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REVIEW EXERCISES 717
53. §+%+Z:1 54. 4z +3y+62—12=0

10z 4+ 4y + 52 = 20

55. =1 56. 3y+4z—12=0

REVIEW EXERCISES

1. (a) PQ=/(T-3)2+(-5—2)2+ (-4 —[-1])2 = /16 + 49 + 25 = 3\/10

o __ [T+5 —5+6 4-3 11
(b) Midpoint of QR : ( 5 T3 g )—(6,§7§>

(c) Let X = (z,y,2). Then

3 2 -1
(77_5a4): ( _;x7 ;ya 2+Z> :>(x7yvz):(117_12a9)

(d) Midpoint of PR: (4,4,—2); radius of the sphere:

r=-|PR=-v/(5-3)2+(6-2)2+(-3+1)2 = V6.

DN | =
N —

The equation of the sphere is: (z — 4)% + (y — 4)? + (2 + 2)2 = 6.

2. (a) PQ=+62+ 12+ (—7)2=+36+1+49=+86

— —-24+11-1 4-6
(b) Midpoint of QR: ( ; ) = (=30,
(¢) Let X = (x,y,2). Then

(_2a 1; 4) =

(4+$ 24y —3+z2

L) s o) = (.0,)

(d) Midpoint of PR: (%, %, f%); radius of sphere:.

1 —— 1
r=3IPR| = 5\/(4— 124 (24 1)2+ (=34 6)%2 = 3V27.
The equation of the sphere is: (z — 2)? + (y — $)*+ (2 + 2)? = 2L.

3. radius: /22 + (-3)2+ 12 = /14

equation: (z —2)2+ (y+3)2+(z —1)?2 =14

4. radius: $V4%2 + 6% +42 = /17

—1 4 -2 2
3 472 2403 _ gy
2 2 2

equation: (z —1)2 +(y—1)2 + (2 —4)?2 =17

midpoint: (
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REVIEW EXERCISES
By completing the square, the equation can be written as
(x+1)2+(y+2)7%+ (2 —4)? =4 =22

center: (—1,—2,4). radius: 2

By completing the square, the equation can be written as
(x—3)2+(y+5)%+ (2 —1)* = 33.

center: (3,—5,1) radius: v/33

Si+j—3k 8. 29i+2j—4k

b+c=3i+7j+k, a-(b4+c)=Bi+2j—k)-Bi+7j+k) =22
a+b=8i+5j—k); |a+b||=64+25+1=3V10
cll? = (—2)2 +42+12 =21 12. b x b =0. Therefore ||bxb| =0

2a—b=i+j-2k; (2a—b)-c=(i+j—2k)-(-2i+4j+k)=0

i ok
btc=3i+7j+k ax(t+c)=|3 2 —1|=9i—6j+15k
3 7 1
lall = VIZ: ua = ——(3i42j—k) 16. [lc| = v3T; —ue = ———(—2i+4j+k)
V14 V21
a-c 1 1
cosf = = = ;0= 1.51 radians
lallllell  v14v21  7V6
b-c 2
cosf = = ; 0=85.7°
Ibllllell  v34v21
lal| = V14 3 o = 0.64 radians, cos 3 2 3=1.01, cos -1 1.84
al| = i cosa=——, a=0. , = B~1.01, -y~
Vid 11 BV
b=b (5i+3]) - ——(31+2j — k) = —
compab=Db-u, = (5i . (3i k)= 2
i j k
bxc=|5 3 0|=3i—5j+26k;
-2 4 1
(bxc)=(bxc) (31— 5j+26K) - ——(3i+2j— k) = ——
comp 5 c) = c) uy=(3i— . ——(3i k) =21
P J 14 J /14

November 30, 2006
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REVIEW EXERCISES 719

6i—j+ 16k
axc=6i—j+ 16k, [|[axc|]|=v293; u=+——"——
J+ 16k, [l x of = v293 o3
3 2 -1
V=|(axb)-c; (axb)-c=|5 3 0 |=-27; V=|-27=27
-2 4 1
1 Pk 1
A=glaxbl; axb=13 2 —1/=3i-5j-k A:i\/ﬁ
5 3 0

(a) Direction vector: Cﬁ)%: (6,—3,3); scalar parametric equations for the line:
r=1+6t, y=1-3t, 2=1+4 3t.

(b) Normal vector: P—R: (3,-3,2); equation of the plane:
-1+ (-3)(@y—1)+2(z—1)=0.

