On the x-Sylvester Equation AX + X*B* = C

Chun-Yueh Chiang* Eric King-wah Chuf Wen-Wei Lin?
October 14, 2008

Abstract

We consider the solution of the x-Sylvester equations AX + X*B* = C, for x = T, H and
A, B,e C™*", and the related linear matrix equations AXB*+ X* = C, AXB*+CX*D* =
E and AX £ X*A* = C. Solvability conditions and stable numerical methods are considered,
in terms of the (generalized and periodic) Schur and QR decompositions. We emphasize on
the square cases where m = n but the rectangular cases will be considered.
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1 Introduction
In [3], the Lyapunov-like linear matrix equation
A X+X*A=B, AXeC™"™ (m#n)

with (:)* = ()7 was considered using generalized inverses. Applications occur in Hamiltonian
mechanics. At the end of [3], the more general Sylvester-like equation

A*X+X*C=B, ACXeC™ (m+n)

was proposed without solution. The equation (with x = T') was studied, again using generalized
inverses, in [10, 14]. However in [14], the necessary and sufficient conditions for solvability may
be too complicated for most applications. The formula for X for the special case, assuming
m = n, BT = B and the invertibility of A4+ C”, may not be numerically stable or efficient (see
Appendix IIT for the main result). In [10], some necessary or sufficient conditions for solvability
were derived. A (seemingly wrong) formula for X in terms of generalized inverse was also proposed
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(see Section 2.2 for more details on the approach taken in [10]). Consult also [4, 16], where
solvability conditions for the x-Sylvester equations with m = n were obtained, without explicitly
considering the numerical solution of the equations.

In this paper, the (numerical) solution of the x-Sylvester equation (with x = T, H; the latter
indicating the complex conjugate transpose), as well as some related equations, will be studied.
Our tools include the (generalized and periodic) Schur, singular value and QR decompositions
[11]. We are mainly interested in the square cases when m = n.

Our interest in the x-Sylvester equation originates from the solution of the x-Riccati equation

XAX*+XB+CX*+D=0

from an application related to the palindromic eigenvalue problem [4, 6, 16] (where eigenvalues
appears in reciprocal pairs A and A\™*). The solution of the x-Riccati equation is difficult and the
application of Newton’s method is an obvious possibility. The solution of the x-Sylvester equation
is required in the Newton iterative process. Interestingly, the x-Sylvester and x-Lyapunov equa-
tions behave very differently from the ordinary Sylvester and Lyapunov equations. For example,
from Theorem 2.1 below, the x-Sylvester equation is uniquely solvable only if the generalized
spectrum o (A, B) (the set of ordered pairs {(a;, b;)} representing the eigenvalues of the matrix
pencil A — AB or matrix pair (A, B) by A; = a;/b;) does not contain A and A\™* simultaneously,
some sort of apalindromic! requirement. For more detail of this application, see Appendix I.

Another application of the *-Sylvester equation involves the generalized algebraic Riccati
equations (GARE) in [5, 17], whose solutions by Newton’s method require the solution of a
coupled set of two T-Lyapunov equations, which is equivalent to a T-Sylvester equation, as
described in Section 2.3. See Appendix II for more detail for this application.

The paper is organized as follows. After this introduction, Section 2 considers the *-Sylvester
equation, in terms of its solvability, the proposed algorithms and the associated error analysis.
Section 3 contains several small illustrative examples. Section 4 considers some generalizations
of the x-Sylvester equation — AXB* + X* = C, AXB* + CX*D* = E and the *-Lyapunov
equation AX + X*A* = C. (Similar equations like AX + BX* = C can be treated similarly
and will not be pursued here.) We conclude in Section 5 before describing two applications (in
addition to those in [4, 16]) in the Appendices.

2 *-Sylvester Equation

Consider the x-Sylvester equation
AX+X*B*=C, AB,XeCvm™. (1)

This includes the special cases of the T-Sylvester equation when x = T and the H-Sylvester
equation when x = H.
With the Kronecker product and for x = T, (1) can be written as

Pvec(X)=vec(C), P=IA+(BRI)E (2)

where vecX stacks the columns of X onto a column vector and E is the permutation matrix
which maps vec(X) into vec(X?). The matrix operator on the left-hand-side of (2) is n? x n?

1Not being palindromic, with “anti-palindromic” already describing something different.
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and the application of Gaussian elimination and the like will be inefficient. In addition, the
approach ignores the structure of the original problem, introducing errors to the solution process
unnecessarily.

For the x = H case, (1) can be rewritten as an expanded T-Sylvester equation:

A+ xTBT =¢C, A,B,Xx e R™*"

where

— Ar Az _ Br Bz _ Cr Cz _ Xr X1 .
A:[_AZ_ AJ,B:[_Bi BT},CZ[_CZ_ CJJ(:[__ }

with the original matrices written in their real and imaginary parts:
A=A.+i4A;, B=B,.+iB;, C=C,.+iC; , X =X, +1iX; .

The above Kronecker product formulation for T-Sylvester equations can then be applied. Such a
formulation will be less efficient for the numerical solution of (1), but may be useful as a theoretical
tool.

