Chapter 23 ODE (Ordinary Differential Equation)

Speaker: Lung-Sheng Chien

Reference: [1] Veerle Ledoux, Study of Special Algorithms for solving Sturm-Liouville and
Schrodinger Equations.
[2] PHi¥RZE:, university physics, lecture 5
[3] Harris Benson, university physics, chapter 15



Hook’s Law ([Bve.E1E)  [1]
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Hook’s Law (B v E1E) (2]
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Hook’s Law ([ v E1E)  [3]

2 2 dimension analysis 2 k k
m—d x:—kx d x+£x:0 d d zx :metezr, |:_x:|:|:_:|meter
dr’ d* m dt sec m m
: : : : k 1 5
We must match dimension of each term in the equation | — | = —— = FER
m| sec oz
Period (1)) T =—
_ k w
Definition: w = \/; =27 f PREIFASER (angular frequency) > Bi{7 15 rad/s - G icag
| | Y
|
| &
ix guess (2°+w?)x=0 = Ae™ + Be™ or 0 EAAAAAAAAAAA= | v=0
S twXx= 0 _ ! . :I.!
dt x=exp(At) A==%iw x=Ccos(wt)+ Dsin(wrt) | : ﬂ
|
| FA
We need two constraints to determine unknown constant A, B(or C, D) T ﬁ»-"‘u"bﬁf‘v“ﬁﬁ*:.r*: J:\' 0]
| - y
1 Initial position: x(0)=x, —> x,=C |
dx _ T LAAA ,I e
2 Initial velocity: E(O)=v0 —> V,=wD —%-_f.j}j-};f?ﬂ-ﬂjﬁf.;ﬂ,,__ |
Il"'-\.
Vo o D
x(t) = x, cos(wt)+—Lsin (wr) \
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= Asin(wt + @) A
Xo
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Hook’s Law (FE5e.EfFE)  [4]
x(t) = Asin(wt+¢) A
- - oo _ax _ x(1)
Simple Harmonic Oscillation: v(7) = o Awcos(wr + @)
d’x —Ap
a (t) = F = —W2X
X
wA
A
x(t) is shifted by phase constant @ ool v(1)
the argument wt +¢@ is phase (fHfi) —wA
measured in radians (51 /%) P
W?A
t
. a(1)
weA
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Question 1: why do we guess x =exp(Ar) in equation e +w'x=0

Question 2: where do two constant A, B (or C,D) come from?

Question 3: is the solution unique?



dx ODE [1]

First order linear ODE: E =Ax

1 First order : highest degree of differential operation E is first derivative.

L[(Zx] = (ZL[x]

dx -
— —Ax ,then operator is linear, say
L[x+ y] = L[x]+L[y]

2 Linear : define operator L[x]zd
4

dx (T)dx T e 1 : .
_jx =Ax —> —=Adt ——> o= Adt  integration along curve x(t), Z,:initial time, T :final time
t X ) x ty

X(T)] =A(T-1,) —— x(T)= x(t())exp[ﬂ(T—to)]

— log(x(t )

Observation1: when initial time is determined and initial condition  x(#,) is given, then solution x(¢) V7 is unique

However when initial condition is specified, then initial time is determined at once, hence we say

. . . , d (X A4 X
First order linear ODE system of dimension two: — =
dt \ x, A, )\ x,

3  ODE system: more than one equation

4  system of dimension two: two equations
dx,

x (t)=x(1,)ex -t
1( ) ! ( 0) p|:/ﬁi1 ( 0):| since system is de-couple dx,

X, (t):xz (ZO)GXP[ZQ (t_to)] E:ﬂ'zxz

solution is {



ODE [2]
d (X ﬂl X . o . .. .
— = has unique solution if two initial conditions are specified
dt\ x, A\ x,

xl(t):xl (to)expl:ﬂl (t_to):l

B (xlju):[%wr—toﬂ }[()J
x, (1) =2x, (to)eXP[ﬂz (t_to)] %2 exp[ﬂz (t_to)] x, ()

x2 x3 A2 3
exp(x):1+x+—+§+-~ we define eXp(A)EI+A+?+—'+“- for square matrix A

let A:(’21 /J then A”:[’lln 22] implies eXp(A(t_to)):(eXPM(f—fo)]

