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Introduction

Our Work

1. Fixed-Point Method
(linearly / sub-linearly )

2. Newton’s Method

Iterative Methods
e ——— (quadratically/ linearly)
3. Cyclic Reduction

Nonlinear Matrix Equations:

NARE, UQME, DARE,NME

(quadratically/ linearly)
4. Structure-Preserving

Doubling Algerithms

(quadratically/ linearly)
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Procedure

SLF-1,2

J =<1
=L R
X X \\Iioubling algs.

Matrix Egs. Cayley trans. / / o
S R
H {X} = {X} R SDA-1,2
Ham.-LF

p(R) < 1, convergence quadratically.

p(R) =1, no information.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations



Introduction

Sketch the Proof

Let R ~ J; & Js, where p(J1) =1, p(Js) < 1. If the eigenvalues in

J1 are not semi-simple. For convenient, let J; = [0 /1\] with
2k Hky2k-1
|A| = 1. It is easily seen that lek = [/\0 2 ))\\2k . Moreover, we
have ;
J52 k k—1
MU = LU A2 2K\
22"

If O(My) = O(Lk) =1, we should get some information by
comparing both sides.
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Our tools

In this thesis, we only using elementary matrix theory:

@ Weierstrass canonical form
NARE, UQME, DARE.

@ Symplectic triangular Kronecker canonical form
NME.

We need choose matrices Jxq and J, such that
oM—-AL~Tm— ATz,
o ImIz = IcIm-
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Cayley Transformation

Let v > 0, we define the function C, : C/{—y} - Cif YA e C
then C,(\) = % It is easily seen that

ANeCr = |C(N)| <1
If C, is defined by C,(A) = (A+~I)"1(A—~I), where A € C"*"
with —y & o(A), we also have

o(A) Cc Cy <= p(CG(A)) < 1.
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Beginning

Finding one or more roots of a matrix equation F(x) = 0 is one of
the more commonly occurring problems of applied mathematics. In
most cases explicit solutions are not available, the numerical
methods for finding the roots are called iterative methods. Two
classical methods

1. Fixed-Point Iteration
Xkr1 = G(Xk), Xo is given,

where G(X) = X — F(X).

2. Newton's lteration
Xip1 = Xk — (F)/@)’l(F(Xk))a Xo is given,

where F/Z denoted the Fréchet derivative of F at Z.
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Doubling Algorithm

Basic idea:
1. Single iteration

2. Double iteration

X1—=Xo—=>Xg--- = Xok — -+

Example 1-1

We now consider the simple iteration:

fk = afk_l a4 b,

where a, b € R with |a| < 1, f; is given.
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It is easily seen that

fh=afi +b
fo = afs + b= a’f + b(1 + a)
fo = (a°)*fa + b(1 + a)(1 + &%)

2k—2

fox =a® fu-r+b(1+a) - (1+a

).

We get

gk = fzk = aik_lgkfl = bk*lv 81 = fl
2
b =(1+a* )be1, bi=b

Let f. = L we have
1—a

fk — f = a(fk,1 = f*) == akil(fl = /’;)
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Since
k—2 k—2 1 — 32k71
bk:(1+32 )bk,1:-~:(1+a2 )-~~(1+a)b:b17
—a
The new iteration is satisfying
= 1-—a2" b k—1
_ f:k _ ok—1 B _ _ D) L f; '
8k 7 Ge1tb D=3 (g1 £)

Thus, we have
limsupy/||f — | = |al,
k—o00
. k
'Ilrjsup2\/||gk — £l = lal.
— 00
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In this talk, we review two types of structure-preserving doubling
algorithm (and denoted by SDA). Moreover, we use the techniques
to study the SDA in the following four different nonlinear matrix
equations in the critical case.

(1) Nonsymmetric algebraic Riccati equation (NARE)

XCX — XD — AX + B =0,

where A € R™™ B € R C € R™™ and D € R"™",
(2) Unilateral quadratic matrix equation (UQME)

Ao + A X + A X? = X,

where Ag, A1, Ap € RN
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(3) Discrete-time algebraic Riccati equation (DARE)
~X+ATXA+Q—(C+B"XA)T(R+B"XB)(C+B"XA) =0,

where A€ R™" B e R™™M CeR™" Q=Q" ¢ R™™"
and R=R"T ¢ Rmxm,

(4) Nonlinear matrix equation (NME)
X+ATXtA=Q,

where A, Q € R™",

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Matrix background

The canonical form of a matrix pencil

Given a matrix pencil M — AL € C"*", we say that M — AL is
regular if there exist a scalar A\g € C such that det(M — A\oL) # 0.
The following theorem generalizes the Jordan canonical form of a
single matrix to a regular pencils.

Theorem 1-2: Weierstrass canonical form [Gantmach77]

Let M — AL be regular. Then there are nonsingular U and V such
that

J /

where J and N are in Jordan canonical form and N is nilpotent.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Matrix background

Let
FA 1 0 07
0
BN=| 5 e g lecrrl (L)
: . 1
| 0 ... ... 0 |

Assume that the finite eigenvalues of M — AL are J; @ U,
b= om ® - @y, 2m,- We write

J [
J,\,-,2m,' = |: >6m J)\ I:| )

where [, = em, € m . After some permutations we have

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Matrix background

i J>\1,m1 rm1 i

PTJQP — J)\k,mk rmk
J)\1,m1

L J)\k,mk _
for a permutation matrix P. By Theorem 1-2, we have

M—=AL ~
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Structure-preserving doubling algorithm

Let the matrix pencil M — AL € R(mtm)x(n+m) 304 define the left
null space

NM, L) = { M. L] M., £, € RO rank (M, L£,] = n+m,
c

Since rank [—f\/l

follows that N'(M, L) # ¢. For any given [M, L.] € N(M, L),

define

r T
] < n+ m, thus nullity [—M] > n—+ m and it

M=MM, L=LL.
The transformation
M=M= M-\

is called a doubling transformation.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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An important feature of this kind of transformation is that it is
structure-preserving, eigenspace-preserving, and
eigenvalue-squaring [Lin06]. If

Mx = \LCx,
then

Mx = M Mx = AM,Lx
— A Mx = N2L.Lx = N2Lx.

We quote the basic properties in the following theorem.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Theorem 1-3: Properties [Lin06]

Assume that the matrix pencil M — AL is the result of a doubling
transformation of the pencil M — AL. The matrix pencil M — AL has
the Weierstrass canonical form

J 0 I 0
UMV—[O I]’ UL‘V-[O N]

where U, V are nonsingular, J is a Jordgavn block, and N is a nilpotent
matrix, then there exists a nonsingular U such that

S~ R0 = I 0
omv=[£ 9, wev=[! 8.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Symplectic-like pencil form

@ A pencil M; — AL is said to be in first standard
symplectic-like pencil form (SLF-1) if it has the form

M= [—EH (/)] b= LI) _FG} ’ (1.2)

where E € R™" F ¢ R™™ H & R™" and G € R™™.
Suppose that | — GH is nonsingular, we can take the left null
matrix [ML* L'L*], where

Ml*:

)

£1*:

)

[ E(l — GH)™! o]’

I —E(l - GH)'G
—F(I — HG)*H I [ }

0 F(I—-HG)?

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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The doubling transformation is given by

. . -1
M = My My = [_ E(I — GH)'E o}’

(H+ F(I = HG) *HE) |
I —(G+E(I - GH)lGF)] _

Li=lilis [o F(I — HG)™'F

Therefore, we define the sequence { M x, L1 «} by the following
structured doubling algorithm-1 (SDA-1) if no breakdown occurs.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Algorithm of SDA-1

Given
E07 F07 G07 H07

for k=0,1,...,

Set
Exi1 = Ex(lh — GeHi) 'Eq, (1.3a)
Fisr = Fi(lm — HcGi) "' F, (1.3b)
Gitr = Gi+ Ex(ln — GeHi) ™ GiFy, (1.3c)
Hie1 = Hi+ Fi(lym — HiGi) " HiEx. (1.3d)

