Discrete Math


( Relations and Functions
( 4-1 Introduction

( Def. Cartesian product of A and B: A

B

all ordered pair of the form (a,b) where a(A and b(B 

(i.e., {(a, b) ( a(A and b(B}

( e.g., {a, b}

{a, c, d}={(a, a), (a, c), (a, d), (b, a), (b, c), (b, d)}

( e.g., A={John, Mary, David} set of students

B={DM, LD, EM, AS} set of courses

(A

B : all possible pairings of students and courses

{(John, DM), (John, LD), (John, EM), (John, AS),

 (Mary, DM), (Mary, LD), (Mary, EM), (Mary, AS),

 (David, DM), (David, LD), (David, EM), (David, AS)}

( Def. A binary relation from A to B is a subset of A 

 B.

(a formalization of the intuitive notion that

“some of the elements in A are related to some of the elements in B”

( Def. a is related to b 

if R is a binary relation from A to B, and (a, b) ( R

( e.g., R: students in discrete math

(R={(John, DM), (Mary, DM)}

(R((A

B)

( e.g., T: students failed in the courses.

(T={(John, LD), (Mary , EM), (David, AS)}

(R((A

B)

( Tabular form of binary relations

(A={a, b, c, d} and B={, , }

( R={(a, ), (b, ), (c, ), (c,  ), (d, )}
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( Graphical form of binary relations




( Binary relations are set of ordered pairs.

(notions of set operations follow directly

( Let R1 and R2 are two binary relations

(R1(R2, R1(R2, R1( R2, and R1(R2

are also binary relations from A to B

( Ternary relations among three sets A, B, and C: (A

B)

C

a subset of the Cartesian product of the two sets A

B, and C

((A

B)

C: 

set of all ordered triples of the form ((a, b), c), 

where (a, b)((A

B) and c(C

( Quarternary relations among four sets A, B, C, and D:

((A

B)

C)

D

( n-ary relations among sets A1, A2, ..., An are subsets of

(...(A1

A2)

A3)

...)

An
( A Relational Model for Data Bases

( Def. (Let A1, A2, ..., An be n (not necessary distinct) sets

(An n-ary relation among A1, A2, ..., An is a table (or relation) on A1, A2, ..., An
( A1, A2, ..., An are the domains of the table 

( n is the degree of the table

( e.g. (supplier={s1, s2, s3, s4,s5}

(part={p1, p2, p3, p4, p5, p6, p7}

(project={j1, j2, j3, j4, j5}

(quantity={1, 2, 3, ...}

(supply={(s1, p2, j5, 5), (s1, p3, j5, 17), (s2, p3, j3, 9), (s2, p1, j5, 5), (s4, p1, j1, 4)}

( supply in tabular form

	supplier
	part
	project
	quantity

	s1
	p2
	j5
	5

	s1
	p3
	j5
	17

	s2
	p3
	j3
	9

	s2
	p1
	j5
	5

	s4
	p1
	j1
	4


( Def. A domain of a table is a primary key
if its value in an ordered n-tuple can uniquely identifies the ordered n-tuple in the table

( e.g. employee
	employee no.
	name
	department
	wage

	20835
	 Bernstein
	2
	  5

	11273
	 Jones
	1
	  7

	10004
	 Smith
	1
	  7.35

	21524
	 Vogeli
	2
	  8

	17734
	 Wong
	1
	  5

	30219
	 Yamamoto
	3
	  6.5


(Primary key: employee no. or name
( A composite primary key is

Cartesian product of two or more domains such that its value in an ordered n-tuple uniquely identifies the ordered tuple in the table

( e.g. supplier 

 part in the supply table

( Projection and Join

( A projection of R (a table of degree n): 

an m-ary relation, m(n, obtained from R by deleting n-m of the components in each ordered n-tuple in R

( 

: a projection of R

a table of degree m obtained from R such that 

(for each ordered n-tuple in R there is a corresponding ordered m-tuple in 

 

