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0
30. LV o g = - aet +gly,2)
Jdr z z
of x 0Og =« xy
—_— = — _— = — 1 = — — z h
9y 2 oy o LT f@ya) = Ay — et h(z)
or :—%—xez—l—h’(z) = —ze" — Y — flx,y,2) = Wzt yy+C
0z 22 22 ’ z
M
31. Fr)=V (Gm )
r
32 v ( i T"+2> n#2
V (klnr), n=—2.
REVIEW EXERCISES
3.2 3 2
. 2 . Yy -y . - =y .
1. Vf(l',y) = (4I - 4y)1 + (3y - 41:).] 2. Vf(l',y) - (1’2 ¥ y2)21 (.’172 ¥ y2>2.]
3. Vf(x,y) = (ye™ tan 2z + 2e™¥ sec? 2x) i + ze™ tan 2z j
5. Vf(z,y) =2xe ¥*seczi, —zax’e ¥ sec zj — (x?ye ¥¥ sec z — x2e Y7 sec z tan 2)k
6. Vf(x,y)=ye > cosazyi+ e 3*(xcoszy + siny)j, —3e 3*(sinzy — cosy) k
7. Vi@y) = Qr—2)i— 22§, VF(1,-2)=6i—2j  Ua— ——it+—=j
. x, = xr — 1— 2% s ,— — — ; a= — —J;
Y Yy J J /5 \/5.]
2
f{la(l, —2) = Vf(l, —2) s Uy = 75
, X 1 3
8. Vilwy) = (™ +aye™) i+ a2, V2,0 =i+ 4 wa= i+ %
1
fua(2,0) = V£(2,0) - ua = o +2V3.
9. Vf(z,y,2)=(y*+6x2)i+ (2ry+22)j+ 2y +322)k, VF(1,-2,3)=22i+2j—k;
I, 2, 2 16
Uy = 51 — g + gk, fl{la(:l? —2,3) = Vf(l, _273) c Uy — ?
2 2 1
10. Vf(z,y,z) = x Y k. VF(1,2.3) = - (i+2] + 3k);

z
i+ i+
$2+y2+22 $2+y2+22J .T2+y2+22

Ua

Fi(1,2,3) = VF(1,2,3) - ua = ——=.

B SR SRR I
BT BITBY V3
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Vi(z,y) = (6 —2y°)i—4xyj, Vf(3,-2)=10i+24j;

— 2

a=(0,0)—(3,-2) = (=3,2) = —3i+2j, U= —it ——j;

18
! (3,-2) = Vf(3,-2) - up = ——.
Fou(3.-2) = V13,2 v =
Vi(x,y,2) = (2 —3yz)i+ (2zyz — 322)j+ (vy* — 3zy) k, Vf(1,—-1,2) =8i—10j+4k;

1 2

r(t)=i—nsinwtj+2 'k, a=r(1)=i+2k, u,=-—=i+—=k;
(t) J (1) a= it

(-1,2) = VAL -1,2) - ug = 2O
fua(]-a 172)*Vf(1, 1,2) Uy \/g

1 1
Vi(x,y,2) = —————=(i+yj+2k), Vf(3,-1,4)=—=Bi-j+4k);
1 19
=+(4i—-3j+k a=t—4i—-3j+k); L (3,-1,4) =Vf(3,-1,4) - uy = +—.
a=:(Ei-3i 4k, wa=E (3K Sl B L4 = VG 1) w =

Vf(x,y) =2e*(cos y —sin y)i— e**(sin y +cos y)j, Vf (%, 7%7‘() = 2ei+ej;

maximum directional derivative: |V f (1, —17)| =eV5.
Vi(x,y,2) = cosayz(yzi+ ez +ayk), V(55 m) ="+ T2+ ks
minimum directional derivative: f;, = =V f(3, 5, 7)| = 77“391”22"'3
Let r(t) = z(t)i+y(t)j be the path of the particle. VI(z,y) = —2xi— 6yj. Then
o' (t) = —2x(t), o (t)=—6y(t) = x(t)=Cie?, y(t) = Coe .
I‘(O) = (4,3) = (C1=4, (Cy=3.

