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2 2
3 3

(b) = arcos® 0, y = arsin® 6; :E%er =a3 =r=1 and z =acos®f, y=asin®0

0 0
A= / y(0)x' () d = / asin® §(3a cos? O[— sin 4]) do

= 3a? / " sin® 0 cos? 0.d0 = 3 / ’ (sin @ — sin® 9) d@
0 0

317 5-3-1nx
_ oo lm o-5-1lm ) .
= 3a {4'22 6-4-22} (See Exercise 62(b) in 8.3)
73a27r
32

(c) Entire area enclosed: 4 - =

32 8
4. (a) 1.2 0.3
1 0.25
0.8 0.2
0.6 0.15
0. 0.1
0.2 0.05

0.5 1 1.5 2 0.5 1 1.5 2

a=3,b=2 a=2,b=3

(b) From Problem 2, Jacobian J = 8abr cos” fsin” 6

s rt Z ab
A= / / 8abr cos” Osin” 6 df = 4ab/ cos’ Osin” 0dh = —
o Jo 0 70

REVIEW EXERCISES
Loy Tr1 Vi L1 1 1 1t 1
1. 2 da dy = {—QQ}d:/ —3——4d:[—4—_5]:_
/0 /y oy aray /0 2PV, W\ T2V YT IRY T1Y v T 10
b ! v ! 1 Lo 3
. et da dy = / [e”‘“’} dy = / e — 1) dy = {—er - } =_ _Z
/0 /y Y 0 -y Y 0 ( ) dy 2 4 o 2 2
1 3z 1 .13z 1 . 1 1
. / / 2yeﬂrs dydr = / [yQB“"d} dr = / (910263”3 — xze‘rd) dr = {3613 — —613] = §e _8
0 Ja 0 z 0 3 o 3 3
2 Inz 2 Inz 2 1 1 2 5
4. /1 /0 ze¥ dydr = /1 {xey}o dr = /1 z(x —1)dx = [§x3 — 5332} =5

w/4 ,2sinf /4 1 2sin 6 w/4 2 /4 2
. / / v cos 0 dr df :/ [—73 cose} o :/ 9sin? 0 cos 0 df — [—smi” 9] _ V2
0 0 0 2 0 0 3 0 6

2 4 ol 2 4 1 2 4 2
. / / / zyzdxdydz = / / {—a:Qyz} dydz = / / —yzdydz = / 4zdz =6
~1Jo Jo 1o L2 0 1Jo 2 -1

N

w
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2 2—-3x T4y 2 2—-3x z+y 2 2—-3x
7. / / / :vdzdydx:/ / [wz} dydx:/ / (22 + 2y) dy dz
0o Jo 0 0o Jo 0 o Jo
2 1 2—-3x 2 3
= / =2y + —xy? dx = / —xd — 42 422 ) dx
0 2 0 0o \2

3.4 43 2}2_2
_[89” R P

8. 3 b sin z 9 Z 5 3 sin z
/ / / 3rsinydrdydz = / / [z Siny] dydz = /
o Jz Jo 0 Jz 0 0

= sin® 2 cos zdz = = sin* z} =
0 4 0

™

? .3
/ sin® zsiny dy dz
z

vl

1
4

0 2sin 0 2 0 2sin 0 0 32 16
9. / / / TQCosedzdrdQZ/ / T40089drd0:/ Zsin®fcoshdl = ——
_T 0 0 _T 0 _T 5 ]-5
2 2 2
El
10./ /

ME]

1 . jus fus 1
/ p2sinpcospdpdf dp = /2 /2 Zsincpcosgad@dcp
0 -z Jo

s
o T 3 3
[T T e = [Teg]T =
/%1681119030 35 08 ga_% 1

1 g1 1 1 1
, |z 1 1 ~1
11. //ez2dxdy://612dydz:/em2y dx:/erQdo::—er ¢
0 Jy o Jo 0 0 0 2 0 2

2 1 1,2y 1 2y 1 1
12. //cosyzdydx:// cosyzdxdy:/ xcosy2’ dy:/ 2y cosy?dy = siny?| =sinl
0o Jz o Jo 0 0 0 0
1 /192 1 1
. —dxdy:/ dy=1
/0 /0 V1—1y2 0