(with the kth component being the ikth component of the ordered n-tuple in R

( e.g. For the table supply, the projection 
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,

π

(supply) is

	supplier
	project

	s1
	j5

	s1
	j5

	s2
	j3

	s2
	j5

	s4
	j1


( Several distinct ordered n-tuples in the table might yield the same ordered m-tuples in the projection

(projection might contain fewer ordered m-tuples
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( Join (combines two tables into one)

( Let R be a table of degree n and S a table of degree m
( Join of tables R and S: denoted as 

, p<n and p<m



= {(a1, a2, ..., an-p, b1, b2, ..., bp, c1, c2, ..., cm-p) (
(a1, a2, ..., an-p, b1, b2, ..., bp)( R,

(b1, b2, ..., bp, c1, c2, ..., cm-p)( S}

	( e.g. 
	supply 
	
	
	
	color
	
	

	
	supplier
	part
	project
	
	part
	project
	color

	
	s1
	p1
	j1
	
	p1
	j1
	c1

	
	s2
	p1
	j1
	
	p2
	j2
	c2

	
	s2
	p2
	j2
	
	p2
	j2
	c3


((2(supply*color)

	supply
	part
	project
	color

	s1
	p1
	j1
	c1

	s2
	p1
	j1
	c1

	s2
	p2
	j2
	c2

	s2
	p2
	j2
	c3


( Properties of Binary Relations

( Def. A binary relation R on A: 

a binary relation from A to A

( e.g. ((a, b) is in R iff ab(10

- (12, 1) is in R 

- (12, 3) and (1, 12) are not in R

( Def. Reflexive relation

R is a reflexive relation on A if (a, a) is in R for every a in A

( e.g. (A: set of courses

(R: (a, b) is in R if the finals of courses a and b are scheduled in the same period

( For any course a, (a, a) is in R

(R is a reflexive relation 

( e.g. (A: set of integers

(T: (a, b) is in T  if a>b
(T is not a reflexive relation

( Tabular form
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reflexive






not

( Reflexive relation ( all cells on main diagonal contain check marks

( Def. R is a symmetric relation 

if (a, b) is in R implies that (b, a) is in R

( e.g. (A: set of students

(R: (a, b) is in R if a is in a class that b is in

(R is symmetric

( Symmetric relation ( marks are in cells that are symmetric with respect to the main diagonal
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not

( Def. R is an antisymmetric relation 

if (a, b) is in R implies that (b, a) is not in R unless a=b.

( e.g. (A: set of tests to be performed on a patient

(R: (a, b) is in R if test a must be performed before b
(R is antisymmetric

( e.g. (A: set of integers

(R:(a, b) is in R if a(b
(R is antisymmetric

( e.g. (A: {a, b, c}

(S: {(a, a), (b, b)} (both symmetric and antisymmetric

(N: {(a, b), (a, c), (c, a)} ( neither symmetric nor anti-symmetric

( Def. R is a transitive relation 

if (a, c) is in R whenever both (a, b) and (b, c) are in R

( e.g. (A: {a, b, c}

((X: {(a, a), (a, b), (a, b), (b, c)} (transitive

(Y: {(a, b)} (transitive

(Z: {(a, b), (b, c)} (not

( e.g. (A: set of people

(R: (a, b) is in R iff a is an ancestor of b

(R is a transitive relation

( Transitive extension of R on A: (denoted as R1)

a binary relation contains R, and moreover, if both (a, b) and (b, c) are in R imply (a, c) is in R1 

( e.g. A: {a, b, c, d}

(a) R:




 (b) R1:




(c) R*:
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((a, b) and (b, c) are in R ((a, c) in R1
((b, c) and (c, b) are in R ((b, b) in R1 

( (b, c) and (c, d) are in R ((b, d) in R1 

((c, b) and (b, c) are in R ((c, c) in R1 

( If R is a transitive relation, R is equal to R1 

( Transitive closure

( R2 : transitive extension of R1 

( Ri+1 : transitive extension of Ri 

( Transitive closure of R: R*
R* = R ( R1 ( R2 (....