End of algorithm

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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For the SDA-1, we have the following count for one iteration:

Calculation in SDA-1 Flops
G Hy 2n°m
Hi Gi 2m?n
LU decomposition of I, — Gy H %n3
LU decomposition of I, — Hy Gk %m3
templ = Ek(ln = Gka)fl o3
temp2 = Fie(lm — HkGi) ™t 2m3
Exy1 = templ * Ej 2n3
Fri1 = temp2 * Fy om3
Gk+1 = Gy + templ *x Gy * Fy 4n°m
Hii1 = Hi + temp2 x Hy * Ej 4m?n
The total count = 13—4(m3 + n3) 4+ 6(m?n + n’m)

We have ignored any O(n?) operation counts and the memory counts,
note that the flop count is % n® when m = n.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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@ A pencil My — AL is said to be in second standard
symplectic-like pencil form (SLF-2) if it has the form

My = [g _OJ o [‘TP (’)] (1.4)

where V € R™" P e R™" Q € R™ " and T € R™*".
Suppose that @ — P is nonsingular, we can take the left null
matrix [./\/lg* £27*], where

PO o PR (LR

)

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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The doubling transformation is given by

— V(Q—P) IV 0
Mz = M27*M2 = |: (Q ) I:| )

Q-T(Q-P)lV
—(P+V(Q—-P)1T) /}

Z;Eﬁzv*bz[ T(Q—P)IT 0"

Therefore, we define the sequence { My x, L5 «} by the following
structured doubling algorithm-2 (SDA-2) if no breakdown occurs.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Algorithm of SDA-2
Given

V07 TOvQ()aPOa
for k=0,1,...,

Set
Vier = Vi(Qk — P) V4, (1.5a)
Tiir = Ti(Qu—Pu) ' Th, (1.5b)
Qi1 = Qx— Tu(Qk — Pu) " Vi, (1.5¢)
Pivi = Pit Vi(Qu — Pu) ' T (1.5d)

End of algorithm

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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For the SDA-2, we have the following count for one iteration:

Calculation in SDA-2 Flops
LU decomposition of Qx — Py Zn’
templ = Vi (Qx — Px) 1 2n3
temp2 = Ty (Qx — Px)~! 2n3
Vikp1 = templ x Vi 2n3
Tky1 = temp2 x Ty 2n3
Gri1 = Qk — Th(Qx — Pe) 1Vi | 2n3
Hii1 = Px + Vi(Qk — Pk)_l T 2n3
The total count = %n3

We have ignored any O(n?) operation counts and the memory
counts.
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Introduction and Preliminaries

NARE

We consider the nonsymmetric algebraic Riccati equation (NARE)
in X € R™*":

XCX —XD—-AX+B=0 (2.1)
and its dual equation in Y € R"™*™:
YBY — YA— DY + C =0, (2.2)

where A€ R™*m D e R"™" Band C' € R™*" arised from
transport theory and the Wiener-Hopf factorization.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Some relevant definitions are given as follows.

Definition 2-1: Z and M matrix

(i) For any matrices A = [ajj], B = [b;j] € R™*", we
write A > B(A > B) if ajj > bjj(aj; > bjj) for all i, ;.

(i) A matrix A € R™" is said to be a Z-matrix if all its
off-diagonal elements are non-positive. A Z-matrix A
is called a nonsingular M-matrix if A= sl — B with
B >0 and s > p(B), where p(B) is the spectral

radius of B; if s = p(B), then A is called a singular
M-matrix.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Some results about the M-matrix.

Lemma 2-2: Properties

Let A be an n x n Z-matrix,
C4+ ={z;Re(z) > 0},Co = {z;Re(z) = 0} and o(A) denote the
spectrum of A,. The following statements are equivalent:

(a) Ais a nonsingular M-matrix;

(b) A1 >0;

(c) Av > 0 holds for some v > 0;

(d) o(A) CCy.

And the following statements are equivalent:
(a) A'is a singular M-matrix;

(b) o(A) € C4 UCy, o(A)NCo # ¢

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Consider the standard assumption

(H) K= [ 7g _i ] is an irr. sing. M-matrix. (2.3)

We have

Theorem 2-3: Existence of solution [Guo01]

If the matrix IC is an irr. M-matrix, then the NARE and its dual
equation have minimal nonneg. solutions X and Y/, resp., such
that D — CX and A — BY are irr. M-matrices. Moreover, if K is a
nonsingular M-matrix, then D — CX and A — BY are irreducible
nonsingular M-matrices.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Define the Hamiltonian-like matrix
D —-C
n=ls 4

R=D-CX, S=A-BY,

and let

Then the NARE and its dual eq. can be rewritten by

H[;]:[Q]R (2.4)

and

respectively.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Spectral analysis

We now consider more strictly condition that /C is a nonsingular
M-matrix in (H), by Lemma 2-2, there exist a positive vector

Vi

V2
v = ) such that v > 0. Let

Vn+m

V = diag(vi, . .., Vaym) € ROTMX(4m) gnd W = V-IHV. The
Gershgorin's disk of W is

A= di < Yo vil=d)+ D viacy), 1<i<n,
" 1<i<n, j#i 1<j<m
1 .
Mtail < (3 viby+ 3. viea(-3y), 1<i<m.
N 1<j<n 1<j<m, j#i

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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The condition v > 0 implies that

1
di——( > v(=dj)+ Y Viacy) >0, 1<i<n,

V,

" 1<j<n,j#i 1<j<m

1 .
aii*r( > vibi+ Y via(-ap) >0, 1<i<m

N 1<i<n 1<j<m, j#i

That is, there are n Gershgorin's disks in C, m Gershgorin's disks
in C_ and we conclude that there are exactly n eigenvalues in C,
the remain m eigenvalues in C_.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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On the other hand, since X and Y are minimal nonnegative
solutions of (2.1) and (2.2), respectively. We have

il =70 ol
o e TP e

since o(D — CX) € Cs and o(—(A— BY)) C C, we get
0(A-=XC)=0(A-BY)CCy4, o(D—-BY)=0(D—-CX)CCyt
and o(H) = o(D — CX) U o(—(A — BY)).

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations



NARE
0000000080000000000¢

Introduction and Preliminaries

@ Now under the assumption (H): K is irreducible singular
M-matrix.
1. By P-F theorem, nullity(D — CX) < 1, nullity(A — BY) < 1.
2. By the continuity argument we know that there are at least

n — 1 eigenvalues of H in C, at least m — 1 eigenvalues of H
in C_.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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@ Now under the assumption (H): K is irreducible singular
M-matrix.
1. By P-F theorem, nullity(D — CX) < 1, nullity(A — BY) < 1.
2. By the continuity argument we know that there are at least
n — 1 eigenvalues of H in C, at least m — 1 eigenvalues of H
in C_.
@ It is interested when zero is a double eigenvalues of H, what
is the Jordan blocks associated with zero eigenvalue?
/

o« H— [5 _(jm] K = Ker(H) = Ker(K).

o Apply P-F Theorem, we have nullity(X) = 1, nullity(D — CX)
and nullity(A — BY’) are less than 1.

Therefore, if zero is a double eigenvalue of H then the
elementary divisors of H corresponding to zero have degrees 2

(or H ~ J1 @& Jp, where J; = [8 (ﬂ and J, consists of Jordan
blocks associated with nonzero eigenvalues).

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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More precisely, let [v{', v, ]T >0 and [u],u; |7 > 0 be the right
and the left null vectors of K in (2.3), respectively. The following
essential result of [Guo01] determines the signs of real parts of all
eigenvalues of H in (2.4). Recall that R=D - CX, S=A—- BY
and o(H) = o(R) U a(S).

Theorem 2-4: Spectral properties [Guo01]

Assume that (H) holds. Then

(1) Critical case: If uf vi = uj v, then 0 € o(R) N o(S).
Moreover, nullity(R) =nullity(S) = 1.

(2) Non-critical case: If u] vi > u) va, then 0 € o(R) and
0 ¢ o(S). Moreover, nullity(R) = 1.