Another approach will be to transform (1) by some unitary P and @, so that (1) becomes:

PAQ-Q" XPT + PXTQ-QTBTPT = pCPT (3)

or, for x = H:
PAQ-Q"xPH + PXHQ. Q"B PH = pCcPH . (4)

Note that minimum residual and minimum norm solutions are possible with the unitary P and
Q. Let (QT AHPH QHBHPH) be in (upper-triangular) generalized Schur form [11]. The trans-
formed equations in (3) and (4) then have the form

air 07 T w2y || th th by b5 | _ | en cy | (5)
az Az zo1  Xoo T12 X3 0 B3 c1 O

Multiply the matrices out, we have

ai1111 + b;lel = (11, (6)
anziy £25 B3 = ¢y Fajibs, (7)
Agoxoy £bj1x12 = c21 — T11021 , (8)
A22X22 + X52B;2 = CQQ = 022 — a21${2 + .’Elgbgl . (9)

From (6) for x = T', we have
(@11 £ b11)z11 = c1n (10)

Let (a11,b11) € 0(A, B). The solvability condition of the above equation is

ai1 £ b1 7&0@)\2 :au/bu 75¥1 (11)

Obviously, when n = 1, (11) is the only solvability condition.
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From (6) when x = H, we have
a11z11 = b11T1 = 1 (12)
Let 211 = . +ix;, a11 = a, +1a4, b1y = b +ib; and ¢11 = ¢, +ic;. The above equation becomes
(ar + ia;)(zy + ix;) £ (b — ib;) (2 — im;) = ¢ + gy

or
arTy — ;T £bpxr F oz = ¢, arTi + ;T F bpz; F oz, =5

ar £ b, —aiq:binr}{cr} , (13)

a; Fb;  ar Fb, T I

These imply

Let A = a11/b11 € 0(A, B). The determinant of the matrix operator in (13):
d= (a7 = b7) = (bf —a7) = |ana|* = |bua|* # 0 = A £ 1 (14)

requiring that no eigenvalue A\ € o(A, B) lies on the unit circle. Again, (14) is the solvability
condition when n = 1.
Another way to solve (12) is to write it together with its complex conjugate in the composite

form
ajp by T | _ | cn
+b11 aj; g i1
which produces the equivalent formula

* * *
_ajyen F iy

Ty = e
! la1]* — [b11]?

From (7) and (8), we obtain
at; ] £Ba T12 Ci2 C12 Fboy
=| 2 = 15
el | B R Y B B B 1%

With a1; = b1 = 0, 11 will be undetermined. However, (A, B) then forms a singular pencil,
(A, B) = C and this case will be excluded by (19). If a1 # 0, (15) is then equivalent to

o A Sl I R “ (16)
0 Ay — g Bao To1 Ca1 | | e F o |

The solvability condition of (15) and (16) is

- - b*
det Aop #0, Asg = Agp — —L By
a

or, with (a11,b11) € (A, B), (bt,,a%,) cannot be another eigenvalue of (A, B). Note that A is
still lower-triangular, just like Ags or Bas.
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If b1y # 0, (15) is equivalent to

0 Bzz—zliiz‘bz T2 | _ | G2 | _
1Y + Ao T21 *co1 | T

(17)

with an identical solvability condition (19).
Lastly, (9) is of the same form as (1) but of smaller size.

Remark 2.1 Interestingly, for the ordinary Sylvester equation AX —X B = C, numerical solution
will be possible when (A, B) is transformed into quasi-triangular/triangular form (not necessarily
both of the same type) or the cheaper quasi-triangular/Hessenberg form. It is not the case for (1)
and the x somehow alters the behaviour of the equation greatly.

Remark 2.2 We can arrange the above solution process into a large quasi-triangular linear sys-
tem. This enables us to apply the error analysis of triangular linear systems to proposed Algo-
rithms SSylvester and TSylvesterg in Section 2.2. Because x11 can be solved via a scalar or 2 x 2
system and Xao can be treated recursively, we only need to consider the solution of (15) for x12
and xo1. The equation has the form, for some right-hand-side R;:

T11 12 Zrl
S11 * 0 S12 Zs1
* *
Ry . (18)
21 722 2r2
521 * 522 Zs2
* *

This is equivalent to a series of 2 X 2 systems, for known right-hand-sides R,, Rs, -~ :

M,z =R, , Mz =R;,

where

Mr = [Tij] 9 Ms = [Sij] y Ty Zr = [Zrlazr2]T , Rg = [ZslazSZ]T 9
Consequently, (18) is a quasi-lower-triangular linear system with at most 2 x 2 diagonal blocks.
By implication, so is (5). This comment still holds when ay1 and by are replaced by 2 x 2 blocks,
as in Section 2.1. In that case, the diagonal blocks in the corresponding quasi-triangular matrix
will be at most 4 x 4.

We summarize the solvability condition for (1) in the following theorem:
Theorem 2.1 The x-Sylvester equation (1):

AX+X*B*=C, ABeC™

is uniquely solvable if and only if, for {(a,bi;)} = o(A, B), the following conditions are satisfied:
aiai; —bibi; #0 (Vi # j); (19)

and, for \; = a;;/bi; and all 4,
a”:I:b” 740 (fOI‘ *:T) s

[Nl #1 (for x=H) . (20)
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Remark 2.3 Condition (11) or (14) actually imply in (19). However, these conditions are only
sufficient for (19) and have to be restated in (20) in Theorem 2.1. In terms of the eigenvalues
Xi = aii/bii, (19) means that \; # N (i # j), and (20) means that N\; # F1 (x = T) or
[Ail #1 (x = H). Consequently, A = £1 can be an eigenvalue of (A, B) but must be simple for
the corresponding x-Sylvester equation to be uniquely solvable.

The solution process in this subsection is summarized below:

Algorithm SSylvester (for the unique solution of AX + X*B* = C; A, B,C, X € C"*")
if (A, B) is not in lower-triangular generalized Schur form, then
compute the lower-triangular generalized Schur form (PAQ, PBQ) using QZ algorithm [11]
store (PAQ, PBQ,PCP*) in (A, B,C)
solve (10) for x =T, or (13) for x = H; if fail, exit
if n =1 or |ay1|? + |b11|?* < tolerance, exit
if |ai1| > |b11], then
if AVQQ = A22 - by

*
a1y

Bss has any negligible diagonal elements, then exit

else compute xo; = g521821 by backsubstitution, x12 = (¢12 F Baawo1) /af; (from (16))

else if §22 = Byy — Z;II Ass has any negligible diagonal elements, then exit

else compute x9; = 52_21?:\12 by backsubstitution, z12 = (£¢21 F A22x21) /b7, (from (17))
apply Algorithm SSylvester to Ay Xoo + X3, B3y = Coy (from (9)), with n «— n — 1
output X «+ QXP for x=T, or X «+ QXP for x=H
end of algorithm

Let the operation count of the Algorithm SSylvester, in addition to the 66n3 complex flops
for the QZ procedure [11] for the generalized Schur decomposition of (A, B), be f(n) complex
flops, mainly involving the solution of (9) and (16) or (17). This involves forming and inverting
Agg or Bsy (n? flops), computing x12 (in? flops) and forming Caz (2n%). Thus f(n) ~ f(n —
1) + Zn?, ignoring O(n) terms. This implies that f(n) ~ Zn® and the total operation count for
Algorithm SSylvester is 67%713 complex flops, ignoring O(n?) terms.