2 =esplat-a 7))

Observation 2: ODE system of dimension two needs two initial conditions

A0

X

d__(4 )
—X= X
Observation 3:if we write X () = [xl j(t) ,then %(t)=exp(A(t—1,))%(t,) is unique solution of  dt ( ﬂj
’ x(2,) is given
d _ ~
—X=AX
we may guess that ¥ (r) =exp(A(t—1,))%(¢,) is unique solution of ~ dt

for any square matrix A
x(7,) is given



ODE [3]

2

/k
d f+w2x=0 where w=,—=27xf
dt m

Intuition: we CANNOT determine x(t) by given initial position x(O) =X, since initial velocity would also affect x(t)

Simple Harmonic Oscillation:

It is well-known when you are in junior high school, not only free fall experiment but sliding car experiment.
Transformation between second order ODE and first order ODE system of dimension two

d.
Define velocity v(7)= d—): , then combine Newton’ second Law F =ma | we have

v(t)—dx
T x(0
dt S dfx = 0 Ifx we need two initial condition to have unique solution I.C.( ( )J
5 dt\v —w® 0)\v v(0)
dx ,
—+wx=0
dt

From Symbolic toolbox in MATLAB, we can diagonalize matrix

0 1 iw MATLAB code
) =V v
-w 0 —iw sy w ;% define w iz a symbol

1 1 (=iw -1 A=[01;: - w20]
where V = s V_1=
w  —iw =2iwl—iw 1

&
7
2
=]

1o [V,D] = eigld)



o
ZEV_I()VCJZ(ZJ d(zlj{iw ) j(ij with initial condition (?(O)}V‘l[x(o)j

0 —-iw

_(exp(iwz) 0 z,(0) x)_ [exp(iwt) 0 [ x(0)
( 0 exp(—iwt)}[zz(O)J (VJ_V[ 0 exp(—iwt)}v [V(O)j

exp (iwr) 0 L [ cos(wr) sin(wt)/w
L 0 exp(—iwt)JV _eXp(At)_[—wsin(wt) cos(wt)]

TN
KA
N
I

Definition: fundamental matrix ® =V

_ _ L » X x(0)
then solution can be expressed by fundamental matrix and initial condition (1)=P (1) )
v

syvins w real; % define w iz a svmbol
ayvins t real:

w0 -1 M

sL=[01;-w201] :

From Symbolic toolbox in MATLAB, M o - o
we can compute fundamental matrix easily 1. ’
12 D = diag(D)
14
15 p=i
16
17 p=i

V* diag( expi(D*t) ) * inwv (V) ; % fundamental matrix

simplify( psi )



ODE [5]

: _ [ cos(wt) sin(wr)/w) 4 v _ _
undamental matrix P = . = d is composed of two fundamental solutions
—wsin(wt)  cos(wt) —9 —y
dt dt
| e G0)( 0 o[[1) memmconson [0
is solution of —~ = with initial condition =
%q) dt\v) (-w> 0)lv v(0) 0
| oo G0 o)1) v conoen 01
is solution of = with initial condition =
%W dt\v) (-w> 0)lv v(0) 1

d X _ 0 1 X . o N x(O) _xo o .
solution of . = 2 with initial condition = is linear combination of fundamental solutions
dt\v -w° 0 )\v v(0)

. dix) (0 I)x) N X, )
The space of solutions of —-| |=| _ > ] is M= D(1) N Rv,e R} ~R

The dimension of solution space is two, dimM = dim(Rz) =2



d*x dx dx ' dx LS
Awix=0 E(t)=;(0)—fow2x(s)ds — x(r)zx(o)ﬂ-g(o)—jo wx(s,)dsds
dx
In order to achieve uniqueness, we need to specify two integration constant X(O) ’Z(O)
. . o dx o, « i ion: &< S wix(s,)dsd
differential equation: ; +wlx=0 < »  Integral equation: x(¢)=x(0)+¢- j_[ w’x(s,)ds,ds,

Existence and uniqueness (Contraction mapping principle)

Let C([0,7])={f:[0.T]— R is continuous} be continuous space equipped with norm 171 = max{‘f (I)‘ 0=r< T}

1 C([0.T]) is complete under norm 171, = max{‘f(t)‘ :0<1<T}

d '
2 defineamapping T': C[O,T] — C[O,T] by (Tx)(r)=x(0)+¢ -?):(O)—J.O

B w? ( )a’sa,'s2

0

then (Tx—Ty)(1)= WZJ.(: IOSZ [x(s1 )=y (s, )]ds1d52

!