1 1-x 1 1-y
// ycos(ac—i—y)dydx:// ycos(z + y) dx dy
0o Jo 0o Jo
1

1—

1
:/ ysin(ery)}o ydy:/ y(sinl — siny) dy
0 0

1

w

1

S

1 ! 1
= |=y%sinl +ycosy —siny| =cosl— =sinl
2 0 2

1 V1—z2 1 — 2 1
1 Vi-z 1 1 1
15. dydx = — 2 dr = o 3 dr = —
/0 /o e /0 [Qxy]o ! /0 (235 21:) TR

2

VB i VB g2 4y’ Vg, 4 48/3
16. / / (:E—y)dxdy:/ {%—xy)} [dyz/ (—y4+—y3—4y2—4y+8> dy:—\/_
-V3Jy?2/3 -V3 V3

2 3z—a? 2 1 3z—2? 2 1 8
17. / / (22 — zy)dy dx = / [zZy — —xy2] dr = / 22t —22% — —2° ) do = ——
o ) o 2% 1, o 2 15

16:38



P1: PBU/OVY P2: PBU/OVY QC: PBU/OVY T1: PBU
JWDDO027-17 JWDDO027-Salas-v1 December 7, 2006 16:38

912 REVIEW EXERCISES

22—z 2 9—a 2 , 2
18. / / z(x —1)e™dydx = / [(x - 1)6“’] dx = / (x— 1) do — / (z—1)dzx
o Jo 0 0 0 0

1 2 1 2
=g, - [t e =0

2 py pr/A-y2 2 2 e 2 2
19. /// 2xyzdzdxdyz//xyz2‘ ydxdy://:ry(4—y2)dxdy
o Jo Jo 0 Jz 0 o Jo
2

1, 9 8

— | |2 | dy =2

/0 {2y( y)] y=73
1 T 1-x 1 x 1 1
. ///zdxdydz:Q/// zdzdydx://(1—x)2dydx:/(l—x)2xdx:—
. o Jo Jo o Jo 0 12

2 pVA—a® pyf4-zoy? 2 VA-g? V/A—z2—y2
21./ / / ajydzdydxz/ / [xyz} ’ dy dx
o Jo 0 o Jo
2

2

=)

0

Va—a?
} dx

1
= a4 — 2 — g2
/ [ 330 x?—y .

0

2
1 : 2

:/ —x(4—x2)%dx 32
) 15

2 4 pdey
22. ///(:C2 +2z)dxdydz = / / / (22 + 22) dz dy dx
7 —2Jz2 JO
2 4
:/ / (42 — 2%y 4+ 16 — 8y + y*) dy dx
—2 Jx2
2 10
B 16 o, 64\ 2
_/_2<6x 8‘TJr:%)d“T/_zl
2 /A y? T/2 2 2 2
23. / / eV ty? dxdy:/ / e"rdrdf = z/ re’dr = E[rer —er} = z(62—1—1)
0o Jo 0 0 2 Jo 2 o 2

1 V1—z? w/2 rl ™ 1
24. / / arctan (y/z) dy dz = / / rfdr df + / / (60 — m)rdrdo
-1Jo 0 0 7/2J0

/7\'/29 ) T 1(9 ) )
= —d —|—/ —(@—m)do =0
0 2 7r/22
3 p2m 3
25. V:// (9—r2)rdrd9:27r/ (9—r2)rdr:81—7r
o Jo 0 2

1 vz 1
26. / / (2—x2—y2)dydx:*/ <2x1/2—x5/27%x3/272x2+x4 Jr%xe) de — 22
0 Jx2 0

27 V—/l/l_x(xz—f— %) d alac—/1 x2—x3+1(1—x)3 dx = 1x?’—laczk—i(l—x)‘l _1
S A yoayar= | 3 137 T T .6
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3 pmw/2 w/2
28. vz/ / r2sinedrd0:/ 9sinfdf =9
0 0 0

7/2 pcosz /2 1 T
29. M= / ydydx:/ —COSQl‘dJ?:Z
0 —

—7/2 w/2
/2 cosx
M = / zy dy dr = 0 by symmetry
—-m/2J0
w/2 pcosw /2 1 4
ymu M = / y2dyda::/ —cosPrdr ==
—-7/2J0 —m/2 3 9

The center of mass is: (0, %)

1 Yy 1 2
30. M:/ / 2mdmdy:/ (v =yt dy = —
0 y2 0 ].5

Loy 72 2 1

M = 242 dx dy = Syt — Sy ) dy = —

TaM /0/y2 T-ar ay /0<311 331 Y 14

1 Yy 1 1
yMM:/ / 2xydwdy=/ (v’ —y°)dy = —
0 y2 0 12

The center of mass is: (15/28,5/8)

/2 rR
31. M= / / u® dudf = g(R4 —rh); (polar coordinates [u, 6])
0 T

By symmetry, T = 7.