(3) Non-critical case: If u{ vi < u, v, then 0 € o(S) and
0 € o(R). Moreover, nullity(S) =1

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Since K in (2.3) is a irr. sing. M-matrix, it follows from

Theorem 2-3 that R and S are M-matrices. By Lemma 2-2, it
implies o(R) C C;+ UCy, o(S) € C1 UCy. Using a Cayley transf.
with some v > 0, we can transform (2.4) into the form

nl Iy
(-] 5 |=oeean | 3R @)
where
Ry=(R+ ’Yln)il(R = In).
Since o(R) C C4, we have that p(R,) < 1 for any v > 0.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Since
A, =A+7l, and Dy =D+,

are nonsing. M-matrices for any v > 0. Let
W,=A,-BD;'C, V,=D,—CA'B,

be the Schur complements of K + /. It is well-known that W,
and V,, are also nonsing. M-matrices.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Applying the Sherman-Morrison-Woodbury formula , we have

Vit =(D, - CA;'B) ™!
=D (I, — CA;'BD; ')
=D [In+ C(lm — A;*BD;*C)'ASTBD Y
=D;'+ D;'Cw; 'BD;

Now let

D1 0 I, 0 I, DIC
= [—Ble ’m]’ & [0 —W_l]’ = [0 Im ]

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Then direct multiplication gives rise to

M = L3loLy(H — 1) = [ _,’? 0 ]
v

Im
— | Gy
E—L3L2L1(H—|—’y/)— |: 0 F’y :|,
where
E, =l — 29V, G, =2yD;'CwW; T,
Fy=lm—29yW; T, H, =2yW;'BD;".

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Clearly, after these transf., (2.1) is transformed into

I | _ In
w[b]=c k] o)
Similarly, if Y > 0 is the minimal nonneg. sol. of the dual eq. ,
then
M[IY}S,Y:E[/Y], (2.7)

where S, = (S + Im)"X(S — VIm), with S = A — BY being a
M-matrix and p(S,) < 1.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Theorem 2-5: Select v [X.-X Guo06]

Assume that K in (H) is an irr. M-matrix. Let
E, F,,Hy, Gy, Ry, S, be as above. If y satisfies

>0 = i i :
v > max{lg_agxm aii, lrgl_agn dii}, (2.8)

then —E,,—F,,—R,,—S, > 0 with —E,e,—F,e,—R,e,—S,e > 0.
Moreover, I, — H,G, and |, — G, H., are nonsing. M-matrices.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Algorithm of SDA-1 for NARE

Set
Eo = Ey,Fo = Fy, Go = Gy, Ho = H,,

for k=0,1,...,

Set
Exi1 = Ex(ln— GeHi) tEx, (2.9a)
Fiir = Fi(lm — HeGr) LRy, (2.9b)
Gir1 = Gk + Ex(ln — GkHi) ™ GF, (2.9¢)
Hir1 = He+ Fe(lm — Hka)_lHkEk. (2.9d)

End of algorithm

To ensure that this iteration is well defined, I, — G, Hy and
Iy — Hk G must be nonsing. for all k.

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations



NARE
00000000000000000e0

Introduction and Preliminaries

Theorem 2-6: Convergence of SDA-1 [X.-X Guo06]

Assume that K in (H) is an irr. M-matrix. Let X, Y > 0 be the
minimal nonneg. sols. of NARE and its dual eq., respectively. Let

Ry =(R+7vh)"YR—=7h), Sy=(S+7Im)"(S = 7lm),
where R=D — CX, S = A— BY. If the parameter ~y satisfies

v > max{ max aji, max d,-,-},
1<i<m 1<i<n

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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then the sequences {Ey, Fi, Gk, Hi} generated by SDA are well
defined, and

(a) Ex = (I — GkX)RZ >0, with Exe > 0;

(b) Fk = (Im — HkY)S2" > 0, with Fie > 0;

(¢) Im — HkGg, I, — GiHy are nonsing. M-matrices;
(d) 0 < Hy < Hiy1 < X,

0 < X — Hi = (Im — HkY)SZ XRZ < S¥ XRY,

() 0< G < Gry1 <Y,

0< Y — Gy = (I — GeX)RZ Y52 < R¥ y52",

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations
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Convergence analysis of SDA algorithm

Convergence analysis

By Weierstrass canonical form of M — AL, there are nonsingular Q and

Z such that
OMZ = [ él /r ] = T, (2.10)
orz— | Owm|_g (2.11)
- Om,n -/2 Ve ’

@ Case (1) (0 € o(R) N a(9)):
h=h®[-1], T=01m1®[ll=ee), h=h:®[-1]
@ Case (2) (0 € o(R), S is nonsing.):

h=hs®[-1], T=0pm KL=l
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Convergence analysis of SDA algorithm
e Case (3) (0 € o(S), R is nonsing.):
J1 = J1,57 = 0n,my J2 = J2,s 2] [_1]7

where
p(ds) <1, p(hs) <1, 4K L Ry and J ~ Sy
It is easy to check that JmJr = JrJInm in the case (1)—(3).

Theorem 2-7: Noncritical case

Assume that (H) holds and satisfies the case (2) or case (3) of
Theorem 2-4. Let X, Y > 0 be minimal nonneg. sols. of NARE
and its dual equation. Then {H, Gx}2°; generated by SDA
algorithm satisfies

k k -

IX = Hills < [IX[12lIST 1 1RY [ln — 0, quadratically,
k k -

1Y = Gells < IYI11lIST I12]IRS [l — 0, quadratically.
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Convergence analysis of SDA algorithm

It remains to show that Hy and Gy converge linearly to X and Y,
resp., for the case (1). From (2.10)-(2.11) one can derive

MZTr = QYT TIm = LZTp,

because Ja¢ and J, commute with each other. Let
{(My, Li)}32, be the sequence of symplectic-like pairs in SSF-1
with

Ex Onm 1, —G
Mk:[ L ], Ly :[O ,_-:}7 (2.12)

generated by SDA algorithm with My = M and Ly = L.
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Convergence analysis of SDA algorithm

Define

. Ex(l — GkHe)™ 0
e —Fk(/ = Hka)_lHk Im ’

e — I —Ex(l — GeHi) ™ Gk
k— 0 Fk(/ = Hka)_l ’

Then we have MLy = L3 M), and
M1 = MMy, Liy1 = LLLk.
It follows that

M1ZTE = MEMoZJE = MGLoZImI:
= LEMoZTrIm = LELoZT oy = L12T 3.

By inductive process we have
2 2
MZJ; = LiZT iy (2.13)
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Convergence analysis of SDA algorithm

If we interchange the role of M and £ in (2.10)-(2.11) and
consider the symplectic pair (£, M), there are nonsing. P and Y

such that

PLY = {Jz lr]ch,

0n,m n

Im 0mn 5
PMy — |: JI’ :| Ej./\/lu

0n,m
where T = eme, . Similar arguments as above produce
LY T = MY T

consequently, it holds

LVTY = M YT (2.14)
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Convergence analysis of SDA algorithm

Theorem 2-8: Main Theorem

Assume that (H) holds and satisfies the case (1). Let

{Ek, Fi, Gk, H} 32, be the sequence generated by SDA and
{ My, Li}?2 | be defined in (2.12). Suppose Z and ) satisfy
(2.13) and (2.14), respectively. Denote

| 4 A RS
z=[5 2] »-n %]

where Z1, Y3 € R™"™ and Z4, Y> € R™*™. Then Z; and Y5 are
invertible, and

IX — Hills = O(lB4ll) + 0Q27%) — 0,  as k — o,
|Y = Gill = O(IZ:lh) + 0(27%) — 0, as k — oc.

where X = Z,Z; b and Y = V1Y, 1
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proof
It is easily seen that [/, X "]" and [Z],Z)]" aswellas [Y T, /T]T
and [Y;", Y5']" span the unique stable and the unstable subspaces
of (M, L) to o(J1) and o(J), resp.. Then we have that
X =277  and Y = Y1 Yy L. Form (2.10)-(2.11) and the case (1)
follows that

k

2k_ In 0 2k_ J% I_k
M |

where I, = —2kI = —2ke,,e,—nr.
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Convergence analysis of SDA algorithm

