
Chapter 20   rounding error

Speaker: Lung-Sheng Chien
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• Store (a+b) != (a+b)

• Rounding error in GPU

• Qt4 + vc2005

• Performance evaluation: GPU v.s. CPU



Exercise 5: verify subroutine matrixMul_block_seq with non-block version, you 
can use high precision package. 

Non-block version

block version

matrix_Mul_seq is different from matrixMul_block_seq since
(1)Associativity does not hold in Floating point operation  
(2)Rounding error due to type conversion or computation



Integer multiplication: type float     [1]
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Integer multiplication: type float     [2]

6589

23823

7678

24497

8574

26022

6180

25644

4252

4065

18356

18154

11087

6303

30995

29283

A

×

B

=
1.93239968E8

6.48719680E8

7.07054208E8

2.429586432E9

( )C non block−
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13 32 sum A B+ = 14 42 sum A B+ = : 0sum = 11 12 sum A B+ = 12 22 sum A B+ =



Integer multiplication: type float     [3]

( ) ( )11 12 12 22 13 32 14 427.07054144 8E A B A B A B A B= + + +block: BLOCK_SIZE = 2
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Integer multiplication: type float     [4]
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  type float⎯⎯⎯⎯→ 4.46720064E8= 446720070

Question 1: what happens when do type conversion? Why cannot we keep accuracy? 

7 6 5 4 3 2 1 0

28

446720070 1 16 10 16 10 16 0 16 6 16 8 16 4 16 6 16
                 0 1 06846
                 1,1010,1010,0000,0110,1000,0100,0110
                 1.1010 1010 0000 0110 1000 0100 0110 2
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Integer multiplication: type float     [5]

0 : 0s v= >
exp 01111100 0 7 7 16 12 124x C= = = × + = exp 127 3N = − = −

11.01 1 1.25
4

m = = + =
32 1.25 2 0.15625Ev s m −= × × = + × = +Normalized value:

IEEE 754: single precision (32-bit)

28446720070 1.1010 1010 0000 0110 1000 0100 0110 2= ×

exp 127 28 155 9 16 11 1001,1011= + = = × + =28N =1

Mantissa (fraction) has 23-bits, we need to do rounding (cause of rounding -error)2

1010 1010 0000 0110 1000 0100 0110 1010 1010 0000 0110 1000 010
3 sign bit = 0 (positive)



Integer multiplication: type float     [6]
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Integer multiplication: type float     [7]

Exercise 3: modify subroutine matrixMul_block_parallel as following such that it is the 
same as subroutine matrixMul_seq. 
How about performance? Compare your experiment with original code.
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Rounding error in GPU computation         [1]

Question 2: in matrix multiplication, when matrix size > 250x16, then error occurs in 
matrix product, why? 

matrixMul.cu

What is functionality of 
cutCompareL2fe? 

verify _  reference h C−

Print all data 



Rounding error in GPU computation         [2]

C:\Program Files (x86)\NVIDIA Corporation\NVIDIA CUDA SDK\common\src\cutil.cpp

 
 

reference data
error

reference
−

=

 normRef reference=

 normError reference data= −

is relative error

error epsilon>if , then report error message



Rounding error in GPU computation         [3]

We copy the content of “cutCompareL2fe” to another function “compare_L2err” but 
report more information than “cutCompareL2fe”

matrixMul.cu matrixMul.cu

and 2
 A B−find  A B

∞
−



Rounding error in GPU computation         [4]

( ) ( ) ( ) ( )2300 16size A size B size C= = = ×

Compare matrixMul_block_seq with matrixMul in GPU

Compare matrixMul_seq (non-block version) with matrixMul in GPU

To sum up, one can measure relative error but disable function printDiff



Rounding error in GPU computation         [5]

matrixMul_kernel.cumatrixMul.cu

Question 3: floating point operation order of 
matrixMul_seq (CPU non-block version) is 
the same as matrixMul in GPU, Can we 
modify the program such that they execute 
the same result ?



