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30.
∂f

∂x
=

y

z
− ez =⇒ f(x, y, z) =

xy

z
− xez + g(y, z)

∂f

∂y
=

x

z
+

∂g

∂y
=

x

z
+ 1 =⇒ f(x, y, z) =

xy

z
+ y − xez + h(z)

∂f

∂z
= −xy

z2
− xez + h′(z) = −xez − xy

z2
=⇒ f(x, y, z) =

xy

z
− xez + y + C

31. F(r) = ∇
(
GmM

r

)

32.
h(r) =

⎧⎪⎪⎨
⎪⎪⎩

∇
(

k

n + 2
rn+2

)
, n �= 2

∇ (k ln r) , n = −2.

REVIEW EXERCISES

1. ∇f(x, y) = (4x− 4y)i + (3y2 − 4x)j 2. ∇f(x, y) =
y3 − x2y

(x2 + y2)2
i +

x3 − xy2

(x2 + y2)2
j

3. ∇f(x, y) = (yexy tan 2x + 2exy sec2 2x) i + xexy tan 2x j

4. ∇f =
1

x2 + y2 + z2
(x i + y j + z k)

5. ∇f(x, y) = 2xe−yz sec z i,−zx2e−yz sec zj − (x2ye−yz sec z − x2e−yz sec z tan z)k

6. ∇f(x, y) = ye−3z cosxy i + e−3z(x cosxy + sin y) j,−3e−3z(sinxy − cos y)k

7. ∇f(x, y) = (2x− 2y) i − 2x j, ∇f(1,−2) = 6 i − 2 j; ua =
1√
5

i +
2√
5

j;

f ′
ua

(1,−2) = ∇f(1,−2) · ua =
2√
5
.

8. ∇f(x, y) = (exy + xyexy) i + x2exy j, ∇f(2, 0) = i + 4j; ua =
1
2
i +

√
3

2
j

f ′
ua

(2, 0) = ∇f(2, 0) · ua =
1
2

+ 2
√

3.

9. ∇f(x, y, z) = (y2 + 6xz) i + (2xy + 2z) j + (2y + 3x2)k, ∇f(1,−2, 3) = 22 i + 2 j − k;

ua =
1
3
i − 2

3
j +

2
3
k; f ′

ua
(1,−2, 3) = ∇f(1,−2, 3) · ua =

16
3

.

10. ∇f(x, y, z) =
2x

x2 + y2 + z2
i +

2y
x2 + y2 + z2

j +
2z

x2 + y2 + z2
k, ∇f(1, 2, 3) =

1
7
(i + 2 j + 3k);

ua =
1√
3

i − 1√
3

j +
1√
3

k; f ′
ua

(1, 2, 3) = ∇f(1, 2, 3) · ua =
2

7
√

3
.
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11. ∇f(x, y) = (6x− 2y2) i − 4xy j, ∇f(3,−2) = 10 i + 24 j;

a = (0, 0) − (3,−2) = (−3, 2) = −3 i + 2 j, ua =
−3√
13

i +
2√
13

j;

f ′
ua

(3,−2) = ∇f(3,−2) · ua =
18√
13

.

12. ∇f(x, y, z) = (y2z − 3yz) i + (2xyz − 3xz) j + (xy2 − 3xy)k, ∇f(1,−1, 2) = 8 i − 10 j + 4k;

r′(t) = i − π sin πt j + 2et−1 k, a = r′(1) = i + 2k, ua =
1√
5

i +
2√
5

k;

f ′
ua

(1,−1, 2) = ∇f(1,−1, 2) · ua =
16√

5
.

13. ∇f(x, y, z) =
1√

x2 + y2 + z2
(x i + y j + z k), ∇f(3,−1, 4) =

1√
26

(3 i − j + 4k);

a = ±(4 i − 3 j + k), ua = ± 1√
26

(4 i − 3 j + k); f ′
ua

(3,−1, 4) = ∇f(3,−1, 4) · ua = ±19
26

.

14. ∇f(x, y) = 2e2x(cos y − sin y) i − e2x(sin y + cos y) j, ∇f
(

1
2 ,− 1

2π
)

= 2e i + e j;

maximum directional derivative: ‖∇f
(

1
2 ,− 1

2π
)
‖ = e

√
5.

15. ∇f(x, y, z) = cosxyz(yz i + xz j + xy k), ∇f( 1
2 ,

1
3 , π) = π

√
3

6 i + π
√

3
4 j +

√
3

12 k;

minimum directional derivative: f ′
u = −‖∇f( 1

2 ,
1
3 , π)‖ = −

√
39π2+3

12

16. Let r(t) = x(t) i + y(t) j be the path of the particle. ∇I(x, y) = −2x i − 6y j. Then

x′(t) = −2x(t), y′(t) = −6y(t) =⇒ x(t) = C1e
−2t, y(t) = C2e

−6t.

r(0) = (4, 3) =⇒ C1 = 4, C2 = 3.