From the above analysis and Theorem 2.1, the condition of (1) will be bad if the separation
AiAj — 1 is narrow (or when the assumption for unique solvability is nearly violated). The same
conclusion can also be drawn from the analogous analysis in Section 2.1 below. For error analysis,

see Section 2.2 for more detail.

2.1 The real case or divide-and-conquer

When A, B and C are all real, the solution X, judging from (2), will be real. To guarantee a
real solution X, the generalized real Schur form [11] for (A, B) has to be used. The transformed
equation in (3) or (4) has the form

Ao 0F X Xfp | | X X5 || By Bsi | _ | O Cf
A21 A22 X21 X22 X12 X52 0 B;Q 021 022
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or
ApnXn £ X1BY, = Cu, (21)
AnX{H £ X5 B5, = ChL=ChLF X183, (22)
A22X21 + XlQBfl = C121 = 021 - A21X11 ) (23)
A22X22 + X52352 = 022 = 022 — A21Xf2 F X12B51 ) (24)

where A1 and Bj; may be 1 x 1 or 2 x 2. The former case will be trivial as in (6) and the latter
can be handled using the Kronecker product. The theory leading to the conditions in (11) and
(19) from the complex Schur form still holds. We shall assume that A;; and By are not scalar
in the rest of this subsection.
Again, the Kronecker product can be applied to (22) and (23). A better approach is to consider
(22)* and (23):
1By Xo1 + X120A7, = Cra,  A2aXo1 £ X12B7; = Co .

A linear combination of these equations will be
(BAz + aBao) Xo1 + X1a(At; + 8Bfy) = aCia + BCs (25)

Assume regularity of the pencil (A, B), there exists real o and § such that aAf; £ 8B7 is
nonsingular (or well-conditioned). We then have

X19 = —(BAsstaBag) Xo1 (Al £6B7) " +Ciz, Cia = (aCia+6Ca) (A}, £6BF) ™. (26)
Substitute X152 in (26) into (23), we have a generalized Sylvester equation [7] for Xo;:
AQQXQl — (OéBQQ + ﬂAQQ)XQl(OéAIl + ﬂBfl)ilel = 521 F észfl . (27)

From [7], (27) is uniquely solvable when there is no intersection of the spectra o (A, aBas+[As2)
and o(B};,aAy; = 6B7;). Let (A11,B11) and (Aag, Bag) be transformed into generalized real
Schur forms with diagonal elements (¢, 3;) and (¢, 8;) respectively. For a # 0, the solvability
condition is

Q; Bk

off; £ Bay © ool £ 66

exactly condition (19). The same conclusion is reached when o = 0, which implies that Bi; is
invertible, and Xjo in (26) should then be substituted into the % of (22) to produce a similar
generalized Sylvester equation for Xo;:

£

& aja; # BB,

BiyXo1 — Ags X1 B AY, = £C1s + Cra A%, (28)

Also X5 is retrievable from (26) in a numerical stable and efficient manner. Note that the matrix
operator aA%; £+ B3 in (26) is 2 x 2 with («, 8) controlling its condition. In (27), A2z and By
are block-lower triangular with (aA%; + 8B3;) "1 B}, being at most 2 x 2, enabling X5; to be
easily calculated as in the generalized Bartels-Stewart algorithm in [7]. (For illustration, let us
consider (28). With Bay and Ags being lower-triangular and Bj;*A%; being 2 x 2, the first row
and column of Xs; can be computed easily, leaving a smaller but similar system. This can then
be solved recursively and similarly.) A slightly more efficient alternative will be to consider the
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rows of (27) consecutively from the top, solving a 2 x 2 system for each row of X»;. Equation (28)
can be solved analogously, also one row at a time.

We can then solve recursively (24), a smaller equation similar to (9).

Lastly, the procedure discussed in this subsection can be applied as a divide-and-conquer
strategy, with A;; and By being [§] x [§]. After transforming (1) using the (real) Schur form
of (A, B), the resulting equation can be split up in the middle, with the sizes of A;; and Asy
roughly equal. Subsequent systems in terms of (A;;, B;;) (i = 1,2) can then be treated recursively
in the same divide-and-conquer fashion, yielding a more efficient version of our algorithm. We
summarize the procedure in this subsection in the following algorithm, with the subscripts “R”
for “Real”.

Algorithm TSylvestery (for the unique solution of AX + X" BT = C; A, B,C, X € R"™*")
if (A, B) is not in quasi-lower-triangular generalized real Schur form, then
compute the quasi-lower-triangular generalized real Schur form (PAQ, PBQ) by QZ
store (PAQ, PBQ,PCPT) in (A, B,C)
solve (21) for Xy;; if fail, exit
if last block reached with n = 1,2, exit
if Ay and By are scalar, solve (22) and (23) for X5 and X1 as in Algorithm TSylvester
if fail, exit; else solve (27) or (28) with appropriate «, 5 for Xo; row-wise,
using Gaussian elimination on the 2 x 2 systems; if fail, exit
retrieve Xio from (26)
apply Algorithm TSylvesterg to Ay Xy + XL BL, = Coy (c.f. (24)),n—n—1orn—2
output X «— QXP
end of algorithm

The operation count of Algorithm SSylvesterg is approximately equal to 67%713 complex flops,
similar to Algorithm SSylvester and overwhelmed by the initial QZ process.