Substituting (M, L«) and Z into (2.13), and comparing both
sides, we obtain
ExZy = (Zi— Ge2o)JZ, (2.15a)
ExZs 2 = (Z1— GZo)Tk + (Zs — GrZ4)2.15b)
—HZ+ 2 = FZoJ, (2.15¢)
(—HiZs + Z3) 2" FeZoT i + FiZa. (2.15d)
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Convergence analysis of SDA algorithm

Similarly, we have

FYs = (Ya—H)E, (2.16a)
FeYad2 = (Ya— HeY)Ex + (Ya — Hi Y3)(2.16b)
(2.16¢)
(2.16d)

Yl — Gk Y2 = Ek Y1J22k, 2.16c¢
(Ys — G Ya) 2 = EVafu+ ExYs, 2.16d
where fk = —2kf = —2"e,,e,—nr, and its pseudo-inverse
i =27 e el
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Convergence analysis of SDA algorithm

Postmultiplying (2.16b) by ﬁ( Y{l. We get
(Y2 — HY) BT Y = FYa 2 TL Y, — (Yo — HeYa)EL v, L
(2.17)
Substituting (2.17) into (2.16a) we have
Fillm — Yad2 TLY5 D) = Felln — YaOn_1m 1 ® [-27¥]) Y5 1)
= (- Hv)(B e [0)Ys?
— (Ya— He )Lyt (2.18)
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Convergence analysis of SDA algorithm

Since [|Hkl|[1 < || X]|1, by Theorem 2-6(d), it follows from (2.18)
that

IFells < O(|B5lh) + 027%) =0,  k—oo.  (219)

By (2.19) and the boundness of HJ12k||1, the matrix in (2.15¢) can
be estimated by

IX = Hells < O(| 5 ]1) + 0(27%) — o,

linearly at least with rate % as k — oo, where X = Zngl.
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Convergence analysis of SDA algorithm

Similarly, postmultiplying (2.15b) by FZ and substituting it into
(2.15a), we get

Ex(lh — ZsB3TLZTY) = Ei(ln — Z3(Om-1,0-1 ® [-279))Z17Y)
= (& - G2 e [0z
— (Z - GZy)f Tz (2.20)
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Convergence analysis of SDA algorithm

Since || Gk|l1 < ||Y||1, by Theorem 4.1(e), from (2.20) follows that
|Ed < O(I5l) + 0279 =0, k—oo.  (221)

By (2.21) and the boundness of \|J12k||1, the matrix in (2.16¢) can
be estimated by

1Y = Gellr < O(| 42 ]1) + 0(27%) — o,

linearly with rate % as k — oo, where Y = Y Y{l. |
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Examples

Numerical Examples

In this subsection,
@ We compare the ITs, CPU, NRes of NM with SDA-1, where
the "normalized” residuals (NRes) is defined by
[ XCX — XD — AX + Bl
1Xlloo (IXlloolClloe + 1Dllow + [Alloc ) + [1Blloc

NRes =

where )~< = XSDA-

@ In test examples, the IT counts for the SDA algorithm are
increased by one, accounting for the additional work on
computing initial matrices Eg, Fg, G and Hy. Furthermore, we
take v = [0] + 1, where g is defined in (2.8).

All implementations were run in MATLAB (version 7.0) on a PC
Pentium IV (3.4GHZ) with the machine precision 2.2 x 101
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Newton’s method (NM). Given an initial Xo = 0. For
k=20,1,2... until X converges, compute X1 from X by
solving the Sylvester equation

(A = XkC)Xk-H aF Xk+1(D = CXk) = B — X CXk.

Note that we use the Bartels-Stewart method [Bartels72] to solve

Sylvester equations, where the computational cost at each Newton
- 0 3 . 64 3

step is approximately 60n° flops when m = n (SDA-1=>3%). In

the case (1), Guo has been shown that the convergence rate of

Newton's iteration is linearly with rate %
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Example 2-9 [Juang98]

Let
A = diag(dy,...,0,) —eq', B=ee', C=qq',
D = diag(dy,...,d,) — qe',
in which
1 1
0 = — = = T
i Cw,'(1+0()7 i C(A),’(].—Oé)7 q (QL 7Qn)
with q,-:2igf,where0<c§1,0§a<1and
n
0<wn<~--<w1<1,2c;:1, ci > 0.
i=1
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Numerical Examples

@ It has shown in [GuoO1] that for ¢ = 1 and a = 0 the matrix
‘H has a double zero eigenvalue with quadratic divisor which
satisfies the case (1) of Theorem 2-4. Thus, from
Theorem 2-8 the SDA algorithm converges linearly,
respectively, to minimal nonnegative solutions of (2.1) and
(2.2) with a rate at least 1.

e We take n = 50,100, 200, 300,400,500, c =1 and oo = 0.
The IT counts, CPU times and NRes for SDA and NM are
listed in Table 1.
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Table: Table 1: Numerical results for Example 3.

Methods NM SDA Methods NM SDA
IT 26 27 IT 24 26
n=50 | CPU 0.36 0.06 n=100 | CPU 2.8 0.64
NRes | 3.7E-16 7.2E-16 NRes | 1.1E-15 1.1-15
IT 23 26 IT 25 28
n=200 | CPU 33 4 n=300 | CPU 150 14
NRes | 3.8E-15 1.5E-15 NRes | 1.5E-15 1.3E-15
IT 26 28 IT 25 31
n =400 | CPU 420 41 n=500 | CPU 880 67
NRes | 3.1E-15 1.6E-15 NRes | 4.7E-15 3.2E-15
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Numerical Examples

Example 2-10

Let R € R2"%21 he 3 doubly stochastic matrix (i.e., R > 0,
Re =R'"e = e) generated by the Matlab code

1

== ic(2n).
R n(4n2+1)maglc( n)

Let K = a(h, — R), where a is a randomly chosen positive
number. Then K is a singular M-matrix. Let

K= [ _g _S\} and H= [g :g] (2.22)

with A, B, C, D € R"™",
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From the fact that e K = 0, and Ke = 0, the condition of
Case (1) in Theorem 2-4 holds. Therefore, H has a double zero
eigenvalue with quadratic divisor. Theorem 2-8 shows that SDA
converges linearly to minimal nonnegative solutions X and Y,
respectively. The numerical results are listed in Table 2.
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Table: Table 2: Numerical results for Example 6.
Methods NM SDA Methods NM SDA
IT 24 31 IT 24 33
n=50 | CPU 0.74 0.36 n=100 | CPU 6.3 1.9
NRes | 9.3E-15 8.7E-15 NRes | 4.1E-14  2.6-14
IT 25 33 IT 25 34
n=200 | CPU 58 15 n=300 | CPU 280 50
NRes | 1.2E-14 6.4E-14 NRes | 7.2E-14 1.3E-14
IT 27 34 IT 28 34
n=400 | CPU 560 110 n=500 | CPU 1800 190
NRes | 2.1E-13 1.8E-13 NRes | 8.9E-13 1.6E-13
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We now consider the unilateral quadratic matrix equation
Ao+ AL X + A X% = X (3.1)
and its dual equation
A+ ALY +AYi=Y (3.2)
arising from discrete-time quasi-birth-death processes (QBDs).
@ Standard assumptions
(Ao+ A1 +A)e=¢e, AyA>0, A >0,
and A, A, are two nonzero matrices. we also need:

A= Ay + A1 + Ay is irreducible.
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We now consider the unilateral quadratic matrix equation
Ao+ AL X + A X% = X (3.1)
and its dual equation
A+ ALY +AYi=Y (3.2)
arising from discrete-time quasi-birth-death processes (QBDs).
@ Standard assumptions
(Ao+ A1 +A)e=¢e, AyA>0, A >0,
and A, A, are two nonzero matrices. we also need:
A= Ay + A1 + Ay is irreducible.

