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5 (D 1) (D
1_ 1 - — o0
3. 4arctan : —arctan 535 <4 ) o —1 \3 Z ok —1 \ 239

k=1 k=1

= 0.785398163397448309616
14 (_1)]971 1 2k—1 3 (_1)]@,1 1 2k—1
1_ 1 Z _—
4arctan g — arctan 535 >4 ) 551 \5 Z 551 \ 230

k=1 k=1

= 0.785398163397448306408
These inequalities imply  3.14159265358979322563 < 7 < 3.14159265358979323846.

REVIEW EXERCISES

00 3 k 1
1. Z (—) = =4, a geometric series with r = 2

3 1
P 4 1-4%
- 1 =/ 1\ 1 2
2. kZ:o<_l)k(§)k = ; <—§> = @ =3 a geometric series with r = —3

1
5. diverges; limit comparison with Z %

1
6. converges; limit comparison with Z =

k+1\F 1 k+2 38 1
;;) — g s k — oo, or ratio test: + - as k— o0

7. converges; root test: < S a1 — 3

8. diverges; ratio test:

(k+1)! kk/2 _ Lk/2 B B\ k2
(I{Z+1)(k+1)/2 ' Ll (k‘—i—l)(k_l)/Q = Erl vk+1— co.

1
9. converges; limit comparison with: Z 72

1/k
3 /

k
10. converges; root test: [k (Z) ] — g e k — o0

E+1\° 1 1
11. converges; ratio test, e R <L> o<1
ak k e e

a1 [2(k+D)] 2kE!
T 2kHL(k 1)l (2k)!

12. diverges; ratio test, =2k+1—-00
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converges; basic comparison,
(arctan k)2 w2 1 2 1
AShihhenibh A G < il
D STXTIESTLR

P A
BE T

2k k*
converges; and each of the series Z 3k and Z 3k is convergent.

absolutely convergent; basic comparison

|wrnera s e

(—1)*
conditionally convergent: Z W1 converges by Theorem 11.4.3;
Z — | = # diverges.
S D I &
o0 oo
—1)k(100)* 100*

absolutely convergent; Z % = 0 which converges by the ratio test.

k=0 ’ k=0

(="

conditionally convergent: Z converges by Theorem 11.4.3;

VE+ D)k +2)

1
diverges — limit comparison with Z =

I DRy
(k+1)(k+2) (k+1)(k+2)

Ink
converges conditionally; Theorem 12.5.3: Z % diverges by the integral test.

1

absolutely convergent; limit comparison with Z =YE

1 1 1 2 — k?
ko k+1 k+2 k(k+1)(k+2)

1
diverges; limit comparison with Z z :

1 1 1 - 1 - 4k2 + 6k + 3
1 _ - - =
1
di ; limit i ith —.
iverges; limit comparison wi Z p
Z g]i— Therefore,
k=0 *© 2\k X 9k
222 _ (22°) _ 2% okt
we® =z o= > o
k=0 k=0
0 —1)k+1
In(l42) = Z % z®. Therefore,
k=1 k+1

1+as :i
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(—1>k$2k+1

. Therefore,
2k +1

o0
25. arctan x = Z
k=0

00 (_l)kl,(QkJrl)/Q ) (—1)k$k+%

[o.¢] o0
_1/2 _ .t _ k. x
vaarctan (Vo) =o'y 3320: 2%+ 1 ZO:( Dokt

0

26. a® = e*m% Therefore,

> 1y
27. In(l42)= Z A zF. Therefore,

k=1

In(1+2?) = i H}ikﬂ (z>)* and In(1—2?) = i (=™ (—22)*.
k=1 k=1

.’E2 X (_1\k+1 X q\k+1
f(x)Zwlni—_FxZ:x[ln(1+x2)—ln(1—m2)]:x(Z( D (m2)k_z( Lt (_mz)k>

00 1 k
28. sinz = kZ,O %x%ﬂ. Therefore,

(2k +1

29. f(x) = (1—2)/? o) =1
fllo)=—3(1—a)5 F1(0)=—3
fr() = 20— a) 1 70 =3
Fr(a) =~ (1 - )] £7(0) =~ 10
Py(z)=1- iz — L2* — 2a°

30. f(x)=arcsin x f(0)=0
f(z) = \/11_—952 f(0)=1
@) = =y £"(0) =0

" 3 > 1 n
f(@) = 1- ;32)5/2 T (1— 22)32 f"0)=1

(1—22)7/2 7 (1= 22)5/2
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b ok 1
[*%» %), ratio test: 221 =i 1\x| —blz| = r= :

—1)k 1
Atz =1, Z ( k) converges; at x = ¢, Z % diverges.

biy1
b,

—1)k
at x = —3, Z ( 3’“ k+1 23 2’”1 diverges;

1
(_37 3)7 ratio test: = — |x‘ — r =3

at x =3, Z ( 3’“rl 23 -1) k diverges

bk+1 . 2‘1‘ — 1|2
b, (2k+2)(2k+1)

—00,00); ratio test: —-0=r=0
( 9 )a

br+1 _ 1|
br 2

1
at x =0, Z 2—k(72)k = Z(fl)’C diverges;

1
at r =4, Z Q_ka Z 1 diverges

) ) b k41 1 _
(—9,9); ratio test: b ok |z| — 9|9£| =r=9

Atz =-9, > kdiverges; atx =09, > (—1)Fk diverges

(0,4); ratio test: x—2 = r=2

brr  (B+1)(2k41)

—-1,1); tio test: =
(=1,1); ratio tes ™ K2k +3)

|9L‘|2 — |9L‘|2 —=r=1

k
at =1, Z%—H diverges (T’fﬂa%askaoo);

—k
at r = —1, Z 1 diverges for the same reason.