(c) A normal vector for the plane is: Cﬁ% x PR= (3,-3,-9) or N=(1,-1,-3);

an equation for the plane: (x—1)—(y—1)—=3(z—1)=0

(a) Direction vector: P?;); (4,-7,5); scalar parametric equations for the line:
r=05+4+4t, y=6-—-"T7t, z= -3+ 5t

(b) Scalar parametric equations for the line [ through P and @ are:
r=3+4t, y=2-Tt z=-—-1+5t.

For any point S on [, the vector ES' is (4t — 2, =7t — 4,5t + 2). We want ]?S 1 122:

1
(4t —2,—-Tt—4,5t+2) - (4,-7,5)=0=t = —3
Therefore (—%, —%, %) is a direction vector for the line that passes through R perpendicular
to PQ. Scalar parametric equations for this line are:
10 5 1
= —_ —t = — —t == — —t.
r=>5 3 b y==~6 b z 3+ 3

(c¢) This plane is determined by the points P, @}, R. A normal vector for the plane is:
PQ x PR= —6i+18j+30k or i—3j—5k.
An equation for the plane is:  (z—3)—3(y—2)—5(z+1)=0 or z—3y—5z=2.

Solve, if possible, the system of equations: ¢t =1—wu, —t =14 3u, —6+ 2{ = 2u. In this case, the

solution is ¢ = 2,4 = —1. The lines intersect at the point (2, -2, —2).

Solve, if possible, the system of equations: 1 — 2t =34 2u, 343t =1—wu, 5t =6+ 3u. In this case

there is no solution; the lines are skew.
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REVIEW EXERCISES
The lines [y and [, written in scalar parametric form are:
lh:x=1+2t, y=-2—1t, z=3+4t; lb: z=-24u, y=3+3u, z=u.
Solve, if possible, the system of equations: 1 + 2t = =24+ u, —2 —t =3+ 3u, 3+ 4t = u. In this case

there is no solution; the lines are skew.

Scalar parametric equations for the line | are: z=-1+¢ y=—-2+4+1t¢, —1+¢ and a direction
vector for [ is d=(1,1,1). The point Q (—=1+4+¢ —2+¢ —1+1¢) is a point on | and PQ=
(=4 +1t,—3 4+t 1+1t) is the vector from P to Q. We want d - PQ=0:

(—44t,—34+t,1+1)-(1,1,1)=0=3t=6 and t=2

Therefore @ = (1,0,1).

(a) No. P_Q: (4,-17,5), P—I%: (2,-3,2); the vectors are not parallel; the points are not collinear.
(b) }D—QZ (4> 773 5)7 -P—]%: (277372)3 P—‘é: (72,0>1)

4 -7 5
(PQ x PR)- PS=|2 -3 2[=0.
—2 0 1

The points are coplanar.

The scalar parametric equations for the line are:
r=-243t y=1+2t, z=—-6+1t.

Substituting x,y,z into the equation for the plane gives

21
2(—243t)+ (14+2t) —3(—6+1)+6=0= t:_g'

Therefore the line intersects the plane at the point (—%, —%, —%)

PQ x PR= —10i+ 5k is a normal vector for the plane; so is N =2i — k.
An equation for the plane is: 2(x —1)—(2—1)=0 or 2x—2z=1
N =2i+3j— 4k is a normal vector for the plane. An equation for the plane is:
2 —2)+3(y—1)—4(z+3)=0 or 2z+3y—4z=19.
N =3i+2j— 1k is a normal vector for the plane. An equation for the plane is:
3z—1)+2y+2)—(24+1)=0 or 3x+2y—z=0.

The point @ (2,—1,0) is in the plane since it is on the line. d =2i+ 3j — 2k is a direction vector
for the line. The vector PQ xd is a normal vector for the plane.

i j k

PQxd=|-1 0 -2|=6i—6j—3k
2 3 -2
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Take N =2i—2j—k as a normal vector for the plane. An equation for the plane is:
20 -3)—2y+1)—(2—2)=0 or 2z-—2y—2z=060.
Let P be the plane that satisfies the conditions. A direction vector for the given line is d = (3, 2,4);

a normal vector for the given plane is N = (2,1, —3). The cross product d x N is a normal vector
for P.

i j k
dxN=[3 2 4 |=-10i+17j-k.
2 1 -3

The point @ (—1,1,2) is on the plane. An equation for P is:

—10(z+1)+17(y—1)—(2—2)=0 or 10z —17y+2z+25=0.