( e.g. (A: set of cities

(R: (a, b) is in R if there is a communication link from city a to city b
((R1: (a, b) is in R1 if there is a link direct or through an intermediate city, between a and b. 

(R2: (a, b) is in R2 if there is a link direct or through at most three intermediate cities, between a and b 

( 


(R*: (a, b) is in R* if there is a link direct or through other cities, between a and b. 

( For any binary relation, R* is always a transitive relation

( e.g. (A: set of males

(R: (a, b) is in R if a is the father of b
((R is not transitive relation

(R*: a transitive relation on A that describes the ancestor-descendant relationship

( Equivalent Relations and Partitions

( Def. A binary relation is an equivalent relation
if it is reflexive, symmetric, and transitive

( e.g. 
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( e.g. (A: set of students

(R: (a, b) is in R iff a lives in the same dormitory with b
(((a, a)(R (R is reflexive
((a, b)(R ( (b, a)(R (R is symmetric
((a, b)(R and (b, c)(R ( (a, c) (R (R is transitive
( Def. A partition of a set A: {A1, A2, ..., Ak}

a set of nonempty subsets of A such that 

(1) 


(2) 


( divide the elements in the set into disjoint subsets (blocks)

( e.g. (A = {a, b, c, d, e, f, g}

({{a}, {b, c, d}, {e, f}, {g}} is a partition of A

(also denoted as 

)

( Connection between an equivalent relation and a partition

( From an equivalent relation on A, we can define a partition so that

(every two elements in the same block are related and 

(any two elements in different blocks are not

(the partition induced by the equivalent relation 

( Def. Equivalent classes
blocks in the partition induced by the equivalent relation

( e.g. (A: set of people

(R: (a, b)(R iff a and b have the same family name

( R is an equivalent relation on A

(a partition of A where the equivalent classes are families

( e.g. (A: set of all natural numbers

(R: (a, b) is in R iff the remainders of a divided by n and b divided by n are the same

(R is an equivalent relation which divides A into n equivalent classes

( ( If two numbers a and b are in the same equivalent class 

a and b are equal modulo n, denoted as a(b (mod n)

( Conversely, from a partition of a set A, we can define an equivalent relation on A so that

(every two elements in the same block are related and 

(any two elements in different blocks are not

( Def. Refinement
(Let (1 and (2 be two partitions of a set A, induced by equivalent relations R1 and R2, respectively.

( (1 is a refinement of (2, denoted as (1((2 

if R1(R2
( i.e., if (1 is a refinement of (2, any two elements that are in the same block of (1 must also be in the same block of (2 

( e.g. (A = {a, b, c, d, e, f, g}

((2:


((1:


((1 is a refinement of (2 
( e.g. (A: set of people

(R: (a, b) is in R iff a and b have the same family name

(T: (a, b) is in R iff a and b have the same family name and live in the same house

( R induces a partition of A with people who have the same family name as the equivalent classes ((2)

( T induces a partition of A with people who have the same family name and live together ((1)

((1 is a refinement of (2
( Product of (1 and (2: denoted as (1((2 

partition corresponding to the equivalent relation R1(R2
( Intersection of two equivalence relation is always an equivalence relation

(Two elements a and b are in the same block of (1 ( (2 

if a and b are (in the same block of (1 and also 

(in the same block of (2 

( (1 ( (2 is a refinement of (1, and also a refinement of (2 

( Sum of (1 and (2: denoted as (1 + (2 

partition corresponding to the equivalent relation (R1(R2)*
( Union of two equivalence relation is always a reflexive and symmetric relation