Therefore the path of the particle is: r(t) =4e 2" i+3e%j, >0, or, y=ga* 0<a<4
Let r(t) =x(t)i+ y(t)j be the path of the particle. VI' = —e *cos yi— e “sin yj. Then

y'(t)
/(t

d
() = —e*Wcosy(t), v (t)=—-e"Bsiny(t) — =tan y(t) — d_y =tan y
T

~—

8

The solution is siny = Ce®. Since r(0) =0, C =0 and y = 0. The particle moves to the right the
T-axis.
Vz=8zi+2yj; r({t)==xz@t)i+y)].

d'(t) = —8z(t), y'(t)=-2y(t) = a(t)=Cie™, y(t)=Che ™.
(a)r(0)=(1,1) = Ci=1,0C=1; z=e8 y=e2 or z=y"

— — — _9. — 8t —2t — 4
= (1, - = 1 =1, = -2 = , Y= — = .
(b) r(0) = (1,-2) C 1, Cy 2, x=e Y 2e or = =y*/16
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vf _ T t . xT 1 .. VfOl _z. 1.

(v,y) = e"arctanyi+ e* == 5 (0,1) = 7i+3J.

_ Vf(071) _ 1 . ~ ) _ 772_;'_4
USR] VA A rate [VAO DI = T

1 1, 1

Vi@ =g plu it G-a)j- @y, VIA-113) =i+

_ VAELLY) s 1 s e 10 .
U= L) 22T a2k e VAL L3 = 5v2
rate: Z_J;:Vf'r/z (4i—9y%j) - (%t‘1/2i+2e2tj> — 2 18¢0

f(r(t) =sint? +cost?, rate: f'(r(t)) = 2tcost® — 2tsint?

df , 1 z\. x. 1 . L. 9 1 —sint
Y e L c S 7 . o« < k) =
rate o Vf-.r Ky+x2)l y2'1 m} (cos ti—sin tj+ sec”tk) —
du_ ;o 1 . . 2, . 2 o\ et 2
E—VU-I’ —m(ylﬁ-x‘])-(sec t1+2€ J)—m(sec t—|—2tant)
d
d—?:w-r’:[(sy%mumyﬂ c[(2t +2) i+ 3j] = 1043 4 150t% — 8t
1 du —t

ulr(t) = ——, o=

VIHZ dt (1412)3/2

dA )

i 0= 1y(t)a/(t)sin0(t) + sz (t)y'(t)sinO(t) + 16" (t)x(t)y(t) cos O(t) = 0
dr dy
At x=4, y=5, 0 =7/3, E*E*Q’ we have
de 5v/3 de 93
5dt +2v3+ 2 0 dt 10
dv dr dh
2. Y = 27
V = nrh; o 2 hdt+ 7
Measure in centimeters: at r =12, h = 1000, ﬁ =4, @ = 150,
dt dt
av N
e 27(12)(1000)(4) 4 m(144)(150) = 117,6007 cu.cm/yr = 0.37 cu m/yr.

Ou  Ou  Ou ou Ou Ou

9s 0z oy ot or oy

Oudu _ (0u 0w (0u 0w _ (0u\'  (0u)?
ds ot \oz Oy or oy) \ox dy
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au s S .t
8_ = uge’ cost + uye” sint
S
a2u 2s 2 28 : s S o2 2s . 28 1.2
—8 5 = Ugg€™ COS t =+ Ugye™ sint cost + uge” cost + uye” sint + Uyze”” costsint + uyye” sin” i
s
au S 1 S
9 —uge” sint + uye” cost
aQU 28 1.2 2s .+ s S .t 2s . 2s 2
el = Ugz€” SIN“ T — Ugye™ SINTCost — uze” cost — uye” sint — uye” costsint + uy e cos”t
0%u N 0%u 25 (e + 119) 0%u N Pu ., [0%u N 0%u
— 4+ —= =€ (u U = — 4+ —==c¢ —_— 4+ —
0s2  Ot? e ox? = Oy? 0s2  Ot?