/2 rR 1 8(R5 —7“5)
_ 4 _ 5 5. —
.’EMM—‘/O /T u COSQduda—g(R -Tr ), LL’M—m
™ 2(1+cos @) T8 20
32. M:/ / r2drd9=/ —(14cos0)®df = =7
0 0 0 3 3

T 2(14-cos 6) T
M = / / r3cos@drdd = / 4(1 + cos 0)4 cos0df = 14r
0o Jo 0

m  2(14cos0) T 4 128
yMM:/ / r3sin0drd9:/ 4(1 + cos0)*sinBdf = —-(1 4 cos§)°|g = —
o Jo 0 5 5
The center of mass is: (2}, 25 )
33. Introduce a coordinate system as shown in the figure. y
(a) A=1ibh; by symmetry, =0 N
0 2 (z+3) 3 - F-3)
yA:/ / ydyda:+/ / ydydx
-b/2J0 0 Jo
o
6 3 5 3 b2

0 2h (p4 ) b/2 p—2k(z-b) M\bh3
(b) I:/ /h ’ )\deyd:v—i—/ / T \y? dy dz = D = L Mn?
~b/2J0 0 0
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b/2 2h (p— 1
(c) I= 2/ / )\x2 drdy = @)\hb3 = iMb2
34. Let \= ——
T R
(a) M:/ / kdrdd =kn(R—r)
0 r

T rR
By symmetry, xp =0; yuM = / / krsin®drdf = k(R* —r?)
0

The center of mass is: (0, £)
T2 km o3 3
I, = kr sin?@drdf = = (R® — 1) sin GdHZF(R —r°)
0

k
3
(c) I, —/ / kr? cos Hdrdé'—g( —r)/ COSQGdGZI%T(R?’—r?’)
0

2 x 2z+2y+1 2 x
35. V:/ / / dzdydx:/ / (2 +2y+1)dydz =10
o Jo Jo o Jo
1 px pd(z?4y?) 1 rz
36. V:/ / / dzdydx:/ / (42 4 49* + 1) dy dx
0 Jzx2 J-1 0 Jax2

1
16 4 107
:/0 <x+§x3—m2—4x4— 5:56) dr = 210
37. The curve of intersection of the two surfaces is the circle: z2 +y?> =4, r =3
Vai—z? 12—x2 -2y Va—z2?
/ / / dzdydx—/ / 3 4—x2—y2)dydx
Va—z? J2x2 442 Va—z2
27
= 3/ / —r? Tdr do
2m
:3/ 22 =40t d9—12/ = %r
1—-y2 (2—y—=2)/2 /2 9 _ 9 0
38. V= / / / dxdzdy—/ / reos0 = rsing g g

3m—4
:/0 2(7r—2r)rdr— 7T12

2 pm/3 2 2r /3 2
39. V:/ / / o2 sin ¢ dp dp df :/ / {% p3] do df
0 0 sec ¢ 0 sec¢

27
/ 8 — sec® )smgzﬁdqﬁd@

0

[ 8cosp — 5 Sec2 qﬁ] 2/3 do

Wl Wl Wl
hC\
3

7 N
N | ot

N—
™o
2

I
g
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12-3x

4 p(12-3z)/4 (16-a? 4 < 3 4
40. V:/ / / dzdydx:/ / (16—x2)dydx:—/ (64 — 162 — 42* + 2°) dx = 80
o Jo 0 o Jo 4 Jo
2n /2 pl 2 pm/2 1 2
41. V:/ / / p2sin¢dpd¢>dez/ / —singdpdf = Vam
0 w/4 JO 0 /4 3 3

27 /4 1 _
42. V:/ / / p’singdpdedh = 2 \/577
0 0 0 3

1 prz pV1-z? 1y /1—y2
43. (a) V:/ / / dzdyder/ / / dz dz dy
0 0 0 0 0 0

1 T 1 )
:2// \/1—x2dydx:2/ V1 —22dr = =
0o Jo 0

3

By symmetry, = =1.