. b1 VEk
—4,—2]; ratio test: = z+3 r+3 =r=1
(=42 v = L
(=)
at x = -2, E converges;
Vk

1
at v = —4, Z — diverges
Vi

biy1

; =k+Djz+1>00c=1r=0
k

diverges except at x = —1:

flz)=e2* = e 2@t +2 _ 2 —2(a+l) _ 2 Z 2(x + 1)] — o2 Z
0 0

~ " (x4 1) r=o0.
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sin2x:§:% (x—%)%; r = 00.

f(:zc):lnﬂczln[l—s-(gc_l)]:Z:(—T

2k [l
1 _ i(fl)k 4k
4
1+z =
/2 q 00 1/2 00 1 1
_ k ak g, _ k
/O Tl > (1) /O adr =) (-1) T
k=0 k=0
1
This is an alternating series with decreasing terms and the third term m ~ 0.0002. Hence
12 1 1
——dr ~ - — —— ~ 0.4938
/0 1+ 247727 529
n k n+1
e’ = Z % with remainder |R,(z)| < max |f(”+1)(t)|%.

(2/3)"+

R, (2/3) <3( !

n+1
<0.01 iff<§> (n41)!>300 = n=4.

Therfore e*®~1+ 2+ 1(2/3)2 + 2(2/3)% + £ (2/3)* ~ 1.9465

- (-1 22k, I—cosz - (_1)k+1 2(k—1)
cosT = Z( ; p 2h)! x

/ 1—cosx i IDLAE |
o k) 2k — 1

1
This is an alternating series with decreasing terms and the 4th term m < 0.0001. Therefore

3
1-— cosz Dkt 1
— =~ 0.4864
J— =3 e

sinx =

(71)]C 2k+1., : - 8k+5
k1t e Z 2k+1 '

-

k:O

/1 sinz* d EOO (=D 1
I SIn = D a——
o T ok )Isk 6
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1
This is an alternating series with decreasing terms and the 3th term ———— < 0.01. Therefore

5!(24)
! 1 1
/0 rsinz” dr ~ 6 31(14) 0.155
2 2 2 2
47. Let g(x) = sinz and a = 7/4. Then sin z = g + g(z —m/4) — T\/Q—')(I 7/4)? T\/S—')
(x — /4> + -
(n+1)
_ gt (o) my\ntl
[Bn(2)] = (n+1)! (‘T N Z) |
n+1
—m/4
< % (¢t Y(c) = £sinc or =+ cosc)
48T . e
Now, 48° = 180 radians. We want to find the smallest positive integer n such that

| R, (487 /180 — 7/4)| < 0.0001.

Tyt 1 (0.05236)F!
|R,,(487/180 — 7/4)| < (%) TS ey <000 = a2

—£+£( 7T)—\/E(ac Z)z; sin 48° =

SinngQ(I)— D) B .’II—Z T

[

{1 + g—o - % (%)2] ~ 0.7432

“Jo 0o k! k' 2k+3
k=0
1
This is an alternating series with decreasing terms and the 6th term m < 0.001. Therefore
~ (VP 1

1
2 —x? ~ ~
/0 Te dekZ:O X 2k+3~0.1900

49. For the sine function, x — § 2% + {35 2° = P5 = Ps. Therefore, for x € [0,7/4] we have

120
fm(c) . 1 /N7
e A < .
)\ ' 7l x (4) < 0.000037

|sinz — Ps(x <o

(|f(7)(c)} =cosc < 1)J

50. For the cosine function, 1— 3%+ 37 2! — =5 2% = P; = P;. Therefore, for x € [0,7/4] we have

™

< é (Z)S < 0.0000036

f¥()
8l

358

| cosa — Py(z)] ’

(| £®(c)| = cosc < 1)J
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Zak = /ocxe_xdx = 2
k=1 1 ¢

€ €
Let € > 0. For each positive integer n, set a, =z, — ot and b, =z, + CIES S Then
€

€ - =L e
bn—anzz—n and ;(bn—an):;Q—n:§<e

o0

If E (ag+1 — ag) converges, then the sequence of partial sums s, = a,+1 — a1 converges.
k=1

Therefore, the sequence aj converges.

If the sequence aj converges, then the sequence s, = a,+1 — a1 converges which implies that the

series Z(akﬂ —ay) converges.
k=1
1 1 k - =~ k
= N = d = _
() a=2 () 1-1/k k-1 ™" D =2 15
n=0 k=2 k=2
The series diverges because ap = —— /4 0.

k—1

1, k1 N |
(b) ak_;(k) =1k ko1 oud kzﬂ“’“_kzﬁkfr

1
The series diverges; limit comparison with Z T

>~ 1., 1/ 1 N |
(© ax=>_(7) BEES YT kzﬂ“’“_kzﬂm'

n=2

1
The series converges; limit comparison with Z =

16:55