Vi(z,y) = B32? —6zy)i+ (—322 +2y)j; VF(Q1,-1)=N=9i-5j
normal line: x =1+49¢, y=—1-— 5% tangent line: x =1+5¢, y=-149¢

3
Vf(x,y) = —mysin reyi— wrsin rayj; Vf(1/3,2) = —= 3i—%j, take N = 6i+ j;
normal line: x=1/3+6t, y=2+1; tangent line: z=1/3+1¢, y=2-6t

Set f(z,vy,2) :x1/2+y1/2 —z

1 1
\v4 =——i+—j—-k Vf1,1,2)=2Li+1j5-k Take N=i+j—2k
f(l'vyvz) 2\/51+ 2\/@.] ) f(a ’ ) 21+2J ake 1+J

tangent plane: (x —1)+ (y—1) —2(2 —2) =0; normal line: z =1+¢, y=1+1t z=2-2t
Set f(x,y,2) = 2% + 9> + 22
Vi(z,y,2) = 2wi+2yj+2:k; Vf(1,2,-2)=2i+4j— 4k Take N=i+2j— 2k

tangent plane: (x — 1) 4+ 2(y — 2) — 2(z +2) = 0; normal line: x =1+¢, y=2+2t, z=-2-—2¢

Set f(x,y,2) = 2% + 2yz — 2.
Vf(r,y,z) =yzi+azj+ (322 +ay)k; Vf(1,1,1) =i+j+4k.

tangent plane: (x —1)+ (y—1)+4(z —1) =0; normal line: z =1+4+¢ y=1+1¢ z2=1+4+4t

Set f(z,y,2) = > sin3y — 2.
Vi(z,y, 2) =3e3®sin3yi+ 3¢3® cos3yj—k; Vf(0,7/6,1) =3i—k.

tangent plane: 3(x —0)—(2—1)=0 or 3z —2z+1=0; normalline: x =3¢, y=n/6, z2=1—1¢

The point (2,2,1) is on each hyperboloid. Set f(x,y, z) = 2% + 2y* — 422, g(x,y,2) = 4a* — y* + 22°.
Vfi=2zi+4yj—8zk, Vf(2,2,1)=(4,8,-8); Vg=8xi—2yj+4zk, Vg(2,2,1) = (16,—-4,4).

Since Vf(2,2,1) - Vg(2,2,1) =0, the hyperboloids are mutually perpendicular at (2,2, 1).
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Set f(xayvz) :$2+y2—|—22. At each pOiIlt (x()vyOaZO)v Vf(il}o,yo,ZO) = 2‘:U01-|_22>/0.]-|_2'ZO k.
normal line to the sphere: = = x¢+ zot, ¥y =yo+yot, z=20+ 2pt. Att=-1, z=y=2=0.
Vf(z,y) = 2vy—2y)i+ (22 —22+4y —15)j=0 at (5,0), (=3,0), (1,4).
fox =2y, fry:21'*2a fyy:4~
point A B C D result
(5,0) 0 8 4 —64 saddle
(-3,00 0 -8 4 —64 saddle
(1,4) 8 0 4 32  loc. min.
f(1,4)=-34
Vf(:c,y) = (6$ - 3y2) i+ (3y2 + 6y - 6‘Ty).] =0 at (Oa 0)7 (27 2)a (%a 71)'
faza =6, fwy:_Gya fyyzﬁy_6x+6~
point A B C D result
(0,0) 6 0 6 36 loc. min.
(2,2) 6 —12 6 —108 saddle
(3,-1) 6 6 -3 —54 saddle
£(0,0)=0
Vf(z,y) = (322 —18y)i+ (3y®> —182)j =0 at (0,0), (6,6).
foae =62, foy = —18, f,y = 6y.
point A B C D result
(0,0) 0 —18 0 —18% saddle
(6,6) 36 —18 36 >0 loc. min.
£(6,6) = —216
Vf(z,y)=Ba*—122)i+ (2y+1)j=0 at (0,—3), (4,—3).