Remark 2.4 Similar to Remark 2.2, Algorithms TSylvesterr is equivalent to solving quasi-lower-
triangular linear systems after the initial QZ step. The equations for the scalar (or 2 x 2) Xy
can be written as a 2 X 2 (or 8 x 8) linear system for the real and imaginary parts of the elements
of X11. For X15 and X1, expanding (22) and (23) using the Kronecker product yields a linear
system with matrixz operator

In_ o ® A1 Ba®Ip
In_o®B11 A1

assuming without loss of generality that x = T. The matrix has the same form as the one in
(18), except the elements may be 2 x 2 blocks, producing a series of 4 x 4 linear systems. Similar
arguments as those in Remark 2.2 thus follows.

2.2  Error analysis

We shall discuss the condition and error associated with Algorithms TSylvester and TSylvesterg,
following the development in [12, Chapter 16] and [13].
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Condition

The condition of (1) is obviously identical to that of (2). However, E reshuffles the columns of
B® I, making the analysis of the matrix operator P difficult. We shall investigate the eigenvalues
of P, collaborating Theorem 2.1. First consider the trivial example when n = 2, A = [a;;] and
B = [b;;], we have

ail + b{l a12 + b’{g
P — :l:b§1 aill :l:b;z a12
a21 ib’lkl as2 :l:bIZ
a1 + bgl a22 + b§2

To make things easier, let (A, B) be in lower-triangular generalized Schur form after some QZ

procedure. We then have aj2,b12 = 0 and the eigenvalues of the corresponding P are a;; & bj;
(i = 1,2) and those of the middle block Wis where

a;;  Eb%,
= i 3i
Wiy = { b5 ay; ] .

The characteristic polynomial of W;;, identical to that for Wj;, is A2 — (a;; + a;;) A + det W;; with

det W;; = aya;; — bfib;j, and the eigenvalues are

1
Awi; =5 [a” +aj;+ \/(au‘ —a5;)* + 4bfib§jJ :

Note that some Aw,; or det W;; = 0 if and only if (19) in Theorem 2.1 is violated. For larger
values of n, the equivalence of our algorithms and quasi-triangular linear systems (after the initial
QZ step), as mentioned in Remarks 2.2 and 2.4, means that P in (2) is quasi-triangular with
the correct permutation of the variables and equations. The ordering considers the first diagonal
element x11, then the first components in 212 and x51, and then their second components etc. until
exhaustion, and then recursively ordering Xoo in the same fashion. From (18), the eigenvalues of
P thus consists of az; £bj; (n of them, for i = 1,--- ,n) and the eigenvalues Ay, ("Cz = n(n—1)/2
of them, for j > i andi,j = 1,--- ,n). Notice that, as expected, there are exactly 2("Cy)+n = n?
eigenvalues for P. It is conceptually simple but operationally tedious to reorder P to show this
result even for n = 3 and that will be left as an exercise.

Residual

As indicated in Remarks 2.2 and 2.4, Algorithms SSylvester and SSylvesterg can be arranged
into quasi-triangular linear systems. We can then apply the error analysis for triangular linear
systems in [12, Theorem 8.5] to obtain

IRllr = [IC = (AX £ X*B)|[r < cou(|Allr + | Bllp)I| X7 (29)

for a computed solution X from our algorithms, where ¢,, is a constant dependent on n and u
is the unit round-off (typically O(10716)), when the condition of the 2 x 2, 4 x 4 or 8 x 8 linear
systems in (27), (28) and Remarks 2.2 and 2.4 are not bad. Note that the QZ transformation of
(A, B) is backward stable, similar to the QR process in [12, Equation 16.9]. Consequently, the
relative residual is bounded by a modest multiple of the unit round-off u. See the collaborating
numerical examples in Section 3.
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Backward error

Like for ordinary Sylvester equations, the numerical solution of (1) is not backward stable in
general. Similar to [12, §16.2] and with “§” indicating perturbation, we can define the normwise
relative backward error of an approximate solution Y by

(Y)=min{e: (A+5A)Y £ Y*(B+6B)" =C+0C,||0A|F < ea,||dBllr < €5, ||0C||F < ey}

where o = ||A||r, 3 = ||B||r and v = ||C||p. With Y = ULV in singular value decomposition
(SVD) [11], the Y* terms do not affect the analysis in [12, §16.2]. With ¥ = diag{o1, - ,0n}, it

can be shown that
2l r

1Y) S TRV A

(30)

where
(a+B)YlFr+

(a2 + B2)0% + 72/

Consequently, 7(Y) can be large when Y is ill-conditioned, and a small residual R does not
always imply a small backward error 7(Y"). This phenomenon has been observed in Example 3.3,
where Y is ill-conditioned. However, from our experience, severely backward unstable x-Sylvester
equations are rare and have to be artificially constructed. This suggests that our algorithms may
well be conditionally backward stable. Similar to the Sylvester equation [12, §16.2], we do not
know the conditions under which a x-Sylvester equation has a well-conditioned solution.

R=6AY £Y*0B* —6C .

uw=

Perturbation and practical error bounds

For perturbation, the usual results for linear systems apply. In terms of the x-Sylvester equation
(1), consider the perturbed equation

(A+6A)(X +0X) %+ (X +6X)*(B+6B)* =C +4C .

Define the x-Sylvester operator
S(X)=AX + X*B* |

we then obtain
S(0X)=06C —0AX F X*OB* —§ASX F0X*6B* .

Application of norm gives rise to
I6X11 < ISTHI{IISC + (ISAI + 16 BINUIXI + 16X} -

When ||§S]| = ||6A| + |6 B]| is small enough so that 1 > ||S™1[|-||65]|, we can rearrange the above
result to

[[6X]] 1S~ (|5C||
< - +116S]') -
XN = 1= lS=H] - losh \ (X
With ||C|| = |IS(X)|| < ||S]|- || X]| and the condition number x(S) = ||S]| - [|S~!]|, we arrive at the
standard perturbation result

16.X] K(S) 16Cll ., [16S]]
X = T=w(S) - [oST/I5] ( el sl ) '
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Thus the relative error in X is controlled by those in A, B and C, magnified by the condition
number £(S5).