Let P be the plane that satisfies the given conditions. The vectors N; =3i+j—k and Ny =
2i4j+ 4k are normal vectors for the given planes. The vector d =N; x Ny =5i—14j+k isa
direction vector for the line of intersection. Solving the equations 3z 4+y—2=2, 2x+y+4z=1
simultaneously, we find that @ (1,—1,0) lies on the line of intersection (set z =0 and solve for =

and y). Now, the vector

i i k
N=PQxd=|-1 -2 3|=40i+16j+24k or 5i+2j+3k
5 —14 1

is a normal vector for P. An equation for P is: 5(z —2)+2(y—1)+3(z+3) =0.

The line [ which passes through @ and R has direction vector d :Qﬁ: (2,1,—2). By (13.5.6),

the distance from P to [ is given by

1QP xd|  [[(2.4,-5) x (2,1,-2)| 9
P e = - — = 9.
AP = 3 53

By (13.6.5), the distance from P to the plane is given by

S @ -2 +2(-1 45 3
B Vitid+4 g

The normals are: N; = (2,1,1), Ny = (2,2, —1). The cosine of the angle between the planes is:

=1

N;-Na| _ 5
[N [[[[No]] /54

The normals are: N; = (2,—3,1), Ny = (1,4, —5). The cosine of the angle between the planes is:

cosf = and 6 = 0.822 radians.

IN; - No| 15

= d 6 =0.904 radi .
NN~ 7y racians

cost =
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The normal vectors to the two planes are: Ny =3i+5j+ 2k, Ny =i+ 2j— k. A direction vector

for the line of intersection is:

i j k
Ny xNg=1[3 5 2 |=-9i+5j+k
1 2 -1

A solution of the pair of equations 3z +5y+2z—4=0 z+2y—2—2=0isz=-2,y=2,2=0

(set z=0 and solve for = and y). Scalar parametric equations for the line of intersection are:

r=-2-9t, y=245t, z=t.

The normal vectors to the two planes are: N; =i—2j+ 2k, Ny =3i—j— k. A direction vector for

the line of intersection is:

i j k
3 -1 -1

A solution of the pair of equations  —2y+2z=1 3z—y—2=2is =0, y=-5/4, z=-3/4

(set =0 and solve for y and z). Scalar parametric equations for the line of intersection are:

r =4, y:—%—|—7t, z:—%—i—f)t.

axb=-5i+11j+ 7k is perpendicular to both a and b; ||la x b|| = +/195. The vectors are:

4
4+ (=5i+11j+ 7k).
*195( J )

Since ax (bxc)=(a-c)b—(a-b)c (13.4.11),
(axb)x(cxd)=[axb)-dlc—[(axb)-cld.

(I'bfla = flal[b) - (Iblla + |lalb) = [[a]*[b]|* + [lal|[blla - b — [al[bla - b — [a*|b]* = 0.
Therefore,  (|[blla — [[a][b) L (|/blla + [la|[b)

la+b|* —[la=b[]*=(a+b)-(a+b)—-(a—b)-(a—b)=|al*+|bl]*+2a-b—[al* - [b]* +
2a-b=4a-b

Let a and b be adjacent sides of a parallelogram. Then the diagonals of the parallelogram are
a+b and a—b. By Exercise 48, the diagonals have equal length iff a 1 b, which means that the

parallelogram is a rectangle.

Let A, B, C, D be the vertices of the quadrilateral, and let FE,F,G,H be the midpoints of
AB, BC, CD, DA, respectively. Then, EF || AC || GH and FG || BD || EH. Therefore EFGH is

a parallelogram.
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Let A, B, C be the vertices of a triangle. Without loss of generality, assume that A (0,0), B (z1,y1),
C (72,0). Let D and E be the midpoints of AB and BC, respectively. Then D (xl yl) and

279
B (%%) Now

—_— _ ﬂ *)_
DE= ( 5 ,O), and AC= (z2,0).

Therefore DE|AC and || DE || = || AC||.
(a) If A#0, then (—%,0) and (—£4€, 1) are two points on I. Therefore (£,—1) or (B,—A) are

directional vectors for [. Thus

r(t)=(-C/A)i+ (Bi— Aj)t=(—C/A+ Bt)i+ (—At)j

is the parametrization of the line.
(b) (Ai+ Bj)-(Bi—Aj) =0
(¢) P=(—C/A,0) is apoint on [ and OP= —C/Ai. By (13.5.6)

| OP x(Bi—Aj) Ol

I(Bi—Aj)l VAZ+ B2
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