fox = 62 — 12, fry =0, fyy =2.

point A B C D result
(0,-4) —-12 0 2 -24 saddle
(4,-3) 12 0 2 24 loc. min.
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43. Vf(z,y) =1 —-2zy+y?)i+(-1—22+229)j=0 at (1,1), (—=1,-1).
foe = =2y, fxy = —2x + 2y, fyy = 2.

point A B C D result
(1,1) -2 0 2 -4 saddle
(-1,-1) 2 0 -2 —4  saddle

44. Vf(z,y) =e v/ [(y* — 2®y*) i+ (2zy — 2y°)j] =0 at (£1,+v2), (2,0), 2 any real number.

fza: — e—(x2+y2)/2(_3xy2 + $3y2), fwy _ e—(x2+yz)/2(2y o y3 _ 2x2y + a?2y3),

foy = e~ V)29 — Bay? + ayt).

point A B C D result
(1,7/2) —4e73/2 0 —4e73/2  16e™3  loc. max
(1,—V2) —4e73/2 0 —4e73/2 16e™3  loc. max
(—1,v/2) 4e73/2 0 4e73/2 16e™3  loc. min
(—1,—v2) 4e73/2 0 4e73/2 16e73  loc. min
local maxima: f(1,v2) = f(

1,—v2) = 2¢73/2;  local minima: f(—1,v2) = f(—1,—v2) = —2e~%/2.
At (2,0), D=0 and f(z,0)=0.For =<0, f(z,y) < f(z,0) forall y#0; for >0,
flx,y) > f(z,0) forall y>0; (0,0) is a saddle point.

Here is a graph of the surface.

I
DR
N1 ’t;l'll'.':

45. Vf=(22—-2)i+2y+2)j=0at (1,-1)in D; f(1,-1)=0

Next we consider the boundary of D. We parametrize the circle by:
C: r(t)=2costi+ 2sintj, te0,2n]
The values of f on the boundary are given by the function
F(t) = f(r(t)) =6 —4cost +4sint, te€[0,2n]

3 7
F'(t) =4sint+4cost: F'(t)=0 = sint=—cost = t=1m o
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Evaluating F' at the endpoints and critical numbers, we have:

F(0) = F2m) = f(2.0) =2 F (3m) = f (-V2,V2) = 6 +4v2;
F(ir) = (V2 -v2) =6- 42

f takes on its absolute maximum of 6 + 44/2 at (—\/5, \/5), f takes on its absolute minimum of 0 at
(1,-1).

Vfi(r,y)=(4r —4)i+ (2y —4)j=0 at (1,2) on the boundry of D; no critical points in D.
Next we consider the boundary of D. We

parametrize each side of the triangle:
Cy: ri(t)=ti+2tj, tel0,1]
02 . Iro (t)

(1-)i+2j, te[01]
Cs: r3(t)=(2-1)j, te€]0,2]

Now,
fi(t) = f(ri(t)) =62 =8t +3, te€[0,1]; critical number: ¢ = 2 : ? ’
fa(t) = f(r2(t)) = 2t2 — 3+, t€[0,1]; critical number
f3(t) = f(rs(t)) =t>*—1, t€[0,2]; critical number

Evaluating these functions at the endpoints of their domains and at the critical numbers, we find that:
J1(0) = f3(2) = £(0,0) = 3; f1(2/3) = £(2/3,4/3) = - L; f1(1) = f2(0) = f(1,2) = =3;
fa(1) = f5(0) = f(0,2) = —1.

[ takes on its absolute maximum of 3 at (0,0) and its absolute minimum of —3 at (1, 2).

Vi(z,y)=(8z—y)i+(—z+2y+1)j=0 at (—1/15,—8/15) in D; f(—1/15,—8/15) = —4/15.