As indicated in [12, §16.4], practical error bounds can be estimated, just like for other linear
matrix equations. Several applications of the solution algorithm will be required. More work has
to be done along this direction.

2.3 An alternative formulation

We can consider the sum/difference of (1) and its *, producing
(A+ B) X+X*(A+B)*=C+C*, A-B)X-X"A-B)*=C-C". (31)

The pair of equations represent the symmetric/Hermitian and skew-symmetric/Hermitian parts
of (1) and can be solved using the generalized Schur form of (A4 B, A — B). Identical solvability
condition as (19) can be derived. In terms of the eigenvalues \; € o(A + B, A — B), (1) and
(31) are uniquely solvability if and only if A; + Xj 40, with A; = (\; 4+ 1)/(\; — 1) for some
Ai € 0(A, B). Tt is easy to see that mapping between (A4, B) and (A + B, A — B) corresponds to
some (inverse) Cayley transformations.

In [10], a formula for the solution X of (1) (for x = T and the “4” case) was derived using
the first equation in (31) only, throwing away the information in the second equation. We cannot
see how the formula can be correct using only half the information of (1) in the first half of (31).
In the extreme case with A = —B, the first equation in (1) will be degenerate and the solution
X will be totally free. Anyway, X is a solution of (1) if and only if it is also a solution of (31),
but a solution of half of (31) in general does not satisfy (1).

3 Numerical Examples

In this section, we apply Algorithm SSylvester (denoted by ASS) and the Kronecker product
approach in (2) (denoted by KRP) to some examples for illustrative and comparative purposes.
All computations were performed in MATLAB/version 7.5 on a PC with an Intel Pentium-
IV 4.3GHZ processor and 3GB main memory, using IEEE double-precision.

Example 3.1 We choose 2, B € R"™ " to be real lower-triangular matrices with given diagonal
elements (specified by a,b € R™) and random strictly lower-triangular elements. They are then
reshuffled by the orthogonal matrices Q,Z € R™*™ to form (A, B) = (QEZ, QEZ) In MATLAB
[15] commands, we have

A = tril(randn(n), —1) + diag(a) , B = tril(randn(n),—1) 4+ diag(b) , C = randn(n) .

To guarantee condition (19), let b = randn(n,1), a = 2b. In Table 1, we list the CPU time ratios
of the ASS and the KRP approaches as well as the corresponding residuals and their ratios, with
increasing dimensions n = 16, 20,25, 30, 35,40. Note that the operation counts for the SSA and
KRP methods are approzimately 67n>® and %n(s flops respectively (the latter for the LU decom-
position of the n® x n? matriz in (2)). The results in Table 1 show that the advantage of ASS
over KRP in CPU time grows rapidly as n increases, as predicted by the operation counts. Even
with better management of sparsity or parallellism, the O(n®) operation count makes the KRP
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approach uncompetitive even for moderate size n. The residuals from ASS is also better than
that from KRP, as (2) is solved by Gaussian elimination in an unstructured way. See the other
examples for more comparison of the residuals of ASS and KRP.

n | 'EE Res(ASS) Res(KRP) f=Rd)

16 | 1.00e4+00 1.8527e-17 2.1490e-17 1.16
25 | 1.31e+01 2.3065e-17  2.8686e-17 1.24
30 | 2.61e4+01 3.1126e-18 5.7367e-18 2.20
35 | 6.48e+01 7.0992e-18 1.2392e-17 1.75
40 | 1.05e4+02 1.7654e-18 6.4930e-18 3.68

Table 1: Results for Example 3.1

Example 3.2 With the same construction as in Example 3.1 and n = 2, let a = [a + ¢, 3|7,
b=1[8,a]T. Here o, 3 are two randomly numbers greater than 1, with the spectral set o(A, B) =
{O‘TJFE,E}, and [\ — 1] = £. Judging from (19), (1) has worsening condition when & de-
creases. We report a comparison of absolute residuals for the ASS and KRP approaches for
e=10"1,1072,107°,10"7 and 10~ in Table 2. The results show that if (2) is solved by Gaus-
sian elimination, its residual will be larger than that for ASS especially for smaller €. Note that
the size of X (the last column in Table 2) reflects partially the condition of (1), as indicated in
(29). The residuals will be worsen for large values of || X||r, with the quotient of res(ASS) and
I X || approzimately equal to the unit round-off uw. The KRP approach copes less well than the ASS
approach for an ill-conditioned problem.

¢ | Res(ASS) Res(KRP) DesERR) 50 x|

Res(ASS)

1.0e-1 | 2.0673e-15  2.4547e-15 1.19 10!
1.0e-3 | 8.6726e-13 4.3279e-13 0.50 103
1.0e-5 | 2.3447e-12  2.4063e-12 1.03 103
1.0e-7 | 5.9628e-10 1.1786e-09 1.98 108
1.0e-9 | 5.8632e-08 3.4069e-07 5.81 108

Table 2: Results for Example 3.2

Example 3.3 Withn =2 and let Q € R™*"™ be orthogonal and the exact solution be X., where
7 l107™ 0 __|randn 0 __|randn 0
Xe=0 { 0 0™ @, A= randn 107™ Q. B= randn 2% 10™™ Q

and C = AX, + XTI BT. Solving the corresponding T-Sylvester equation by Algorithm SSylvester
produces the results in Table 3, using symbols from Section 2.2. The column for the backward error
n(Y) (estimated using the bound (30)) confirms that our algorithm is not numerically backward
stable. The problem is increasingly ill-conditioned for increasing values of m and the large values of
w worsen the backward errors n(Y'), although the relative residuals RRes(ASS) = Res(ASS)/|| X ||
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Res(ASS)  RRes(ASS) % o(Ix| M n(Xass)

1.0129¢-16 10—16 2.6624¢-16 100 3.2440e+00 2.7169e-16
1.5268e-14 10-16 2.0519e-15 102 9.7188¢+01 5.8991e-15
2.4170e-12 10-16 5.0599¢-13 104 7.3715e+03  1.0410e-12
1.6955e-10 10-16 2.4933e-11 106 9.0423e+05 6.8488e-11
3.7545e-09 10-17 2.7786e-09 108 8.4485e+07  1.2658e-09

[ NN R R

Table 3: Results for Example 3.3

are of machine accuracy. On the other hand, from our experience, badly behaved examples are
rare and have to be artificially constructed.

