=
e2

2
− 3

2

3.
∫ 1

0

∫ 3x

x

2yex
3
dy dx =

∫ 1

0

[
y2ex

3
]3x
x

dx =
∫ 1

0

(9x2ex
3 − x2ex

3
) dx =

[
3ex

3 − 1
3
ex

3
]1
0

=
8
3
e− 8

3

4.
∫ 2

1

∫ lnx

0

xey dy dx =
∫ 2

1

[
xey
]lnx

0
dx =

∫ 2

1

x(x− 1) dx =
[1
3
x3 − 1

2
x2
]2
1

=
5
6

5.
∫ π/4

0

∫ 2 sin θ

0

r cos θ dr dθ =
∫ π/4

0

[1
2
r2 cos θ

]2 sin θ

0
dθ =

∫ π/4

0

2 sin2 θ cos θ dθ =
[2
3

sin3 θ
]π/4
0

=
√

2
6

6.
∫ 2

−1

∫ 4

0

∫ 1

0

xyz dx dy dz =
∫ 2

−1

∫ 4

0

[1
2
x2yz
]1
0
dy dz =

∫ 2

−1

∫ 4

0

1
2
yz dy dz =

∫ 2

−1

4z dz = 6
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7.
∫ 2

0

∫ 2−3x

0

∫ x+y

0

x dz dy dx =
∫ 2

0

∫ 2−3x

0

[
xz
]x+y

0
dy dx =

∫ 2

0

∫ 2−3x

0

(x2 + xy) dy dx

=
∫ 2

0

[
x2y +

1
2
xy2

]2−3x

0

dx =
∫ 2

0

(
3
2
x3 − 4x2 + 2x

)
dx

=
[3
8
x4 − 4

3
x3 + x2

]2
0

= −2
3

8. ∫ π
2

0

∫ π
2

z

∫ sin z

0

3x2 sin y dx dy dz =
∫ π

2

0

∫ π
2

z

[
x3 sin y

]sin z

0
dy dz =

∫ π
2

0

∫ π
2

z

sin3 z sin y dy dz

=
∫ π

2

0

sin3 z cos z dz =
1
4

sin4 z
]π

2

0
=

1
4

9.
∫ 0

−π
2

∫ 2 sin θ

0

∫ r2

0

r2 cos θ dz dr dθ =
∫ 0

−π
2

∫ 2 sin θ

0

r4 cos θ dr dθ =
∫ 0

−π
2

32
5

sin5 θ cos θ dθ = −16
15

10.
∫ π

2

−π
6

∫ π
2

0

∫ 1

0

ρ3 sinϕ cosϕdρ dθ dϕ =
∫ π

2

−π
6

∫ π
2

0

1
4

sinϕ cosϕdθ dϕ

=
∫ π

2

−π
6

π

16
sin 2ϕdϕ = −

[ π
32

cos 2ϕ
]π

2

−π
6

=
3π
64

11.
∫ 1

0

∫ 1

y

ex
2
dx dy =

∫ 1

0

∫ x

0

ex
2
dy dx =

∫ 1

0

ex
2
y
∣∣∣x
0
dx =

∫ 1

0

xex
2
dx =

1
2
ex

2
∣∣∣1
0

=
e− 1

2

12.
∫ 2

0

∫ 1

x
2

cos y2 dy dx =
∫ 1

0

∫ 2y

0

cos y2 dx dy =
∫ 1

0

x cos y2
∣∣∣2y
0

dy =
∫ 1

0

2y cos y2dy = sin y2
∣∣∣1
0

= sin 1

13.
∫ 1

0

∫ √
1−y2

0

1√
1 − y2

dxdy =
∫ 1

0

dy = 1

14.
∫ 1

0

∫ 1−x

0

y cos(x + y) dy dx =
∫ 1

0

∫ 1−y

0

y cos(x + y) dx dy

=
∫ 1

0

y sin(x + y)
]1−y

0
dy =

∫ 1

0

y(sin 1 − sin y) dy

=
[
1
2
y2 sin 1 + y cos y − sin y

]1
0

= cos 1 − 1
2

sin 1

15.
∫ 1

0

∫ √
1−x2

0

xy dy dx =
∫ 1

0

[1
2
xy2
]√1−x2

0
dx =

∫ 1

0

(
1
2
x− 1

2
x3

)
dx =

1
8

16.
∫ √

3

−
√

3

∫ 4−y2

y2/3

(x− y) dx dy =
∫ √

3

−
√

3

[x2

2
− xy)