On the boundary of D: x =cost, y = 2sin t. Set

F(t) = f(cos t,2sint) =4+ 2sint —2sin t cos ¢, 0 <t <27,

Then
, 9 , 21 Arw
F'(t)y=2cost —4cos“t+2=—2(2cost+1)(cost —1); F(t)=0 = t= 3 3
Evaluating F at the endpoints of the interval and at the critical points, we get
33
F(0) = F(2m) = £(1.0) = 4, Pn/3) = f(-1/2.V5) = 4+ 202,
3V3 4
Flan/3) = f(-1/2—V5) = 4= 205 L

f takes on its absolute maximum of 2 at (0,1); f takes on its absolute minimum of —4/15 at
(—1/15,-8/15).
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Vf(r,y) =422i+6y>j=0 at (0,0) in D; £(0,0)=0.
On the boundary of D: x =cost, y=sint. Set
F(t) = f(cos t,sin t) = cos* t +2sin®t, 0 <t <27,
Then

F'(t) = 4cos® tsint + 6sin® t cost = 2sin ¢ cos #(2sin t — 1)(sin ¢ + 2);
F'(t)y=0 = t=w/6, n/2, 51/6, m, 3w/2

Evaluating F at the endpoints of the interval and at the critical points, we get
F(0) = F(2m) = £(1,0) = 1, F(x/6) = f(v3/2,1/2) = 13/16, F(x/2) = £(0,1) = 2.
F(57/6) = f(—\/§/2, 1/2) =13/16, F(m) = f(-1,0) =1, F(37/2) = f(0,—-1) = —2.

f takes on its absolute maximum of 2 at (0,1); f takes on its absolute minimum of —2 at (0, —1).

Set f(z,y,2) =D? = (= 1> +(y+2)> + (2 = 3)*, g(z,y) =3z +2y—2z—5.
Vi=2x-1)i+2(y+2)j+2(z-3)k, Vg=3i+2j—k

Set Vf=AVg:
2 —1)=3\ = z=3X+1,
20y+2)=2\" = y=A-2
20z-3)=-A = z=-iA+3.
Substituting these values in 3z 42y —z =5 gives )\:9 == xzﬂ,y:—§,z:§.
7 14 7 14

The point on the plane that is closest to (1,—2,3) is (41/14,—5/7,33/14). The distance from the

point to the plane is ——.

V14
Set f(x,y,2) =3z —2y+2z, g(z,y,2)=2%+y?+ 2% - 14,
Vf=3i-2j+k, Vg=2zi+2yj+2zk.
Set Vf=AVg:
3=2x = x=3/2)\, —2=2)y = y=-1/A 1=2 2z = z=1/2A\

Substituting these values in 22 4+ y? + 22 =14 gives \ = :I:% = x=3, y=-2, z=1 or
x=-3, y=2, z=—1. Evaluating f: f(3,-2,1) =14, f(-3,2,—1) = —14. The maximum value of
f on the sphere is 14.

Setf(%y,z):m—l—y—z, g($7y72)2$2+y2+422_47
Vf=i+j—-k, Vg=2zi+2yj+8zk.
Set Vf=AVg:
1=2xx = z=1/2\, 1=2\y = y=1/2\, —-1=8\z = z=-1/8)\.

Substituting these values in 2% +y? + 422 =4 gives A=+3 = 1=4/3, y=4/3, 2=-1/3
or v =—4/3, y=—4/3, z=1/3. Evaluating f: f(3,5,—3) =3, f(—3,—3%,%) = —3. The maximum

value of f is 3, the minimum value is —3.
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Let the length, width and height be x,y, z respectively. Then the total cost is
fley,2) =gay+ 5oz +5yz+ oy = oy + 5oz + 5z
with the condition
g(z,y,2) = 2yz — 16 = 0.
Note first that zyz=16 =— x#0, y#0 z#0.
Vi=CEy+iz2)i+(Ea+32)i+(3y+i2)k Vg=yzi+zzj+ayk
Vf=AVg — %y+%z:)\yz, %:ch%z:)\a:z, %er%y:)\xy
Multiply the first equation by x, the second equation by y and subtract. This gives:

az—yz2)=0 = z(xz—-y) =0 = y=ux

1

Substituting y =« in the third equation yields z = \z? = =z = 3
1 6

Substituting z =y = X in the first equation yields z = 3%

Finally, substituting these values for x, ¥y and z into the equation zyz = 16, we get \ = Y
2v/5 10 6 12