4 Related Equations

4.1 Generalized x-Sylvester equation I

Consider the more general version of the x-Sylvester equation (1):
AXB*+X*=C (32)

with A, B*, X* € C"™*™ and m # n. The generalized Kronecker canonical form [8, 9] for (A, B*)
may be used to analyze and solve the equation. We shall not pursuit this line of attack further.
For A, B,C € C™"*", the equation is equivalent to the *-Sylvester equation in Section 2 when
either A or B is nonsingular. In general, consider the periodic Schur or PQZ decomposition [2]
for B AH so that (QF AH PH PBH(Q) is in upper triangular form.
Consider the transformed equation, for x = H:

PAQ-QfxPH.pPBHQ+ PXHQ = PCQ

or for x=1T:
PAQ-QPXxPT . PBTQ+PXTQ =PCQ .

The case when (A, B) are real and * = T" with a real PQZ decomposition is similar but will be
ignored here.

With (QH AR PH PBHQ) or (Q7 A" PH PBTQ) being upper-triangular, the transformed
equations look like

air 0" T T, b1 b5 + Ty T _ | cu 1a
az Az zo1  Xoao 0 B3, T2 X3 co1 Ca |

We then have

w
w

* *
aj1byryy £27, = cir,

* % * * 5
alliClQBQQ + Toq Cig — a11$11b12 s

w
at

* *
bl1 A2 £ 212 co1 — b1 T110921

* * * * * *
A22X22322 + X22 = 022 — x11a21b12 — A22$21b12 — a21x12B22 .

N N N TN
w [
> =~
e N N
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Inspection of (33)—(36) shows the solvability condition
a;ibi; # F1, ajbiasby; #1 (Vi#j) 5 (37)

analogous to (19) and (20) and a special case of (41). Algorithms can easily be constructed from
(33)—(36) but will be ignored here.

4.2 Generalized x-Sylvester equation II

Consider the more general version of the x-Sylvester equation (1) and (32):
AXB* £ CX*D* = E (38)

with the complex matrices A* and C*, B* and D*, B and C, and A and D possessing the same
number of columns. This is a more general equation than the rectangular x-Sylvester equation in
Section 2.4. It is also a special case of the equation in Section 4.5. We do not know how to tackle
this equation.

For A,B,C,D,E € C" "™ the equation is equivalent to the x-Sylvester equation in Section 2,
when A and D (or B and C) are nonsingular. In general, we can transform the equation to, for
*= H:

PAR-RUXS.SEBHQ+ PCS-SEXHR.-RTDHQ = PEQ (39)
or, for x =T
PAR-RTXS-SHBTQ+ PCS-ST"XTR-REDTQ = PEQ . (40)
These equation have the form
AXB*+CX*D*=FE.
The transformation can be realized using the periodic Schur or PQZ decompositiorl [Ql for

B7'DA~'C (or other similar formations), where P, @, R and S are unitary, and A, B, C
and D are (quasi-)lower-triangular (with diagonal elements «;, 3;, v; and 0;, respectively). Con-
sequently, similar solution procedure as in Section 2 applies, with both minimum norm and
minimum residual solutions feasible. The transformed equations give rise to equations in the
form, for i # j = 1:

~ Oéiﬂ* :I:’yl5* €Tii €
3 SN = €:s J J wo| — | ~w
(Oélﬂz + ,‘Y’L(Sz )xl'L €ii :I:’Y](S: O(]ﬂ: :| |: xji :| |: eji :|

for some known e€;;, €;; and €;;, with z;; and z;; solved in the correct order. The equation will
then be uniquely solvable if and only if

i3 £7:07 #0, ;BB # 670 (Vi j) (41)

conditions more general than but similar to (19) and (20), or (37).
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4.3 *-Lyapunov equation
Consider the x-Lyapunov equation
AX+ X*A*=C, AeC™™.
With unitary P and @), the equation can be transformed to, for x =T
PAQ - QX PT + PXTQ . -QTATPT = pCcPT

or, for x = H:
PAQ-QUXPH + PXHQ . Q" ARPH = pCcPH .

Note that the unitary transformation of A allows for minimum norm or residual solutions of the
equations. We can choose P and @ from the SVD of A. This is more suited to the case when A is
rectangular and this line of attack will be pursued later. For a square A, we can choose @Q = PH
using the Schur decomposition of A, solving the equation in a similar fashion as in Section 2. The
transformed equation has the form

air 07 T T + T T ajy  ay _ | ‘u i
az; A T21 Xoo T2 X3 0 Az *crz O
Multiply the matrices out, we have

* *
ai1x11 + a11T11 C11 , (42)
* * * o % * _*
aniy £ a5 A3 =y =y Faijias (43)
* A* ~ * *
A22X22 + X22A22 = 022 = 022 — a21T19 F L1209 - (44)

Because of the (anti-)symmetry of the x-Lyapunov equation, we only need to consider the above
three equations, with the fourth containing redundant information.

For x = T, x1; is free for the “—” case, requiring c¢;; = 0 for consistency. For the “+”
case, T11 = 2‘;—111 when the eigenvalue Ay = a11 € o(A) is nonzero. For x = H, we have the
underdetermined equation Re(ai1211) = c¢11 (for the “+7 case) or Sm(ajix11) = 0 (for the “—”
case). For x12 and z91, we have the equation

[ ajrl Az ] [ z;i ] = C12

which is underdetermined when ¢;5 is in the span of [a}; ], Ags] (always holds if A is nonsingular).
The equation for X5 is smaller but similar to the original x-Lyapunov equation.