]4−y2

y2/3
dy =

∫ √
3

−
√

3

(
4
9
y4 +

4
3
y3 − 4y2 − 4y + 8

)
dy =

48
√

3
5

17.
∫ 2

0

∫ 3x−x2

x

(x2 − xy) dy dx =
∫ 2

0

[
x2y − 1

2
xy2
]3x−x2

x
dx =

∫ 2

0

(
2x4 − 2x3 − 1

2
x5

)
dx = − 8

15
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18.
∫ 2

0

∫ 2−x

0

x(x− 1)exy dy dx =
∫ 2

0

[
(x− 1)exy

]2−x

0
dx =

∫ 2

0

(x− 1)e2x−x2
dx−

∫ 2

0

(x− 1) dx

= −
[1
2
e2x−x2

]2
0
−
[1
2
x2 − x

]2
0

= 0

19.
∫ 2

0

∫ y

0

∫ √
4−y2

0

2xyz dz dx dy =
∫ 2

0

∫ 2

x

xyz2
∣∣∣√4−y2

0
dx dy =

∫ 2

0

∫ 2

0

xy(4 − y2) dx dy

=
∫ 2

0

[
1
2
y3(4 − y2)

]
dy =

8
3

20.
∫∫∫
T

z dxdydz = 2
∫ 1

0

∫ x

0

∫ 1−x

0

z dz dy dx =
∫ 1

0

∫ x

0

(1 − x)2 dy dx =
∫ 1

0

(1 − x)2x dx =
1
12

21.
∫ 2

0

∫ √
4−x2

0

∫ √
4−x2−y2

0

xy dz dy dx =
∫ 2

0

∫ √
4−x2

0

[
xyz
]√4−x2−y2

0
dy dx

=
∫ 2

0

[
− 1

3
x
√

4 − x2 − y2
]√4−x2

0
dx

=
∫ 2

0

1
3
x(4 − x2)

3
2 dx =

32
15

22.
∫∫∫
T

(x2 + 2z) dx dy dz =
∫ 2

−2

∫ 4

x2

∫ 4−y

0

(x2 + 2z) dz dy dx

=
∫ 2

−2

∫ 4

x2
(4x2 − x2y + 16 − 8y + y2) dy dx

=
∫ 2

−2

(
1
6
x6 − 8x2 +

64
3

)
dx =

210

21

23.
∫ 2

0

∫ √
4−y2

0

e
√

x2+y2
dx dy =

∫ π/2

0

∫ 2

0

err dr dθ =
π

2

∫ 2

0

rerdr =
π

2

[
rer − er

]2
0

=
π

2
(e2 + 1)

24.
∫ 1

−1

∫ √
1−x2

0

arctan (y/x) dy dx =
∫ π/2

0

∫ 1

0

rθ dr dθ +
∫ π

π/2

∫ 1

0

(θ − π)r dr dθ

=
∫ π/2

0

θ

2
dθ +

∫ π

π/2

1
2
(θ − π) dθ = 0

25. V =
∫ 3

0

∫ 2π

0

(9 − r2)r dr dθ = 2π
∫ 3

0

(9 − r2)r dr =
81π
2

26.
∫ 1

0

∫ √
x

x2
(2 − x2 − y2) dy dx = −

∫ 1

0

(
2x1/2 − x5/2 − 1

3x
3/2 − 2x2 + x4 + 1

3x
6
)
dx =

52
105

27. V =
∫ 1

0

∫ 1−x

0

(x2 + y2) dy dx =
∫ 1

0

[
x2 − x3 +

1
3
(1 − x)3

]
dx =

[
1
3
x3 − 1

4
x4 − 1

12
(1 − x)4

]1
0

=
1
6
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28. V =
∫ 3

0

∫ π/2

0

r2 sin θ dr dθ =
∫ π/2

0

9 sin θ dθ = 9

29. M =
∫ π/2

−π/2

∫ cosx

0

y dy dx =
∫ π/2

−π/2

1
2

cos2 x dx =
π

4

xMM =
∫ π/2

−π/2

∫ cosx

0

xy dy dx = 0 by symmetry

yMM =
∫ π/2

−π/2

∫ cosx

0

y2 dy dx =
∫ π/2

−π/2

1
3

cos3 x dx =
4
9

The center of mass is: (0, 16
9π )