Therefore, z=y= 3\/— =5==237 and z2=_-x=—==285
V3 VT 5 75

df = (92° — 10xy® + 2) dzx + (—102%y — 1) dy

df = (2zysec? x? — 2y%) dx + (tanx? — 4zy) dy

df = y2z + z2y . 2% + zx? y a:2y + y2x2 dx

(@+y+2)? (x+y+2)? (z+y+2)
df = — ©_dw+ (zev — 2y dy + | ye¥* — ° dz
y2 + a2 y2 + a2 y2 +x2
Set f(z,y,2) = e*y/y + 23. Then
e 322

Az.

e’ 1
df =e"\Vy+28 00+ ———=Ay+ ————
d / 2 \Vy+2° 2 \Vy+23

Withz =0, y =15, z=1, Az =0.02, Ay =02, Az =0.01, df =4Az + § Ay + 2 Az=0.1088.

Therefore, €%0%,/15.2 4 (1.01)3 = €°y/15 + 1 + 0.1088 = 4.1088.

Set f(x,y) = x/3 cos? y. Then

df = % x2/3 cos? y Az — 221/3 cosy siny Ay.

1
With =64, y =30° = /6, Az = 0.5, Ay = —2° = —%, df = o A~ 2V/3 Ay = 0.1287.

Therefore, (64.5)'/3 cos?(28°) = 641/ cos?(30°) + 0.1287 = 3.1287.
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V =mr’h; r=>5ft, h=22ft, Ar=00lin. = 55ft., Ah=0.01= %

dV = 2nrh Ar + mr? Ah

Using the values given above,
1 1 . 1108.35 _
dV = 2m(5)(22) 1200 + 7(25) 1200 = 0.6414 cu. ft. = 1108.35cu. in.; 31 = 4.80.

Approximately 4.80 gallons will be needed.

P _oQ
a—y—12xy 8:10—6.1j

; the vector function is a gradient.

0
8—;; = 62°y® — 8zy + 2z, f(z,y) = 22°y* — 42’y + 2° + $(y),

0
a—z = 4oy — 42 + ¢/ (y) = 43y — 42® - 8.

Thus, ¢'(y) =-8, ¢(y) =—-8y+C, and f(z,y) =22%> — 42y + 2° — 8y + C.

P

3_ =2r —sinx = a—Q; the vector function is a gradient.
dy Ox

of _ : _ 2
%72xy+3—ysmx, f(z,y) = 2"y + 3z +ycos x + ¢(y),
of _ N 2

90 = +cos z+ ¢'(y) ="+ 2y + 1 + cos z.

Y

Thus, ¢'(y)=2y+1, ¢(y)=y*+y+C, and f(z,y)=2?y+3z+ycosz+y’>+y+C.

oP 0 oP 0

— = 2zy + 4y; —Q =2ay+2; — —Q; the vector function is not a gradient.
dy ox dy ox

a—P*eysiHZ*a—Q a—P*eycos,Z*a—R a—Q*l‘eyCOSZ*—'

oy 0z’ 0z oz’ 0z oy’

the vector function is a gradient.
flz,y,2) = / (e¥sinz + 2z) dx = xze¥sinz + 22 + ¢(y, 2),

1
fyzaceysinz—i—g—jzaceysinz—y2 = g—(yb:—yQ - ¢=—§y3+¢(2)7

f(z,y,2) = ze¥sinz 4 2% — %y3 +(2), f.=zeYcosz+ Y (2) =xeYcosz = Y'(v)=0 =
Y(x) =C

Therefore f(r,y,2) = ze¥Ysinz + 2% — %yS +C.
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