4.3.1 Symmetric/hermitian solution
With the transformed equations, for x = T
PAPH . pxPT £ pXTPT . PATPT = pCPT

or for x = H:
rPAPH . pxpPH + pxHpH . pAHPH — popH
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we can impose the (anti-)symmetry constraint X* = +X. Equations (42)—(44) then imply similar
equations for 217 and X as in the non-symmetric/Hermitian case. For x12 = 21 (and similarly
for the anti-symmetric/Hermitian case), we have

(a’fll + Agg).’lﬁlg = 512

retrieving the solvability condition for the ordinary Sylvester /Lyapunov equation. This requires
the eigenvalues A; and A; of A to satisfy A\f £ A; # 0. When ¢ = j and « = 7', this indicates that
we cannot have zero eigenvalues for the “+” case and the “—” case gives rise to an undetermined
11, with ¢;;7 = 0 automatically from the anti-symmetry of C. When ¢ = j and x = H, no
eigenvalue \; can be purely imaginary/real. Note that x1; is underdetermined and so are all the
diagonal elements of X.

4.3.2 Rectangular A

The T-Lyapunov equation with rectangular A has been studied in [3] using generalized inverse
(which can only be realized using the SVD). Please consult [3] for solvability conditions and
the formula for the general solution. Here we construct the solution, and implicitly derive the
solvability conditions, using the SVD. In the next subsection, the cheaper QR decomposition [11]
is used instead to derive the same solution.

When A is rectangular, the SVD of A:

0
A=UDV" =] 1, UQ}{O 0][‘/1 v )" (45)
gives rise to the transformed T-Lyapunov equation:
UDVHEX + XTVDTUT = C & D(VEXU) £ (U XTV)D =UHCU
or the transformed H-Lyapunov equation:
UDVEX + X"y DTU” = C « D(VEXU)+ (UEXHV)D =UCU .
We then have
0 X1 Xio n X1 X3 ¥ 0| Ci1 Cia (46)
or
YXpn 2 XHY = Ci,
YXi2 = Ciz,
Xo1, X9 = free;

requiring Cy, = 0 for consistency. With oy, being the singular values of A, the first equation has
the form

*
055 + O’jl‘ji = Cij -
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For i # j, we can solve these equations in the least squares sense:

* 42 2 . ’
xji o + Uj iO'J

or let z;; (j > i) be free and express z;; in terms of x;;:

*
Cij ?ijji
Tij = 0_7 .
K3

For i = j, we have
*

When x =T, z;; = 2”;;1 for the “4” case, or x;; is free requiring ¢;; = 0 (from the anti-symmetry
of C) for consistency for the “—” case. When x = H, Re(z;;) = 5 with Sm(x;;) free for the
“+7 case, or Im(z;) = 5i- with Re(zy;) free for the “—7” case.

Note that minimum norm and minimum residual solutions are feasible from the above formu-
lation.
Applying the formula in [3] with A in SVD, we obtain

> [ X1 X ] _ [ X710 4+ ZnE B0 (47)

X =
X21 X22 }/21 Y22

where Y51 and Yy are arbitrary and Z1; = FZ7,. The solutions are identical except the (under-
determined) calculations involving X7 is handled differently in [3] by the choice of Z1;. For a
general A, we have to choose an arbitrary Z such that

(PyZP)" = FP} ZP, (48)
where P, = ATG with G satisfying ATGAT = AT. To choose Z using the SVD in (45), we have
Py = V1V and (48) becomes

vzt 2wl =0 VvIVZT £ Z2)WHEv =0, Z=VTzV = [ Zu 21y } ;

Zo  Zaa
implying the same condition for Z1; (= F27,) as in (47). Consequently, we might as well use the
SVD of A to solve the T-Lyapuniov equation as in (46).

4.3.3 QR

The SVD in Section 4.3.2 can be replaced by the cheaper but equally effective QR decomposition.
Let

A:QRH:Q[RO“ fhe ]H

for some nonsingular R;; and permutation matrix II. The transformed equation is, for x = T":
R(IXQ) + (IXQ)"R” = Q"CQ

or, for x = H:
R(IIXQ) + IIXQ)RY = QfCQ .
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These have the form

Rii Rpo X1 X2 n X X5 Ry 0| _ Ci1 Cho
0 0 || Xon Xoo X5 X5 || R, 0 O, o |

Then we have

RiuXu £ X1 R, = Ci1— RieXoai FX5 R,
Ri1 X2 = Cia— RiaXos .

with X1 and Xoo free. We can obtain Xi5 from the second equation and then retrieve X1, from
the first. The first equation can be solved using the techniques in Section 4.2.

Alternatively, let A* = QRII, then we have R*(Q*X) 4+ (X*Q)R = IITCT and similar pro-
cedures follow. Minimum norm and minimum residual solutions are feasible from the above
formulation.

Note that the solution of the x-Lyapunov equation, with more symmetry, is easier than that
of the Lyapunov equation, which requires the more expensive Schur decomposition.

5 Conclusions

We have considered the solution of the x-Sylvester equation which has not been fully investigated
before. For the square case, solvability conditions have been derived and algorithms have been
proposed. Preliminary numerical results shows that the algorithms behave promisingly. The
rectangular case and some related equations, especially the x-Lyapunov equation, have also been
considered.

Tt is interesting and exciting that the x above the second X in (1) makes the equation behave
very differently. The solvability condition in terms of non-intersecton of the spectra o(A) and
o(B), for the ordinary Sylvester equation AX + XB = (| is shifted to (19) for the generalized
spectrum o(A, B). In addition, (1) looks like a Sylvester equation associated with continuous-
time but (19) is satisfied when (A, B) in totally inside the unit circle, hinting at a discrete-time
type of stability behaviour.