30. M =
∫ 1

0

∫ y

y2
2x dx dy =

∫ 1

0

(y2 − y4) dy =
2
15

xMM =
∫ 1

0

∫ y

y2
2x2 dx dy =

∫ 1

0

(
2
3
y3 − 2

3
y6

)
dy =

1
14

yMM =
∫ 1

0

∫ y

y2
2xy dx dy =

∫ 1

0

(y3 − y5) dy =
1
12

The center of mass is: (15/28, 5/8)

31. M =
∫ π/2

0

∫ R

r

u3 du dθ =
π

8
(R4 − r4); (polar coordinates [u, θ])

By symmetry, x = y.

xMM =
∫ π/2

0

∫ R

r

u4 cos θ du dθ =
1
5
(R5 − r5); xM =

8(R5 − r5)
5π(R4 − r4)

32. M =
∫ π

0

∫ 2(1+cos θ)

0

r2 dr dθ =
∫ π

0

8
3
(1 + cos θ)3 dθ =

20
3
π

xMM =
∫ π

0

∫ 2(1+cos θ)

0

r3 cos θ dr dθ =
∫ π

0

4(1 + cos θ)4 cos θ dθ = 14π

yMM =
∫ π

0

∫ 2(1+cos θ)

0

r3 sin θ dr dθ =
∫ π

0

4(1 + cos θ)4 sin θ dθ = −4
5
(1 + cos θ)5|π0 =

128
5

The center of mass is: ( 21
10 ,

96
25π )

33. Introduce a coordinate system as shown in the figure.

(a) A = 1
2bh; by symmetry, x = 0

y A =
∫ 0

−b/2

∫ 2h
b (x+ b

2 )

0

y dy dx +
∫ b

2

0

∫ − 2h
b (x− b

2 )

0

y dy dx

=
bh2

6
=⇒ y =

h

3 x

y

−b 2 b 2

h

(b) I =
∫ 0

−b/2

∫ 2h
b (x+ b

2 )

0

λy2 dy dx +
∫ b/2

0

∫ − 2h
b (x− b

2 )

0

λy2 dy dx =
λbh3

12
= 1

6Mh2
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(c) I = 2
∫ b/2

0

∫ − 2h
b (x− b

2 )

0

λx2 dx dy =
1
48

λhb3 = 1
24Mb2

34. Let λ =
k√

x2 + y2

(a) M =
∫ π

0

∫ R

r

k dr dθ = kπ(R− r)

By symmetry, xM = 0; yMM =
∫ π

0

∫ R

r

kr sin θ dr dθ = k(R2 − r2)

The center of mass is: (0, R+r
π )

(b) Ix =
∫ π

0

∫ R

r

kr2 sin2 θ dr dθ =
k

3
(R3 − r3)

∫ π

0

sin2 θ dθ =
kπ

6
(R3 − r3)

(c) Iy =
∫ π

0

∫ R

r

kr2 cos2 θ dr dθ =
k

3
(R3 − r3)

∫ π

0

cos2 θ dθ =
kπ

6
(R3 − r3)

35. V =
∫ 2

0

∫ x

0

∫ 2x+2y+1

0

dz dy dx =
∫ 2

0

∫ x

0

(2x + 2y + 1) dy dx = 10

36. V =
∫ 1

0

∫ x

x2

∫ 4(x2+y2)