@ Under the standard assumptions, it is well known that (3.1) has at
least one solution in the set {X > 0; Xe < e} (i.e., the set of
substochastic matrices). The desired solution X is the minimal
nonnegative solution.
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Definition

There exist an unique Perron vector & > 0 with ' A = « and
alA=a'. Let = aT(AO — Ay)e, the QBD is

1. Positive recurrent if and only if u > 0.

2. Transient if and only if u < 0.

3. Null recurrent if and only if u = 0.
Let

o I 0
M_[Ao Al—l]’ E‘[o —Ag]’ (3:3)

and the characteristic polynomial of M — AL is
F(A) = det(M — \L).

We have the following fundamental results.
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Spectral analysis

Theorem 3-1: Spectral properties [Bini05]

Let the QBD is null recurrent, and the open unit circle
O ={z;|z| < 1}. Then, for some integer r > 1 we have

1. o(M,L) =0sUoccUoy,, where o5 = {\}7-] € O,
oc = {A}27, € bd(0) and oy, = {AY}7-] with [A¥] > 1 for
i=1....,n—r.

2. {XS}27, are exactly the rth roots of unity, each with
multiplicity two. That is, {AS}20, = {AS, A, -+, S, AS)
The partial multiplicity of each eigenvalues on the unit circle
is exactly two.

3. The spectral set o(X) = {A;}7-] U{Af}7_;, and

o(Y) = {3} U}y (Here 5 =0)

Chun-Yueh Chiang Convergence Analysis of SDA for Nonlinear Matrix Equations



Another Equations

UQME

Latouche Ramaswami reduction

Since X is satisfying the equation (3.1) and / — A; is nonsingular,
we write

X = Zo + 22X2 (34)

where Z\o = (I — A1) 1A, 24/2 = (I — A;)"1A,. Post-multiplying
(3.4) by X and by X2, we get

X2 = AgX + A1 X3, (3.5
X3 = AgX? + A X% (3.6)

Pre-multiply (3.4) by A and pre-multiply (3.6) by Az, sum the
equations obtained in this way with (3.5). We get

X2 = Z\% aF (2022 aF Zzzo)x2 aF Z%X‘l
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LR process

If the matrix /| — ZOZQ — 2\22\0 is nonsingular, the later equation
allows one to express X2 as a function of X* as

(1 (1
X2 = A 4 A x4
where
A = (1 = AgAy — AyAg) L A2, AV = (1 — AgAy — AyAg) 1 A2

Assuming that all matrices which must be inverted are nonsingular,
this process can be inductively repeated by generating successive
expressions of X as functions of X2, X% X8 ... ,X2k, .... We
obtained LR algorithm as follows:
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LR algorithm

Algorithm of LR for UQNE

Set
AD = (1= A) A
AD = (1-A) Ay
BSO) _ Z(()O);
B = AP,
for k=0,1,..., compute
Set
G = APAR L ALAW. (3.7a)
AT = (1= G) AR (3.7b)
AT = (1= )T AN (3.7¢)
Bt _ g | gk k1), (3.7d)
it = gAY, (3.7¢)
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Theorem 3-2: Convergence Theorem of LR [Bini05,Lat93,Lat99]

Let u # 0 and

& =min{|z|; [(z) =0, |z| > 1} = min{|z|; z € (M, L)/CI(O)} > 1,
n=max{|z|; [(z) =0,|z| < 1} = max{|z|; z € (M, L) N O} < 1,

then we have

I. If © <0, ie. the QBD is transient. Then we have
IiIr<n sup ZW <¢
Ii;n sup 2{/m <&
limsup 3/|1 — G| < €7,
k—00

lim sup Z\k/ IX — Bék)|| <¢e

k— o0
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where (3 is a nonnegative left eigenvector of X corresponding eigenvalue
one which sum of components is equal 1.

[I. If w> 0, i.e., the QBD is positive recurrent. Then we have
k e~
limsup /| A5 < n,
k— oo
k s
lim sup 2\/ ||Agk) —eyT|| < n,

k— o0

limsup 3/|[/ — G| < n,

k—o0
limsup /11X — B|l < n,
k— o0

where ~y is a nonnegative left eigenvector of Y corresponding
eigenvalue one which sum of components is equal 1.
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Cyclic reduction

Rewrite the matrix equation (3.1) as
—Ao + (I — A1)X — A2X? = 0, we have the infinite system

I —A1 —A 0 X Ao
—A2 | — A1 —A2 0 X2 0
Ay 1A | X7 |0 (2]
0
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Let So=1— A, Uy =1— A1, Vo = Az and Ty = Ap, the general
procedure is adequately motivated by considering the finite system

SoX — VX2 = A
— ToX + U()X2 = V()X3 =0
— ToX? + UpX® — Wwox* =0

— T0X3 T U0X4 = V0X5 = 0

(3.9)

For (3.9), we pre-multiply the 2" equation by — ToV, ! and add it
to the 1 equation. Pre-multiply the 2"¢ 3" and 4”’ equations by
To Uo_l, | and VoUo_l, respectively, and add the resulting equations
to obtain
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S$iX - vix3 = A
— X + U1X3 = V1X5 =
where
T1 = ToUy ' To;
Ur = Uy — ToUs Vo — VoUy !t To;
Vi = VoUy Vo

51=5; — VoU(;lTo.

By recursively applying above step (If Ui is nonsingular), we
generate the sequence of infinite block tridiagnal systems
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W U T X2+t 0
Ve, U, -Tl | x| =]0|, k=0
0
(3.10)

then CR algorithm is given as
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CR algorithm

Algorithm of CR for UQME

Set
To = Ao
U = - A;
Vo = A
5() = I - Al.
for k=0,1,..., compute
Set
T = TeU T (3.11a)
Ut = U= TeU"WVie— ViU M T (3.11b)
Vier = VUMV (3.11c)
Skr1 = Sk — VkUk_lTk. (3.11d)

End of algorithm
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Theorem 3-3: Convergence Theorem of CR [Bini05]

Let £ and 7 be defined in Theorem 3-2, then
I. If <0, i.e., the QBD is transient. Then we have

lim sup 2:/ IX — S tAl < &7

k—o0
limsup 4/ ||Y — A5 Y| < €L,
k—o00

[I. If uw >0, i.e., the QBD is positive recurrent. Then we have

limsup Q\k/ IX — S Aol < .

k—o0
limsup /|1 Y — A2 Y| < .
k—o00
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In case u = 0, the LR algorithm still converges to the minimal
nonnegative solution X. However, the convergence of the LR
algorithm is linear with rate 1/2 in the case ;. = 0, And the proof
need additional assumptions. Here some definitions must be given.
A positive vectors x is called probability vector of X if the sum of
components equal 1, and x' X = x . It is well known that
probability vector is unique if it exist. We state the convergence
result in this case whose proof can be found in [Guo99].
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Theorem 3-4: Critical case [Bini05,Guo99]

In the case = 0. Let x and y are the unique probability vector of X and
Y, respectively. For any limit points (Lo, Ly) of {Z\ék), ng)}, we have

Lo =ax" and L, = (e — a)y " for some nonnegative vector a < e. We
make two extra conditions:

1.o(M,L)Nbd(0) = {1} (3.12)

2. Each limit point ax " of {A{”} is such that 0 < yTa < 1.  (3.13)
Then, under the assumptions (3.12) and (3.13), we have

. k1 (k) 1

limsupy/|[By " — X]|oo = 5"

k— o0
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We rewrite (3.1) and (3.2), respectively, into

[/‘(‘)0 A1l— l] [)Q] a [(l) _2\2] [)Q] Rq, (3.14a)
[/20 All— /] m Sq = [(l) _(1\2] m (3.14b)

where X = R; > 0 and Y = 54 > 0. We now assume that

(I — Al)flee = Ape + A1Ape+--- >0,
(/_A1)71A262A26+A1A2e-|—... > 0. (315)
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SDA-1 algorithm