(Two elements a and b are in the same block of (1+(2 

(if there exist elements c1, c2, c3, ..., ck such that 

(a and c1 are in the same block of (1 or (2, and 

(c1 and c2 are in the same block of (1 or (2, and 

(c2 and c3 are in the same block of (1 or (2, ..., and 

(ck and b are in the same block of (1 or (2 

(i.e., a and b are in the same block of (1+(2 

if they are chain-connected

( Both (1 and (2 are refinements of (1+(2
( e.g. (A = {a, b, c, d, e, f, g, h, i, j}

((1:


((2:


( ((1((2 = 


((1+(2 = 


( Physical interpretation:

((1: a partition of people into age groups

((2: a partition of people into height groups

((Given age of a person, 

we can identify her up to the blocks of (1 

(Given height of a person, 

we can identify her up to the blocks of (2 

(Given age and height of a person, 

we can identify her up to the blocks of (1((2
(Given age or height, but not both, of a person, 

we can identify her up to the blocks of (1+(2 

( (two objects in different blocks can always be distinguished

(two objects in the same block can never be distinguished

(A partition on a set possesses some

(information on the identification of one of the objects in the set 

(ambiguity on the identification of one of the objects in the set 

( ((1((2: total information when both (1 and (2 are available

((1+(2: the most ambiguity when either (1 or (2 are available

( Partial Ordering Relations and Lattices

( Def. A binary relation is a partial ordering relation
if it is reflexive, antisymmetric, and transitive

( e.g. Fig. 4.14 (a)
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(c) Hasse diagram

( e.g. (A: set of positive integers

( R: (a, b) is in R if a divides b

( Ordering 

Objects are ordered according to some properties

(smaller/larger or inferior/superior

( Partial ordering 

It is possible that two given objects is not related in the ordering relation

( Graphical representation

( e.g. Fig. 4.15
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(not a partial ordering relation

( Simplification when the relation is a partial ordering relation

(Reflexive (omit arrows from points back to themselves

(Transitive (omit arrows between points that are connected by sequences of arrows

( e.g. Fig. 4.15 (b)

( Hasse diagram of the relation

all arrowheads are omitted and implicitly upward

( e.g. Fig. 4.15 (c)

( Def. A partially ordered set (poset): (A, R)

a set A together with a partial ordering relation R on A

( if (a, b) in R (a(b

((A, R) can be written as (A, ()

( Def. (Let (A, () be a poset.

( A subset of A is a chain if every two elements in the subset are related.

( Let { a1, a2, ..., ak} be a chain

( Antisymmetric

(existing 


( Transitive

(


( Length of a chain: number of elements in the chain

( Def. A subset of S is an antichain
if no two distinct elements in the subset are related

( e.g. In the above example

(Chain: {a, b, c}, {a, d, e}, {a}

(Antichain: {b, d}, {c, d}, {a}

( Def. A poset (A, () is a totally ordered set 

if A is a chain

(binary relation ( is a total ordering relation

( Def. Let (A, () be a poset

(a(A is a maximal element if no b(A, a(b, a(b 

(a(A is a minimal element if no b(A, a(b, b(a 

( e.g. Figure 4.16 (a)




(j, k: maximal elements

(a, b, e: minimal elements

( Def. a covers b 

if b(a and no other element c, b(c(a 

( e.g. f covers b, f covers c, but f does not cover a 

( Def. c is an upper bound of a and b 

if a(c and b(c 

( e.g. h is an upper bound of f and g ; so are i, j, and k
( Def. c is the least upper bound of a and b 

if c is an upper bound of a and b, and no other upper bound d of a and b such that d(c 

( e.g. h is a least upper bound of f and g; so is i
( Def. c is a lower bound of a and b 

if c(a and c(b 

( e.g. a, b, c, d, e, f, and g are all lower bounds of h and i 

( Def. c is the greatest lower bound of a and b 

if c is a lower bound of a and b, and no other lower bound d of a and b such that c(d 

( e.g. f and g are greatest lower bounds of h and i
( Def. A poset is a lattice 

if every two elements in the set have a unique l.u.b. and a unique g.l.b.