−1

dz dy dx =
∫ 1

0

∫ x

x2
(4x2 + 4y2 + 1) dy dx

=
∫ 1

0

(
x +

16
3
x3 − x2 − 4x4 − 4

3
x6

)
dx =

107
210

37. The curve of intersection of the two surfaces is the circle: x2 + y2 = 4, x = 3

V =
∫ 2

−2

∫ √
4−x2

−
√

4−x2

∫ 12−x2−2y2

2x2+y2
dz dy dx =

∫ 2

−2

∫ √
4−x2

−
√

4−x2
3
(
4 − x2 − y2

)
dy dx

= 3
∫ 2π

0

∫ 2

0

(
4 − r2

)
r dr dθ

= 3
∫ 2π

0

[
2r2 − 1

4 r
4
]2
0
dθ = 12

∫ 2π

0

= 24π

38. V =
∫ 1

0

∫ √
1−y2

0

∫ (2−y−z)/2

0

dx dz dy =
∫ 1

0

∫ π/2

0

2 − r cos θ − r sin θ

2
r dθ dr

=
∫ 1

0

1
2
(π − 2r)r dr =

3π − 4
12

39. V =
∫ 2π

0

∫ π/3

0

∫ 2

secφ

ρ2 sinφdρ dφ dθ =
∫ 2π

0

∫ π/3

0

[
1
3 ρ

3
]2
secφ

dφ dθ

=
1
3

∫ 2π

0

∫ π/3

0

(
8 − sec3φ

)
sinφdφ dθ

=
1
3

∫ 2π

0

[
− 8 cosφ− 1

2 sec2 φ
]π/3
0

dθ

=
1
3

(
5
2

)
(2π) =

5π
3
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40. V =
∫ 4

0

∫ (12−3x)/4

0

∫ 16−x2

0

dz dy dx=
∫ 4

0

∫ 12−3x
4

0

(16 − x2) dy dx=
3
4

∫ 4

0

(64 − 16x− 4x2 + x3) dx = 80

41. V =
∫ 2π

0

∫ π/2

π/4

∫ 1

0

ρ2 sinφdρ dφ dθ =
∫ 2π

0

∫ π/2

π/4

1
3

sinφdφ dθ =
√

2π
3

42. V =
∫ 2π

0

∫ π/4

0

∫ 1

0

ρ2 sinφdρ dφ dθ =
2 −

√
2

3
π

43. (a) V =
∫ 1

0

∫ x

0

∫ √
1−x2

0

dz dy dx +
∫ 1

0

∫ y

0

∫ √
1−y2

0

dz dx dy

= 2
∫ 1

0

∫ x

0

√
1 − x2 dy dx = 2

∫ 1

0

x
√

1 − x2dx =
2
3

By symmetry, x = y.

xV =
∫ 1

0

∫ x

0

∫ √
1−x2

0

x dz dy dx +
∫ 1

0

∫ y

0

∫ √
1−y2

0

x dz dx dy

For the first integral:

∫ 1

0

∫ x

0

∫ √
1−x2

0

x dz dy dx =
∫ 1

0

∫ x

0

x
√

1 − x2 dy dx

=
∫ 1

0

x2
√

1 − x2 dx =
∫ π/2

0

sin2 u cos2 u du =
π

16

x = sinu
∧

For the second integral:∫ 1

0

∫ y

0

∫ √
1−y2

0

x dz dx dy =
∫ 1

0

∫ y

0

x
√

1 − y2dx dy =
∫ 1

0

1
2
y2
√

1 − y2 dy =
π

32

Thus, xV =
3π
32

=⇒ x = y =
9π
64

Now calculate z:

z V =
∫ 1

0

∫ x

0

∫ √
1−x2

0

z dz dy dx +
∫ 1

0

∫ y

0

∫ √
1−y2

0

z dz dx dy;

∫ 1

0

∫ x

0

∫ √
1−x2

0

z dz dy dx =
∫ 1

0

∫ x

0

1
2
(1 − x2)dy dx =

1
2

∫ 1

0

(
x− x3

)
dx =

1
8

and similarly,∫ 1

0

∫ y

0

∫ √
1−y2

0

z dz dy dx =
1
8
.