Algorithm of SDA-1 for UQME

Set
Ey = (I—A) A,
Fo = (I—A) A,
Go = (I—A;) A,
Ho (I — A) A,
for k=0,1,..., compute
Set
Evs1 = Ex(l — GeHi) 'Eq, (3.16a)
Firi = Fi(l — HeGe) ™ F, (3.16b)
Giy1 = G+ Ex(l — GeHi) ™' GiFy, (3.16¢)
Hk+1 = Hi+ Fk(/ = Hka)_lHkEk. (3.16d)
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Theorem 3-5: Main results 1: Convergence of SDA-1

Assume that (3.15) and (3.12) holds. Let X, Y > 0 be minimal
nonnegative solutions of (3.1) and (2.14), respectively. Then the
sequence {Ex, Fk, Gk, Hi} generated by SDA algorithm is
well-defined with Eg = E, Fo = F, Go = F and Hy = E.
Furthermore, for the case u = 0 it holds

IX = Hidls < O(IY4IE") + 0(27%) — 0, (3.17a)

1Y = Gl < O(IXIE") + 0(27%) — 0, (317b)
at least linearly with rate 1 as k — oo, where o(X) = o(X;) U {1}
with p(Xs) <1 and o(Y) = o(Ys) U {1} with p(Ys) < 1; for the

case p > 0 (positive recurrent) and the case p < 0 (transient) it
holds
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I1X = Hills < X[ Y2 (121Xl = 0, (3.18a)
1Y = Gills < IX 1l Y2 121X 1 — o, (3.18b)

as k — oo, where p(X) <1, p(Y) < 1 for the case p > 0, and
p(X) <1, p(Y) <1 for the case u < 0.
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SDA-2 algorithm

To use SDA-2 to find X, we may rewrite (3.1) as

I I
o] = x] %

|10 | A 0 .
where Lo = {Ao 0}, Mo = L Ay —I]' As mentioned before,

the pencil Lo — AMy is a linearization of —Ag + A\(/ — A1) — \2As.
If we use SDA-1, the matrix X can be approximated directly by a
sequence generated by SDA-1. One may have some concern about
the SDA-2 approach: How can one get X if AyX is obtained and
Ao is singular? This concern will turn out to be unnecessary. We
given the SDA-2 for solving the QBD processed.
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UQME

SDA-2 algorithm

Algorithm of SDA-2 for UQME

Set
Vo = Ao,
To = Ao,
QO = = Al,
Py 0
for k=0,1,..., compute
Set
Vier = Vi(Qk — Pe) Vi, (3.19a)
Tisr = Ti(Qu—Pe) ' Ti, (3.19b)
Qu+1 = Qu— Tu(Qx — Pu)™ Wi, (3.19¢)
Pisi = Pe+ Vi(Qc — Pe) ' To (3.19d)
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Theorem 3-6: Main results 2: Convergence of SDA-2

Let the QBD be null-recurrent. Then for SDA-2 we have

lim sup /|| Vi| <

k—o0 7
im sup &/ T < =
k—o0

limsup&/||Qx — (I — AL — AY)|| <
k—o00

limsup+/||Px — AxX|| <

k—o00

I\)\I—‘ I\)\I—‘ I\J\I—‘ I\.)\
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Corollary 3-7: Using SDA-2 to finding X and Y

Let the limits
[im Qk = Q*, lim Pk = P*.
k—o0 k—o0

Then, Q. and | — A; — P, are nonsingular matrices. The minimal
nonnegative solutions of (3.1) and (2.14) are

X=(-A-P) A, Y=Q A,

respectively. Moreover, the matrix @, — Py is a singular M-matrix.
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The subsection concerns with SDA-1 for finding the symmetric
almost stabilizing solution X of a discrete-time algebraic Riccati
equation (DARE) of the form

R(X) = —X+ATXA+Q—(C+B"XA)" (R+B"XB) }(C+B' XA) =0,
(3.20)

where A€ R™" B e R™™M CeR™" Q=Q"T € R™" and

R = RT € R™™ respectively. A symmetric solution X € R"*" of

(3.20) is called stabilizing (resp., almost stabilizing) if R + BT XB

is invertible and all the eigenvalues of the closed-loop matrix

Ar = A+ BF are in the open (resp., closed) unit disk, where

F=—(R+B"XB)"Y{(B" XA+ (). (3.21)
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DARE

Definition

Let extended symplectic pencil (ESP) M — AL associated with the
DARE (3.20) is defined by

A 0 B I 0 0
M=|-Q I -CT |, £=]0 AT 0|. (322
C 0 R 0 BT 0

If a symmetric matrix X € R"*" satisfies the DARE (3.20) and all
eigenvalues of the closed-loop matrix Ag are in the closed unit
disk, then we have
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DARE

Standard assumptions

I I
M| X| =c|Xx]|o, (3.23)
F F

where the matrix F is as in (3.21) and & = Ar = A+ BF.
We make two mild assumptions:

(P) : If X is an almost stabilizing solution to DARE (3.20) and all
unimodular eigenvalues of Ar are semi-simple.

(A) : All elementary divisors of unimodular eigenvalues of
M — AL are of degree two.
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DARE

Spectral analysis

Lemma 3-8: Spectral Properties [Guo98]

Let A be a complex number with |A\| =1 and X be a solution of
(3.20) with R+ BT XB > 0. If

rank[\ — A, B] = n, (3.24)

then the elementary divisors of A+ BF corresponding to A\ have
degrees ki, ka,..., ks(1 < kg < --- < ks < n) if and only if the
elementary divisors of M — AL corresponding to A have degrees
2k, ..., 2ks.
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Spectral analysis

Theorem 3-9: Spectral Properties [lonescu92]

Suppose that the ESP (3.22) is regular, then we have:
1. degdet(M — \L) < 2n.

2. If X # 0 is a generalized eigenvalue of M — AL, then 1/\ is
also a generalized eigenvalue of the same multiplicity.

3. If A =0 is a generalized eigenvalue of M — AL with
multiplicity r, then A = oo is a generalized eigenvalue of
multiplicity m + r.
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A trick

We can select an appropriate matrix Y = Y € R"™ " such that
R + BT YB is invertible. After some elementary block row
operators are applied on both sides of (3.23), we obtain

(I—GY)A—BR™XC 0 0] [/
~Q+ CTRY(C+BTYA) I 0] |X
C+BTYA 0 R| LF
I—GY Go 0] [/
= |CTR!BTY AT —-CTR!BT of [X|®, (3.25)
BTY -BT o] |F
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A trick

where R = R+ BT YB and Go = BR-1BT. Next, post-multiplying
the second columns of the matrix pair in (3.25) by Y, and then
adding them to the first columns, it follows that

(I — GY)A—BR™XC 0 0 /
Q I 0| |[X-Y
C+BTYA 0 R F
/ Go 0 I
= |ATY AT-CTRBT 0| [X-Y|® (3.26)
0 -BT 0 F

with Q= —Q+ CTR™Y(C+ BT YA) + Y.

Chun-Yueh Chiang
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DARE

A trick

Then the above matrix pair in (3.26) is pre-multiplied by the
following block elementary matrix

I 0 0
E=|-ATY | of,
0 0 /
we thus have
Ao 0 0 I I G O /
—Ho I 0l |[X-Y|[=1]0 A} O] |X-Y|®
C+B'YA 0 R F 0 -B" 0 F
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DARE

A trick
with
Ao = (I — GY)A—BRC, (3.28a)
Go=BR'BT, (3.28b)
Ho=Q—Y —CTRYC+BTYA) +ATY(l — G Y)A— AT YBR™IC.