For numerical solution, the varying levels of difficulty and complexity for various equations
are also intriguing. In terms of increasing complexity, the x-Lyapunov, Lyapunov, Sylvester,
*-Sylvester and generalized x-Sylvester equations require, respectively, the QR, Schur, Schur-
Hessenberg, generalized Schur and periodic Schur decompositions. The x makes the Lyapunov
equation easier (by creating more symmetry) yet forces the Sylvester equation the opposite di-
rection.

On future work, we are interested in the solution of the *-Riccati equation (Appendix I)
and the generalized algebraic Riccati equations (Appendix IT). Preliminary numerical results by
Newton’s method are encouraging but also reveal several problems. The related work will be
published elsewhere. Other possible future research problems include the estimation of practical
error bounds and condition numbers, the conditions which guarantee good condition of X in (1),
(32) and (38), more thorough numerical tests and a cheaper algorithm (preferably involving the
Schur/Hessenberg decomposition of (A4, B)) for (1), as well as the detailed analysis and numerical
solution of the rectangular case of the *-Sylvester equation and the other related equations in
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Section 4 and Appendix II, and the behaviour of the alternative sep functions

. JAX — X*B~|| . ||[AXB* — X~
5 A B)=min —F— S A B)=min —F
bepQ( ’ ) X;lé% ||XH ) bep?)( ’ ) X;lé% ||XH
and
|AXB — CX*D|

for A, B,C,D € C**™,

Appendix I: Palindromic Linearization \Z + Z*

An interesting application, for the x-Sylvester equation (1)
AX+X*B*=C, A B,XeC™

arises from the eigensolution of the palindromic linearization [6]

AZ+Z%2 =0, Z= { él g } € Canxan
Applying congruence, we have
I, 0 (\Z+2%) I, X* | AA 4+ A* MAX*+B)+ (XA+CO)*
X I, 0 I, | | MXA+C)+ (AX*+ B)* AR(X) + R(X)*
with

R(X)= XAX*+ XB+CX*+D..

If we can solve the x-Riccati equation
R(X)=0,

the palindromic linearization can then be “square-rooted”. We then have to solve the generalized
eigenvalue problem for the pencil A(AX* + B) + (XA + C)*, with the reciprocal eigenvalues in
AMXA+C)+ (AX* 4+ B)* obtained for free.

Tt is easy to show from the x-Riccati equation that its solution corresponds to the (stabilizing)
deflating subspaces of AZ + Z* spanned by

s = (7] 1))

It turns out that the palindromic symmetry in the problem leads to the orthogonality property
5759 = 0, allowing the above congruence to annihilate the lower-right corner of the transformed
pencil, thus square-rooting the problem.

Solving the x-Riccati equation is of course as difficult as the original eigenvalue problem of
AZ + Z*. The usual invariance/deflating subspace approach for Riccati equations leads back to
the original difficult eigenvalue problem. The obvious application of Newton’s method lead to the
iterative process

0Xk1(AXE + B) + (X A+ C)o Xy = —R(Xk)

which is a *x-Sylvester equation for § Xj41.
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Appendix II: Generalized Algebraic Riccati Equations

In [5], the numerical solution of the following generalized algebraic Riccati equation (GARE) was
investigated:

ATx, + xXTA, +(C*jC, — B,J'BYY - XIB,(J')"'BTX, =0 suchthat ETX,=XTE,
where

e[§ 8] (4 1] amte o ne[ 1

and some E, A € R"*" B e R™" C e RP*" D e RP*™ Je RP*P J € R™*™ F is singular
and .J,J' are symmetric and nonsingular. Applying Newton’s method, each iterative step will
involve the solution of the coupled set of two T-Lyapunov equations

(AX + XTA"T, EX - XTE") = (B, C)

with some square E, B , 6’, E and X with B (and 5) being (anti-)symmetric. This coupled set of
equations is equivalent to a T-Sylvester equation, as described in Section 2.3. Numerical solution
can be achieved through the equivalent T-Sylvester equation, or directly through the generalized
Schur decomposition of (A4, E).

There is also a similar GARE in [17]:

ATX + XTA+CTC+ X"BBTX =0 suchthat ET'X =XTE
in the Ho, control of the descriptor system
Fi=Ax+ Bu, y=Cx

where E/, A € R"*" B € R and C € RP*"™. This GARE may also be solved similarly.

Appendix III: Solution of T-Sylvester Equations using Gen-
eralized Inverses

In [14], the solution of
AX+XTC=B; ACecC™" (m#n) (49)

was investigated using generalized inverses. We shall only quote the main result, ignoring some
special cases.

Let G = AW the l-inverse which satisfies AGA = A, with AP} = P,A = A and the
projections P, = GA and P, = AG. In addition, let A, = AT + C, Ay = AT — C, A3 =
(I—Pyy)Ay, By = B+ BT, By = B—BT, By = 2B— AT PL 7, Pyy Ay— AT PL 7, Py Ay, Gy = AW,
G2 = Aé1)7 G3 = [(I—PQQ)Al](l), Pll = G1A17 P12 = AlGla P21 = GQAQ, P22 = AQGQ,
P31 = G3(I — Py3)Aq, and Psp = [(I — P22)A1](1). We have the following result for the solution
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Theorem 5.1 [1/, Extension 2] The necessary and sufficient conditions for the solvability of
(49) are:

(I —PL)Bi(I—Pi1)=0, (I—P3)Bo(I —Pyy)=0, (I—P)Bs(I—P3)=0

and
1
Bs = By — {QPE;BlPH + ATGTB (I — P1y) + PLZ Pl Ay —

1
{QPﬂBlGl + (I - P)B\G, — A{(PE;ZIPH)A?] } , (50)

where Z{ = —Zy and Z1 = Z3.
When the above conditions are satisfied, the general solution to (49) is

1
X = §G1TB1P11 +GTB(I - P1y) + (PLZ,Po) Ay +

1
(I = Py) |5G5 BsPo + Gy By(I = Pon) + (I = P)Y + P Z P Ag |
with Y and Z being arbitrary.

(The first G; inside the square brackets in (50) was mistaken to be an undefined G; in [14].)
It is obvious that the above result is so complicated that it is virtually impossible to implement.
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