Therefore the path of the particle is: r(t) = 4e−2t i + 3e−6t j, t ≥ 0, or, y = 3
64x

3, 0 < x ≤ 4

17. Let r(t) = x(t) i + y(t) j be the path of the particle. ∇T = −e−x cos y i − e−x sin y j. Then

x′(t) = −e−x(t) cos y(t), y′(t) = −e−x(t) sin y(t) =⇒ y′(t)
x′(t)

= tan y(t) =⇒ dy

dx
= tan y

The solution is sin y = Cex. Since r(0) = 0, C = 0 and y = 0. The particle moves to the right the

x-axis.

18. ∇z = 8x i + 2y j; r(t) = x(t) i + y(t) j.

x′(t) = −8x(t), y′(t) = −2y(t) =⇒ x(t) = C1e
−8t, y(t) = C2e

−2t.

(a) r(0) = (1, 1) =⇒ C1 = 1, C2 = 1; x = e−8t, y = e−2t or x = y4.

(b) r(0) = (1,−2) =⇒ C1 = 1, C2 = −2; x = e−8t, y = −2e−2t or x = y4/16.



P1: PBU/OVY P2: PBU/OVY QC: PBU/OVY T1: PBU

JWDD027-16 JWDD027-Salas-v1 December 7, 2006 16:36

858 REVIEW EXERCISES

19. ∇f(x, y) = ex arctan y i + ex
1

1 + y2
j; ∇f(0, 1) =

π

4
i +

1
2

j.

u =
∇f(0, 1)

‖∇f(0, 1)‖ =
1√

4 + π2
(π i + 2 j); rate: ‖∇f(0, 1)‖ =

√
π2 + 4

4

20. ∇f(x, y, z) =
1

(y + z)2
[(y + z) i + (z − x) j − (x + y)k]; ∇f(−1, 1, 3) =

1
4

i +
1
4

j.

u =
∇f(−1, 1, 3)

‖∇f(−1, 1, 3)‖ = 1
2

√
2 i + 1

2

√
2 j; rate: ‖∇f(−1, 1, 3)‖ = 1

4

√
2

21. rate:
df

dt
= ∇f · r′ =

(
4x i − 9y2 j

)
·

(
1
2
t−1/2 i + 2e2t j

)
= 2 − 18e6t

22. f(r(t) = sin t2 + cos t2, rate: f ′(r(t)) = 2t cos t2 − 2t sin t2

23. rate:
df

dt
= ∇f · r′ =

[(
1
y

+
z

x2

)
i − x

y2
j − 1

x
k
]

· (cos t i − sin t j + sec2 tk) =
1 − sin t

cos2 t

24.
du

dt
= ∇u · r′ =

1
1 + x2y2

(y i + x j) · (sec2 t i + 2e2t j) =
e2t

1 + e4t tan2 t
(sec2 t + 2 tan t)

25.
du

dt
= ∇u · r′ =

[
(3y2 − 2x) i + 6xy j

]
· [(2t + 2) i + 3 j] = 104t3 + 150t2 − 8t

26. u(r(t)) =
1√

1 + t2
,

du

dt
=

−t

(1 + t2)3/2

27. area A = 1
2x(t)y(t) sin θ(t)

dA

dt
= 0 = 1

2y(t)x
′(t) sin θ(t) + 1

2x(t)y′(t) sin θ(t) + 1
2θ

′(t)x(t)y(t) cos θ(t) = 0

At x = 4, y = 5, θ = π/3,
dx

dt
=

dy

dt
= 2, we have

5
dθ

dt
+ 2

√
3 +

5
√

3
2

= 0 =⇒ dθ

dt
= −9

√
3

10
.

28. V = πr2h;
dV

dt
= 2πrh

dr

dt
+ πr2 dh

dt

Measure in centimeters: at r = 12, h = 1000,
dr

dt
= 4,

dh

dt
= 150,

dV

dt
= 2π(12)(1000)(4) + π(144)(150) = 117, 600π cu.cm/yr ∼= 0.37 cu m/yr.

29.
∂u

∂s
=

∂u

∂x
+

∂u

∂y
;

∂u

∂t
=

∂u

∂x
− ∂u

∂y

∂u

∂s

∂u

∂t
=

(
∂u

∂x
+

∂u

∂y

) (
∂u

∂x
− ∂u

∂y

)
=

(
∂u

∂x

)2

−
(
∂u

∂y

)2