(3.28¢)

Consider the matrix pair (Mo, Lo) in standard symplectic form
(SSF), where

[ A O 1 G

which satisfies Mo J M, = Lo T L4, where Gy and Hy are
symmetric matrices.
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A trick

By Lemma 3-8, Theorem 3-9, (A) and (3.27), it is obvious that
the spectrum of (Mo, Lo) is the same of (M, L) except m infinite
eigenvalues. The generalized eigenvalues of (Mg, Ly) can be
arranged as

—1 =
0,...,0, Arg1, -y Agy, W1,W1, -+ W, Wng 5 Ay 5oy Ay, 00, ., 00,
~— ~——

—
4 unimodular eigenvalues

where the eigenvalues \; are inside the unit circle except the origin,
i=r+1,...,¢
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A trick

From (3.27)—(3.28c), we immediately obtain

/ /
Mo [x— Y} — Lo [x— Y] ®. (3.30)
The DARE associated with the symplectic matrix pair (Mo, Lo) in
SSF is R _ R
X = A X(I + GoX) L Ao + Ho, (3.31)

on which the efficient SDA algorithm [Chu04,Lin06] can be
applied. Note that if X is the symmetric solution to the above
DARE (3.31), then X = X + Y is the symmetric solution to the
DARE (3.20).
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Algorithm of SDA-1 for DARE R
Select a symmetric matrix Y such that R = R+ BT YB is invertible.

Set
A = (I-GY)A-BRIC,
G = BR BT,
H = Q-Y-C'R'BTYA-ATYBRIC—C'RIC+ATY( - GY)A
for k=0,1,..., compute
Set
Ay = Al + Gka)ilAkT,
Gir1 = Gi+ AkGi(l + HiG) M AL,
Hk+1 = H+ A;(r(/ =F Hka)_lHkAk;

End of algorithm
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DARE

NM for DARE

Algorithm of Newton’s Method for DARE

Choose
A matrix Lg such that Ag = A — Bl is d-stable;
Solve
Xo 1= dlyap(Ag , @ + Lg RLo — C" Lo — Lg C); (3.33)
for k=0,1,..., compute
Set
Lisi = (R+BTXB)™HC + BT X A) (3.34a)
Ak+1 = A-— BLk+1; (334b)
Xy = dlyap(Ag, Q + L Rlypa — CT Ly — Ly, C)(3.34c)

End of algorithm
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DARE

Convergence of NM for DARE

Let (A, B) be d-stabilizable pair and assume that there is a
symmetric solution X of the inequality R(X) > 0 for which

R+ BTXB > 0. For any Ly € C™<" such that Ag = A— Blg is
d-stable, starting with the symmetric matrix Xy determined by
(3.32), the recursion (3.34b) determines a sequence of symmetric
matrices {Xx} for which A — B(R + BT X,B)~}(C + BT X A) is
d-stable for k =0,1,..., and Xo > X; > ..., and klim X = Xy

— 00
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Theorem 3-10: Main Theorem

Suppose that the (M, £) in (3.22) satisfies the assumption (A)
and that the DARE (3.20) has an almost stabilizing solution X
with property (P). Let Zop = Z5(:,1: p1) and Zsy = Z4(:,1: 0). If
the matrix [Z4a Zp] € R™ " is invertible, then Z; is invertible,
X, = Z,Z;* is an almost stabilizing solution of DARE (3.31), and
the sequences { Ak, Gk, Hx} generated by Algorithm of SDA-1 for
DARE is satisfying

) i suy YA < 2.
— 0

(2) limsup {/|[Hk — Xs|| < 1, i.e., Hx — X linearly with rate less
k—o00

than or equal to % Moreover, Xs = Xs + Y.
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Corollary 3-11: Stabilizing and Maximal solution

Assume that (A, B) is d-stabilizable and that the same conditions
as in Theorem 15 hold. If the DARE (3.20) has a maximal solution
X4, then it must coincide with the almost stabilizing solution X
computed by SDA.
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@ In this subsection, we are interest in the study of the nonlinear
matrix equation (NME)

X+ATX1A=Q, (3.35)
and its dual equation

Y +AY1AT = Q, (3.36)
where A, @ € R"™" with @ being symmetric positive definite.
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@ In this subsection, we are interest in the study of the nonlinear
matrix equation (NME)

X+ATX1A=Q, (3.35)

and its dual equation
Y +AYIAT = Q, (3.36)
where A, @ € R"™" with @ being symmetric positive definite.

NMEs occur frequently in many applications, that include control
theory, ladder networks, dynamic programming, stochastic filtering
and statics [Anderson90,Zhan96]. Notable examples include
algebraic Riccati equations
[Chu05,Chu04,Hwang05,Hwang07,Lin06], quadratic matrix
equations [Guo01,Guo04,Guolan99]

AX? 4+ BX + C =0,

where A, B, C are given coefficient matrices.
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Existence of solution

Theorem 3-12: Necessary and Sufficient condition [EngRanRij93]

The NME (3.35) has a symmetric positive definite solution if and
only if p(A\) = M+ Q + A\*AT is regular (det¢)(\) # 0 for some
A € C), and 9(A) >0, for all [A| = 1. In that case v(\) factors as

P(A) = (G +ATG) G+ AG)

with det(Cp) # 0, then X = C§ (p is a solution of (3.35). Every
positive definite solution is obtained in this way.
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Maximal and Minimal solution

Theorem 3-13: Existence [EngRanRij93]

If (3.35) has a symmetric positive definite solution, then it has a
maximal and minimal symmetric positive definite solution X, and
X_, respectively. Moreover, for the maximal solution X, we have
p(XJ:lA) < 1; for any other symmetric positive definite solution X,
we have p(X~1A) > 1. Here p(-) denotes the spectral radius.

v
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NME

Spectral analysis

Consider the NME (3.35) and define

ME[S 3], zz[%é} (3.37)

It is well known that the pencil M — AL is symplectic, i.e., it
satisfies

MIMT = £JLT WMle[_?é]

and A € o(M, L) if and only if 1/X € o(M, L).
Let S = X 1A. Then (3.35) can be rewritten as

M[;]:£[4]5 (3.38)
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NME

Spectral analysis

It is widely known that A # 0 is an eigenvalue of X;lA if and only
if (A, %) are eigenvalues of M — AL. A unimodular A is an
eigenvalue of X;lA with algebraic multiplicity k if and only if it is
an eigenvalue of M — AL with algebraic multiplicity 2k. The
follows Theorem given that the eigenvalues of the matrix

R= X;lA have the following characterization.
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Spectral analysis

Theorem 3-14: Spectral Properties [Guo01]

For (3.35), the eigenvalues of the matrix X; 'A are precisely the
eigenvalues of the matrix pencil M — AL inside or on the unit
circle, with half of the partial multiplicities for each unimodular
eigenvalue.
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NME

NM for NME

Algorithm of Newton’s Method for NME

Set
Xo=Q;
for k=0,1,..., compute
Set
Ly = X LA (3.39a)
X« = dlyap(L},Q —2L]A); (3.39b)

End of algorithm
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Convergence of NM

Theorem 3-14: Convergence of NM [Guo01]

If (3.35) has a positive definite solution, then Newton's Algorithm
for NME determines a nondecreasing sequence of symmetric
matrices { X} for which p(Lx) < 1 and klim Xk = X4. The

— 00

convergence is quadratic if p(XJlA) <1 If p(XJlA) =1 and all
eigenvalues of X;IA on the unit circle are semi-simple, then the
convergence is either quadratic or linear with rate 1/2.

When p(XJlA) has non-semisimple unimodular eigenvalues,
Newton's method is still convergent but the rate of convergence is
only conjectured to be % where p is the size of the largest
Jordan blocks associated with unimodular eigenvalues. The
conjecture was made in [Guo98] for DARE.
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CR for NME

Another Equations

Algorithm of CR algorithm for NME

Set
Ay = A
Q = 0
Xo = 0
Y, = 0,
for k=0,1,..., compute
Set
Acir = AQ A (3.40a)
Qk+1 Qr — AQ AL — AL QM Ak (3.40b)
X1 = Xe— AL Q Ak (3.40¢)
Yirn = Ye—AQ AL (3.40d)
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Convergence of CR

Theorem 3-15: Convergence of CR [Meini02]

The sequence of matrices {Qx}, {Xk} and { Yk} are positive

definite, nonincreasing. Moreover, let o0 = p(XJ:lA) we have

limsup 2/ Xk — X4 || < 02,

k—o0

limsup 3/]| Vi — Ya| < 02,

k—o0

lim sup 3/][Ax|| < o2.

k—o00

The matrices Qx and Qk_1 are bounded in norm.
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Theorem 3-16: Critical case [Guo01]

If c =1 and all eigenvalues of X;lA on the unit circle are
semisimple, then the sequence { Xy} produced by CR algorithm
converges to X; and the convergence is at least with rate 1/2.