Therefore, zV =
1
4

=⇒ z =
3
8
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(b) Iz =
∫ 1

0

∫ x

0

∫ √
1−x2

0

λ
(√

x2 + y2
)2

dz dy dx +
∫ 1

0

∫ y

0

∫ √
1−y2

0

λ
(√

x2 + y2
)2

dz dx dy;

∫ 1

0

∫ x

0

∫ √
1−x2

0

λ
(√

x2 + y2
)2

dz dy dx =
∫ π/4

0

∫ sec θ

0

∫ r sin θ

0

λr3dz dr dθ =
3
20

λ

and
∫ 1

0

∫ y

0

∫ √
1−y2

0

λ(
√
x2 + y2)2dz dx dy =

3
20

λ =⇒ Iz =
3
10

λ

44. (a) V =
∫ 2π

0

∫ 1

0

(r − r2)r dr dθ = 2π
∫ 1

0

(r2 − r3) dr =
π

6
By symmetry, x = y = 0

zV =
∫ 2π

0

∫ 1

0

∫ r

r2
zr dz dr dθ =

π

12
and hence z = 1

2

(b) Iz = K

∫ 2π

0

∫ 1

0

∫ r

r2
r2 dz dr dθ = 2πK

∫ 1

0

r2(r − r2)dr =
πK

10

Here, K is the density of the mass.

45. Denote polar coordinates by [u, θ].

(a) M =
∫ 2π

0

∫ r

0

∫ h

0

u3 dz du d θ = 2πh
∫ r

0

u3 du =
πhr4

2

(b) By symmetry, xM = yM = 0

(c) zMM =
∫ 2π

0

∫ r

0

∫ h

0

u3z dz du dθ =
πh2r4

4
=⇒ zM = h/2

46. λ =
√
x2 + y2

(a) M =
∫ 2π

0

∫ π/2

0

∫ r

0

ρ3 sin2 φdρ dφ dθ =
r4π

2

∫ π
2

0

sin2 φdφ =
r4π2

8

(b) By symmetry, xM = yM = 0

zMM =
∫ 2π

0

∫ π/2

0

∫ r

0

ρ4 sin2 φ cosφdρ dφ dθ =
2r5π

15
=⇒ zM =

16r
15π

47. (a) M =
∫ 1

0

∫ 2π

0

∫ 1

r

r2 dz dθ dr = 2π
∫ 1

0

∫ 1

r

r2 dz dr = 2π
∫ 1

0

r2(1 − r) dr =
π

6

(b) By symmetry, xM = yM = 0

zMM =
∫ 1

0

∫ 2π

0

∫ 1

r

r2z dz dθ dr = π

∫ 1

0

r2(1 − r2) dr =
2π
15

=⇒ zM =
4
5

(c) Iz =
∫ 1

0

∫ 2π

0

∫ 1

r

r4 dz dθ dr =
π

15

48. J(u, v) =

∣∣∣∣∣ 2u 2v

−2v 2u

∣∣∣∣∣ = 4u2 + 4v2
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49. J(u, v) =

∣∣∣∣∣ e
u cos v eu sin v

−eu sin v eu cos v

∣∣∣∣∣ = e2u

50. Ju, v, w) =

∣∣∣∣∣∣∣∣
2u 2w vw

2w 2v uw

2v 2u uv

∣∣∣∣∣∣∣∣ = (vw − u2)(4uw − 4v2)

51. Set x =
v − u

2
, y =

v + u

2
=⇒ u = y − x, v = y + x, 1 ≤ v ≤ 2, J = −1

2
at x = 0, y = u, y = v =⇒ u = v

at y = 0, −x = u, x = v =⇒ u = −v∫∫
Ω

cos
(
y − x

y + x

)
dx dy =

∫ 2

1

∫ v

−v

1
2

cos
(u
v

)
du dv =

∫ 2

i

v sin 1 dv =
3
2

sin 1

52. By the hint, J =

∣∣∣∣∣∣∣∣∣∣∣

cos θ
u

sin θ

u
2r

−r cos θ
u2

−r sin θ

u2
0

−r sin θ

u

r cos θ
u

0

∣∣∣∣∣∣∣∣∣∣∣
= −2r3

u3

∫∫∫
T

dx dy dz =
∫ 2π

0

∫ 2

1

∫ 2

1

2r3

u3
dr du dθ =

45π
8