2

1 prx pV1-x2 1 pry 1—y
EV:/ / / xdzdydx+/ / / rdzdzrdy
o Jo Jo o Jo Jo

For the first integral:

1 px pV1-22 1 rx
/// a:dzdydxz//:m/l—aﬂdydw
o Jo Jo 0o Jo
/2

1 T
. T
= 221 —x2dx = sin®u cos® udu = —
0 0 16
T =sinu

For the second integral:

1 pry p/1-92 1 ry 11
/ / / xdzdxdy:/ / x\/l—dea:dy:/ 5y?,/l_y%iy:i)%
o Jo Jo 0o Jo 0

3 9
Thus, fvzs—g — F=p=o

Now calculate z:

1 pz pV/1—22 1 ry p/1-92
EV:/ / / zdzdydx+/ / / zdz dx dy;
o Jo Jo o Jo Jo
1 x m 1 xl 1 1 1
/// zdzdydx:/ / —(1—x2)dydac:—/ (x—2%)de = -
o Jo Jo o Jo 2 2 Jo 8

and similarly,

1 pry p/1-92 1
/ / / zdzdydr = —.
o Jo Jo 8

1

L __ 3
Therefore, ZV—4 = 2—8



P1: PBU/OVY P2: PBU/OVY QC: PBU/OVY T1: PBU
JWDDO027-17 JWDDO027-Salas-v1

916 REVIEW EXERCISES

1;c2
I—/// x2+y dzdydx+/// x2+y)dzdxdy;
1x2 n/4 psecO prsind
/// x2+y) dzdydx—/ / / )\r3dzd7“d9——0)\
and /// V2 +y2)2dz dx d —i)\ = I —i)\
Y Y= 20 710

27 1 1
44. (a) V:/ / (r—rg)rdrd9:27r/ (r2 —r3)dr = =
o Jo 0

By symmetry, T =y =0

2 1 T T
ZV:/ //zrdzdrd@z—andhencefz%
2 12
2 71'K
I, —K/ / / r dzdrd@-Zn‘K/ r—r To

Here, K is the density of the mass.

45. Denote polar coordinates by [u,0].

27 r h T 4
, h

(a) M:/ //uddzdudé):%rh/ WBdu=""
0 0 0 0 2

(b) By symmetry, zp = ypr =0

2m r h 2 4
() ZMM:/ //u%dzduaw:”h; — 2y = h/2
0

46. = /22 4 y?

2 /2 pr 4 5 4,2
(a) M:/ / / o sin? g dpde df — T—”/ sin? ¢ dgp =
0 0 0 2 0

(b) By symmetry, zp = ypr =0

2w pm/2 pr 20 1
ZMM:/ / / p*sin’ ¢ cos pdp de df = :; :>ZM:ﬂ
o Jo 0

1 op2r gl 1,1 1 -
47. (a) M:/ / / 7‘2dzd9dr=27r/ / 7‘2dzdr:27r/ r?(1—r)dr ==
0 JO T 0 Jr 0 6

(b) By symmetry, 25 = ypr =0

1 2m 1 1 2 4
ZMM:/ / / rzzdzdﬁdrzw/ 7’2(1*7”2)(17”:—:>ZM:_
o Jo J» 0 15 5

Lol -
I, = dzdfdr = —
(c) /0 /0 /r r*dz r 15

2u 2v
—2v  2u

48. J(u,y) =

‘ = 4u® + 40?
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e" cos v e¥sin v
49. J(u7 U) f— . — 62u
—esinwv  e“cosw

2u 2w vw
50.  Ju,v,w)= 2w 20 ww|= (vw—u?)(4uw — 40?)

v 2u  wv

V—U v+ u
€Tr = =
2 YT

atr =0, y=u, y=v=u=v

51. Set

—u=y—,

at y =0,

[ (s

—r=u, rT=v=u=—0

Yoo [ [ et

cos 0 sin 0
2r
U U X
i 2
52. By the hint, J — | 7280 _rsinf o) 2
U U U
rsin 6 rcosf 0
U U

27
///dzdydz—/ //—drdud9—42”
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v=y+z,

December 7, 2006
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2 3
dudv—/ vsinldv = isinl
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