2
‘(Tx ‘<w =y jj.za’sa’s2 w? x— .
2

T? , ,
|ITx—Ty|_ 37w2 lx=y|. ——= T is a contraction mapping if T?W2 <1 —> Existence and uniqueness



Q>

ODE [7]

<; F= vaing + F;‘esistence (ignore buoyancy \]?jj)
s § i F,,,. =—kx recover force is opposite to displacement
! ~
/ 7 d
% T F. .= —7597 resistive force is also opposite to displacement

¥ : damping constant

[

] _kx — 7/@ —_ m d2x
Newton second’s Law: dr A7

= -

&

what is equivalent ODE system of 7 P

dx
+y—+kx=0
7dr

what is fundamental matrix of this ODE system, use symbolic toolbox in MATALB

d’ d
what is solution of  m dtf+7d—):+kx=0 with initial condition x(0) = x,, %(O) =,
t

Can you use “contraction mapping principle” to prove existence and uniqueness?



ODE [7]

2

=W =0 general solution x(z)= Acos(wt)+ Bsin(wr)

dt

We have two choices to determine unknown constants A and B

1 initial condition (iéggj=(%j x(t)=xocos(wt)+v0%sin(wt)

2 boundary condition [j(( ?)J - [8)

£(0)=0 x(t) = Acos(wt)+ Bsin(wt) A=0 v Bsin(w)

x(t)=Bsin(wt) . 27
x(7)=0 sin(wr)=0 ——> w,=n=1,23-- ——> period T, =——
n

1 Whydoes angular frequency w, =n=1,2,3--- become discrete?

What is physical meaning of discrete angular frequency?

2 We have still a constant B not be determined, why?



Schrodinger equation [1]

energy E =nhw w=27f is angular frequency  /1(Planck's constant) = 6.624x107*J - s
photon (¢1): { o h
momentum p = hk k =—— is wave number h= E

http://en.wikipedia.org/wiki/Matter wave

Louis de Broglie in 1924 in his PhD thesis claims that “matter (object)” has the same relation as photon

h

. 1=L
{ de Broglie wavelength =
de Broglie frequency of the wave f=

E
h

[ Fundamental of quantum mechanic: matter wave (¥)/&3%) is described by wave length A and wave frequency f ]

http://en.wikipedia.org/wiki/Schr%C3%B6dinger equation

Erwin Schrédinger in 1926 proposed a differential equation (called Schrodinger equation) to describe atomic systems.

2

total energy of a particle E=T+V = L iy T : kinetic energy V :potential energy

m

l matter wave ¥ (x,1)=Aexp(ikx—iwt)

.0 h o
zhgw(x,t)=hww(x,t)=El//(x,t) and 7gw(x,t)=hkl//(x,t)=py/(x,t)

2 2 2 )

p ., 0
Ey=|—+V ih—y(x,t)=————Ww+V ime- i ;
4 (Zm jW% o w(x,1) om A yrvy ) time-dependent Schrodinger equation




Schrodinger equation [2]

Question: physical interpretation of matter wave l//(x,t) ?
2
P(x,t) é‘W(X,t)‘ = probability finding particle on interval (X—AX,X+AX) in time [

N(t) = Jm P(x,t)dx = total number of particles in time

Example: plane wave W(x, t) = Aexp(ikx — iwt)

P(x,t) = ‘W(x,t)‘z = |A|2 . particle has the same probability found in any position, not physical

., 0
time-dependent Schrodinger equation ii— l//(x,t) =———Y+Vy
ot 2m d.