In Theorem 3-16, convergence is guaranteed under a addition
assumption, i.e., all elementary divisors of unimodular eigenvalues
of M — AL are of degree two. In our algorithm (SDA-2), we can
show more convergence results without any assumption on the
unimodular eigenvalues of X;lA.
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NME

SDA-2 for NME

Algorithm of SDA-2 for NME

Set
Av = A
Q = @
Pob = 0
for k=0,1,..., compute
Set
A1 = A(Q — Pu) Ak (3.41a)
Qi1 = Qu—AL(Qu— P 'Ax; (3.41b)
Piv1 = Pi+ A(Qc— P) AL (3.41c)

End of algorithm
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SDA-2 for NME

Theorem 3-17: Convergence of SDA-2 [Lin06]

Assume the NME (3.35) has a symmetric positive definite solution
X. Then the matrix sequence {Ax, Qk, Px} generated by SDA-2
Algorithm for NME is well-defined and satisfies
(i) Ax = (X — PR,
(ii) 0< P < Pk+1 < X and
Q — P = (X — Pe) + Al (X — Py)tA, > 0;
(i) X < Qu+1 < @ < Q and
@ — X = (RT)*'(X - P)R* < (RT)*'XR?"
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Critical case

Theorem 3-18: p(X 'A) =1

Assume that the NME (3.35) has a symmetric positive definite
solution. Let X and X_ are its maximal and minimal solution,
respectively. If p(X;1A) = 1, then the sequence {Ax, Qk, Pk}
generated by SDA-2 Algorithm for NME satisfies

(i) 1Al = O (p(Js)?) + O27%) — 0 as k — ox;
(i) |Qx — Xo| = O (p(Js)2k> +0(27%) = 0 as k — oo where
Xi = Z,Z;* (and therefore Z; is nonsing.) solves (3.35);
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Critical case

(iii) [|Px — X_|| = O (p(Js)zk) +0(27%) = 0 as k — 0o where

X =Y Yl_1 if Y7 is invertible; moreover, if in addition, A is
invertible, then X_ solves (3.35) and equals X_;
(iv) {Qx — Pk} — singular matrix as k — oo.
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@ Concluding Remarks
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Concluding Remarks

Contributions

This thesis is concerned with the important topic of iterative
methods for some nonlinear matrix equations. In particular it deals
with structure-preserving doubling algorithm, we have contributed
to

1. We show that the convergence of the SDA is at least linear
with rate % in the critical case.

2. As compared to previous papers, the results here are obtained
with only basic assumptions, only using elementary matrix
theory. The results we present here are more general, and the
analysis is much simpler.
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Contributions

o NARE
e Spectral analysis

e DARE
e Applying SDA-1 to the more general DARE

~X+A'XA+Q~(C+B'XA)(R+BXB)™*
(C+BTXA) =0,

with singular R.
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Different than early results

In [Huang07], use SDA-1 for the analyzing of the weakly stabilizing
Hermitian sol. of

o CARE
“XGX + A*X + XA+ H =0,

o DARE
X =AX(I+GX)"A+H.

Different: Rewrite DARE as
A Ol _ |[I G ®
—H I||X| |0 A+
where ® = (I + GX) A

@ Assumption property (P), p(®) < 1 and each unimodular eigs. has a
half of the partial multiplicity of M — AL corresp. to the same eigs.

@ SDA-1 has no breakdown. That is, {Ax, Gk, Hx} is well defined, or
(I + GkHy) is nonsingular.
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Future works

Some future works include

1. In the critical case, the convergence of SDA in ours
experiments has been observed to be exactly linear with rate
%. In our proof, this thesis only show that the convergence of
the SDA is at least linear with rate % in the critical case. We
believe that the convergence rate is exactly % in the critical
case, but we have no proof for this.

2. NARE

o Arising from Transport theory:
XCX — XD — AX + B =0,
where A, B, C, D € R"*" are given by

A=A—eq ,B=ee',C=qq',D=E —ge',

Chun-Yueh Chiang
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Future works:NARE

where
e=(1,1,...,1)7,
q=(q1,92,-..,qn) ", with g; = QZ’-’
A = diag(01,02,...,0,), with §; = Cw(llm
E = diag(e1,e,...,€p), with §; = ij(ll_a).
Parameters:

n
0<c<1;0<a<l:0<w,<--<w <1 ¢ >0 with Zc,-zl.
=1
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Future works:NARE

Recently research: Write the NARE as
ToX=AX+XE=(Xqg+e)g' X+e)=uv'.

@ Construct an explicit formula via the inversion of a Cauchy
matrix: [Juang98],[Mehrmann08].

@ Vector iteration: [Lu/SIMAX/05], [Bai08]
u=uo(Pv)+e v=vo(Pu)+e.
o Newton's iteration: [Lu/NLAA/05]
u u—uo(Pv)—e
f = ~ .
([v]) [v—vo(Pu)—e]

@ SDA (1 or 2)? How to apply?
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Future works:NARE

Another condition of the existence of minimal noneg. sol.. Let the
assumption (H1)

B,C >0; A, D are Z-mat.; 3X > 0, s.t. R(X) <0.

We can show that there exist mini. noneg. sol. under assumption
(H1). But (H1) < (H1).
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Future works:NME

MME
@ Existence of sol. of NME

X+ATXtA=Q,

where @ = QT (not necessarily positive definite, this problem
arising from T-palindromic eigenvalue problem).

o NME arising from the time delay systems [FaBbender(7]
X+ KX'M=C,

where [[K[[ = M and [[ C]] = C (Centrosymmetric),
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Future works:NME

@ Existence, methods?

¥ o[ e

This DA has no preserving the centrosymmetric of M, C, K;;
M, — 0 not implies K, — 0.

o NM Method, given Xg, Solve the Sylvester eq.
X1 + (KX, X1 (X 'M) = C.

How is taking Xo?
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Future works

3. We are interested in finding the positive semi-definition
solution X of the stochastic algebraic Riccati equation (SARE)

ATX 4+ XAT + C"XC — (XB+ C"XD)(R + D" XD)™*
(B"X +D"XC) +Q =0, (4.1)

with the constricted condition

R+DT'XD >0,
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@ where A, B, C,D, R and Q are n X n matrices, the matrices Q
and R are symmetric. The equation (4.1) has investigated an
important research field in control theory and has found
interesting applications.
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@ where A, B, C,D, R and Q are n X n matrices, the matrices Q
and R are symmetric. The equation (4.1) has investigated an
important research field in control theory and has found
interesting applications.

@ To our best knowledge, the solvability of the SARE (4.1),
even for the standard case (i.e., @ > 0 and R > 0 while
D # 0), remains an unexplored and open problem. Recently,

o In [Rami00], the authors proposed a numerical algorithm to
compute the maximal solution to the SARE (4.1), based on a
semi-definite programming.

o The Newton procedure may be applied to SARE (4.1) under
some assumptions [lvanov07].
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@ where A, B, C,D, R and Q are n X n matrices, the matrices Q

and R are symmetric. The equation (4.1) has investigated an
important research field in control theory and has found

interesting applications.
To our best knowledge, the solvability of the SARE (4.1),
even for the standard case (i.e., @ > 0 and R > 0 while
D # 0), remains an unexplored and open problem. Recently,
o In [Rami00], the authors proposed a numerical algorithm to
compute the maximal solution to the SARE (4.1), based on a
semi-definite programming.
o The Newton procedure may be applied to SARE (4.1) under
some assumptions [lvanov07].
In our future work, we expect to develop a
structure-preserving method, which can be analytical and
computational approaches the SARE (4.1). Moreover, the
critical case R+ D' XD > 0 can also be solved (the symbol
“ — 1" should be replaced with “{”, i.e., the Moore Penrose
inverse of R + D' XD).
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Thank you for your attention!
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