( e.g. Figure 4.16 (b)

( Def. (Let (A, R1) and (B, R2) be two posets.

( Cartesian product of (A, R1) and (B, R2), denoted as 

(A

B, R3), is also a poset 

where ((a1, b1), (a2, b2))(R3 if (a1, a2)(R1 and (b1, b2)(R2
( R1 and R2 are reflexive 

(((a, b1), (a, b2)), ((a1, b), (a2, b)), and ((a, b), (a, b))(R3 

( R3 is a partial ordering relation

(e.g. Figure 4.17




( R3 retains R1 and R2 relations on the corresponding components in the 2-tuples of A

B 

( does not state the relation between (a1, b2) and (a2, b1)

( Functions and The Pigeonhole Principle

( Def. A binary relation R from A to B is a function 

if for every a(A, there is a unique b(B so that (a, b)(R, 

((a, b)(R denoted as R(a) = b
(b: image of a
(A: domain of function R

(B: range of function R

( Graphical form

   


Fig.4.24 (a)


( Tabular form
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( Simplified Table 

	
	R

	a
	

	b
	

	c
	

	d
	
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    (c)

( Def. A function from A to B is an onto function (surjection)

if every element of B is an image of one or more elements of A

( Def. A function from A to B is a one-to-one function (injection)

if no two element of A have the same image

( Def. A function is a one-to-one onto function (bijection)

if it is both an onto and a one-to-one function

( e.g.  (Figure 4.25)

      


      (a) onto       (b) one-to-one     (c) one-to-one onto
( Pigeonhole principle 

(Shoe box argument/Dirichlet drawer principle)

( Let D (pigeons) and R (pigeonholes) be two finite set,.

If (D(>(R(, then for any function f from D to R, there exists d1, d2 ( D such that f(d1) = f(d2)

( e.g. 13 people, at least 2 of them born in the same month

( e.g. If 11 shoes are selected from 10 pairs of shoes, there must be a pair of matched shoes among the selection

( Generally, for any function f from D to R, there exists 

i elements d1, d2, ..., di ( D, i= 

, such that 

f(d1) = f(d2)= ( = f(di)

( e.g. 4.6  Show that among six persons, either 

(three persons are mutual friends, or 

(three persons are complete strangers to each other

(Proof:

(Let A be a person in the group.

( remaining 5 persons (


( Pigeonhole principle (


( For the case of  “(3 are friends of A”, 

let B, C, and D denote the friends of A.

(If two of B, C, and D know each other

(A and these two persons know each other

(If no two of B, C, and D know each other

(B, C, and D are three complete strangers to each.

( Similar argument holds for the case of  “(3 are strangers of A”

( e.g 4.4  In 77 days, 

(at least one game a day but no more than 132 games

(a period of consecutive days within which she plays exactly 21 days




(Proof:

(ai: total number of games played up to the ith day

(a1, a2, ..., a77: a monotonically increasing sequence

( e.g.4.5 In any sequence of n2+1 distinct integers, there is either

(an increasing sequence of length n+1 or 

(a decreasing sequence of length n+1.

Proof:
(

 : a sequence of n2+1 integers

(label integer ak with an order pair (xk, yk) 

( xk: length of a longest increasing sequence starting at ak 

( yk: length of a longest decreasing sequence starting at ak
( e.g. 4.7  90 rooms and 100 guests, keys are issued to the guests so that any 90 guests can access the 90 rooms, in the sense that “each guest will have a key to an unoccupied room.”

( Assignment scheme which minimizes the total number of keys

(Ninety of guests are given one key, of different room, each, 

(Remaining 10 guests is given 90 keys, one key to each room

(990 keys is the minimum number of keys

(Proof:
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