., 0
J/remove t-dependence, replace lhg@//(x’t) by Ey/(x,t)

2 2
time-independent Schrodinger equation —Z—Fy/(x)+Vy/(x)=Ey/(x) (one-dimensional)
m dx

/- 0> 9 9
—%V w(x)+Vy(X)=Ey(X) (three-dimensional) V?= 0 + 3 + 3

Objective of time-independent Schrodinger equation: find a stationary solution satisfying

2 2
LGN w(x)+Vy(x)=Ey(x) with proper boundary conditions
X



Schrodinger equation [3]

Example: Hydrogen atom (&Jii 1)

)
I _ _ 7=1.0542x107*7J -5
—— Vi (3)+Vy(x)=Ey(X) .
2m, m, (mass of electron) =9.1x10" kg
2
7 v=-2: proton—electron e(charge of electron) =1.6x10™" coulomb = 4.8x10™"° statecoulomb
r
~ leV (B TREF) =1.6x107°J
B.C. V(3 —e)=0 Jev (A TR%) J
13.6eV : - ;
discrete energy level: F, =—— Hipdhuperphysics.phy-asiqsu. ecbaseYCEAY
Eladmrln ;n:g; ____1_F0rb|1 Ftatius E::fa'r - e
ERY { S— i ——— {5eV
— 348V
n=6
e
1y = 0.052971m = Bohr racius
n=1 ——— -13.6aV

/

http://www.touchspin.com/chem/SWFs/pt2k61012.swf

W Table Color Optians E[
Melting Poinl: 259 Thermal Conductivity: 01215
Bolling Paint: 253 Specilic Heal Capacity: 14304
Densily: 0.09 Heat of Vaporization: 04524
% in Earth Crust: g 140 First lonization Potential: 13 508
Year Discovered: {776
Group: 4 Atomic Radius: 2 0
Period; 1 Atomic Volume: 14,1
Electron Config: 141 Cowvaler Radius: g 32
lonization Energy: 12,5024 Electrical Conductivity. =
Sanes. Nonmetals

Electronegativity: 2 4

Remowe Calar



Schrodinger equation  [4]

Time-independent Schrodinger equation

sV (3) w9 = (9

e

h=27xh=6.624x107"J -5

m, (mass of electron) =9.1x107"kg

2 . : N . .
w (X): wave function, ‘l//(?c)‘ : probability of particle appears in (X, %+ dx), dimensionless quantity
From dimensional analysis, we extract dimensionless quantities in this system

1 X =ay, or say [)?]=a 2 E=¢E, orsay [E]:g 3 [V]:[E] 4 w = dimensionless

[_ " A, +v(ay)jw(ay) = eEy (ay)

2ma

dimensionless form

1 ma* - -\ ma’€ ~ -
(—EAy+ . V(ay) l//(ay)z El//(ay)

Once characteristic length of the system is determined, for example a =10""m =1A"°

? 13.6eV

Then characteristic energy is ¢ = !

-~ 107 ~7eV ,thisisnear E =—
ma n



Finite Difference Method [1]

First we consider one-dimensional problem (dimensionless form)
1 d’
(———+V (x)jl//(x) =Ey(x), v(0)=y(7r)=0

Finite Difference Method (8E3243%): divide interval [0,7] into N+1 uniform segments

) /4
labeledas x,=0<x, <x,<--<x <x, =7, X, = jh, h=——

n+1

We approximate ODE on finite points, say we want to find a vector {y/j = w(xj) : j=0,1, 2} satisfying

_ldy
2 dx*

(xj)+V(xj)w(xj)=Ew(xj), y(0)=y(r)=0 for j=L2,n

1 We don'’t need to ask equation on end points, since equation only holds in interior

d’y

2
X

2 How to approximate second derivative (xj) on grid points

3 How to achieve “solvability” though we know solution indeed exists in continuous sense



Finite Difference Method [2]

n’ n h' "

+h)l=Ff+h (1)+_ (2)+_ (3)+_ (4)+_ (5)+0 h6

fleth)=f+hf 0+ fO 4 P4 fU 4 fY 1+ 0(0)

+ f(x_h):f_hf(l)+h_2f(2)_h_3f(3)+_4f(4)_h_5f(5)+0(h6)
> 2 STRARPY 51

f(x+h)+f(x—h)=Z(f(x)+h_22f(2)+h4 f(4)+0(h6)j

l 41

f(x+h)—2];l(2x)+f(x—h):f(z)(x)+%f(4)+0(h4)

f(x+h)=2f (x)+f(x=h)
h2

h2
we have D,ff(x)=f(2)(x)+§f(4)(c) forsome ce (x—h,x+h)

| T

Efw (C) is called local truncation error (LTE) since it is truncation from Taylor’s expansion

Definition: standard 3-point centered difference formula  D; f (x)



Finite Difference Method [3]

f(x+h)=f+nf" +h—f +%f) —f +h—f +o(n')

2 3 4

) Slen)=f a2 g —af(5)+0(h6)

f(x+h)—f(X—h):2(hf(l) +’;_3‘f(3) +0(h5))

h)—f(x=nh | e s
D;f(x)Ef()H_ )th(x ):f()(x)+%f()+0(h)
X Xjan 2 4 X _4 X 1 2 (3)
H—A—+—4&— C;—]:(x)—d > )hdx( : )—%(j—fj +0(h*) short-stencil
x]—l xj xj—i—l x o
—> d flxa)=f(x) n> A
h d_{c(xmn): ( Zl _Zf( )(xj+1/2)+0(h )
af _f(xj)—f(xj_l)_h_Z (3) 4
dx(xj—uz)— h / (xj—1/2)+0(h)
PO (xs0n) = £ (x,00) = b (x) +0 (1)




Finite Difference Method [4]

1d? |
-5 dxl/zl(xj)+v(xj)l//(xj):El//(xj), y(0)=y(xr)=0 for j=12....n
2
DXy (x) =y (x)+ =y (c) v
12 ;
- | I I l I In
= 0 x x, x
1 I -2 1 . B B
<_2h2 +dlag(V)>W:E
L 1 _2

-2 1 4 0 I £ I R W
1 1 -2 1 Vz v, v, 1 ? : )
——2 + & - E
2h =21 V; 78 78
\ 12 vllw) v,
\ J
|
A

[ Ay =Ew A isreal symmetric, then A is diagonalizable since eigenvalue of A is real]




Finite Difference Method [5]

model problem: no potential (V =0)

14> FDM 1|1 -2 1 _ _
S () =By (x). w(0)=y(7)=0 = . |p=Ev

Question: can we find analytic formula for eigen-pair in this simple model problem?

d*x
yr +w'x=0, x(0)=x(7)=0 -

solutionis ¥, (x)=sin(kx) k=1,2.3-..

l FDM
(

Ay xj) for j=1,2,--,n h=—"—

solutionis X, (f)=sin(wt) w,=n=12,3--

2
Dy (x;)
Conjecture: we guess that eigenvector is 7, :{sin(kxj) :i=0,1,2,---,n,n+1,ke N}

expl(ikx,,,) - 2expikx, )+ exp ik,
2

Dy, (xj) =Im 2

= Im{exp(ikx)

exp(ikh)—2+ exp(ikh)}

2cos(kh)—1 , 4sin’ (kh/2) 4sin’ (kh/2
:Tlmexp(lkx):— e Vi (xj) A = }(LZ )

. ) ) kx .
Vi (J) = Sln(kxj) = Sin EJ satisfies ¥, =¥,,, =0 (boundary condition)

Question: How about 7, ={sin(kxj):j:0,1,2,---,n,n+1} for k=n+ln+2



Finite Difference Method [6]

model problem: no potential (V =0)

LY ()= my(2). y(0)=p(x)=0

k=~2E

Finite Difference Method on model problem:

eigen-function: ¥, (x)=sin(kx), k=1,2,3---

[ ' ! '
w ={sin(kx,): j=0,1,2,--,n,n+1,ke N} 0 x x x \/

4sin®(kh/2)

eigen-pair:

2 - “num
h

Question: How accurate are numerical eigen-value?

Exact wave number: k=1,2,3---,n,n+1,---

. Lo sin (kh/2)
Numerical wave number: %, = n/2
l Taylor expansion: sin x = x—%('c)f where ¢ between 0 and x
i sin (x) ke cos(c, ) .
X
cos(c
Ak =k ~k,,.|= Mk%z =0(k’n’)

. . . 2L
Question: eigenvalue is second order accuracy, Ak o< h” g this reasonable, why?

Question: why does error of eigenvalue increase as wave number k increases? Ak o<k



Finite Difference Method [7]

ey

== help diag
model probletn
1 d*z
- - == "psi = E Ypsi
z dx® 2 of order N+4B3(K) with the elements of ¥ on the E-th diagonal. E=10

15 the wmaln diagonal, K = 0 15 above the maln dlagonal and £ < 0

ey

DIAG Diagonal matrices and diagonals of a matrix,

ey

DIAGV.EY when V is a wector with N components 15 a square matrix

ey

o

W -1 mon R WM

LO % T % S 5 N Y ' R N T Y T T T i T T T S Y T i e e B o e B e e e
E I T B o e Y o e o o I T I o o I T B S T o B ol o

15 helow the main diagonal.

n = 20 ;:
h = pifin+tl) : % index 0O, 1, ..., 1, n+l
¥ = O:h:pi ; 2 1 lag10lk - k_xact]
1
Dz = diag| ones(n-1,1), -1 ] : -2 1 0e XX
_— — X
D2 = D2 + diag( -Z2%ones(n,1) 1 : } I)2 = y w X
b2z = D2 + diag({ ones(n-1,1), 1 ) : 0 < % % 1
D2 = -DZ/h"2 : % *
—_ 051 e 1
1 2 .
T = D2/2 : 1 = .
i *
v = diagl zerosin.ll ) ¢ 5 model problem: no potential (V =0
. = 14 4
R, p p ( ) x log,, Ak
_ 20 i
[V,D] = eig(d) ; el _
E = diagi(D) : .
k = sgrti(2*E) ; d 3,5 3 X |
Ak:ak‘h , Ot:‘cos(ck)‘
k exact = l:n ; 355 5 10 15 20
k_exact = k_exact' ;
dk = abs({ k - k_exact | ; Big-O factor
1 ><x>.< T T
alpha = dk./({ k_exact.*3.*h."2/24 ) ; e,
0.98} 2 1
figure (1) XX
plot{ 1:n, log(dk)/logi(id), 'x', 'MarkerS3ige', 10 ) : 0.96 e g
title('|k - k exact| ') x
- ®
. no4r ¥ N
figure (2] o= ‘COS(C )‘ =
plot| 1:n, alpha, 'x', 'Marker3ize', 10 ] : 09| k 3 |
title('Big-0 factor') : ”
09t X
0.88 .
0 a 10 15 20




Exercise 1: model problem (high order accuracy )

Finite Difference Method on model problem:

- ;W(xj)=/ll//(xj) for j=L2,---,n h:%
g ={sin(kx,): j=0,1.2, - n.n+lLkeN} ———> Ak=\k—knum=‘00220k)‘

eigen-pair: .
4sin” (kh/2
ak 1 ( ) _ k2

2 num

Question: how can we improve accuracy of eigenvalue of model problem?

Step 1: deduce 4-order centered finite difference scheme for second order derivative

_ IR T C WY T S e 6
f(xth)=f+hf +7f _Ef +Z!f i;f +0(h°)
f(xi‘Zh):fi(Zh)f(l)+(2h) f(2)_|__(23h') f(3)+(24h') f(4)_|__(25h') f(5)+0(h6)

l

fP(x)=Dpf+0(n')

Step 2: can you transform continuous equation to discrete equation?

1d* ~ .
=By y(0)=y()=0 Dy (x,)=Aw(x,) for j=1,2,,n h=—T—
* n+1

Kt =0(k'n*)



effective potential: V

Exercise 2: singular potential

1

o (r)=——140e"

r

(—1d—2+v <r>}w<r>=m//<r>, y(0)=y(5)=0

finite difference with uniform mesh 5 =1000

platform: MATLAB

r
0 x x, x \/ Xppy =3
-2 1 |
1|1 -2 1 ,
9 +dlag(Veﬁ)>l//l:El//l

o

J

There are only six bound state (energy E < 0)

Definition: bound state means ¥, (’" — °°) =0

300

200 ¢

100

-100

-200
a

Y eff

0.5

E =

-100

-T2,
-48.,
27,
6245
AT

-11

4084

44950
0966
5985

1.5 2 25

> bound state

-1 = 2

L0397
L0966
L2394
L0023

Exercise: plot first 10 eigen-function and interpret why only first lowest six eigenvalue corresponds to

“bound state”