Rounding error in GPU computation         [6]

In page 81, NVIDIA_CUDE_Programming_Guide_2.0.pdf

In page 86, NVIDIA_CUDE_Programming_Guide_2.0.pdf

matrixMul_kernel.cu

Inner-product based, 
FMAD is done 
automatically by compiler



Rounding error in GPU computation         [7]
use __fmul_rn to avoid FMAD operation1

Functions suffixed with _rn operate using the round-to-nearest-even rounding mode.

No error !!!

use __fmul_rz to avoid FMAD operation2

Functions suffixed with _rz operate using the round-towards-zero rounding mode

Exercise 4: what is the result of above program?



Rounding error in GPU computation         [8]

Exercise 5: in vc2005, we show that under __fmul_rn, CPU (non-block version) and 
GPU (block version) have the same result, check this in Linux machine. 

Exercise 6: compare performance between FMAD and non-FMAD
FMAD Non-FMAD



Rounding mode
Reference: http://en.wikipedia.org/wiki/Floating_point

• Rounding modes are used when the exact result of a floating-point operation (or a 
conversion to floating-point format) would need more significant digits than there are 
digits in the significand. There are several different rounding schemes (or rounding 
modes)
- round to nearest (the default): results are rounded to the nearest representable

value. If the result is midway between two representable values, the even
representable is chosen. Even here means the lowest-order bit is zero. This
rounding mode prevents statistical bias and guarantees numeric stability: round-off
errors in a lengthy calculation will remain smaller than half of FLT_EPSILON 

- round up (toward +∞; negative results round toward zero) 
- round down (toward −∞; negative results round away from zero) 
- round toward zero (sometimes called "chop" mode; it is similar to the common

behavior of float-to-integer conversions, which convert −3.9 to −3) 

• the default method (round to nearest, ties to even, sometimes called Banker's 
Rounding) is more commonly used since the introduction of IEEE 754 

See http://en.wikipedia.org/wiki/Rounding for detailed description 



IEEE 754: standard for binary floating-point arithmetic

• Single-precision (32-bit)
• Double-precision (64-bit)
• Double-extended precision (80-bit), used in Intel CPU

2Ev s m= × ×

:  s sign bit= ±

expE N= −

1

2 (Excess-N biased)

1 21.m b b= " 1 20.m b b= "normalized denormalizedand3

{ }{ } { }1 2 231. 2 | 0,1 ,  127 128 0E
kF b b b b E= ± × ∈ − ≤ ≤" ∪single precision

is a collection of all rational number (floating point) 
represented in computer 

127min 1.000 0 2m F −≡ = ×" 128max 1.111 1 2M F≡ = ×"

{ } { }|  0G x R m x M= ∈ ≤ ≤ ∪

:fl G F→Define floating point operation by

( ) the nearest  to  by rounding arithmeticfl x c F x= ∈



Accumulation of rounding error    [1] 

x G F∈ −1 2 22 24 251. 0 2Ex b b b b b= ×" "Example: then
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Accumulation of rounding error    [2] 

1

k

k j j
j

s fl x y
=

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
∑define partial sum< Proof of Theorem >

( ) ( )1 1 1 1 1 1s fl x y x y 1 epsδ ≤1δ= = + where
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propagation of rounding error

Inductively

( )( )( ) ( ) ( )( ) ( ) ( )( )3 1 1 1 1 2 2 2 2 21 1 1 1 1 1 1 1 1k k k k k ks x y x y x yδ ε ε ε δ ε ε δ ε= + + + + + + + + + + + +" " "

Question 4: what is relative rounding error, say 
( )

1
T

T

fl x y

x y
−

Could you interpret result of previous example of rounding error? 
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OpenMP + QT4 + vc2005: method 1      [1]

Step 1: open command prompt: issue command “qmake -v” to check version of qmake

Step 2: type “set” to show environment variables, check if 
QTDIR=C:\Qt\4.4.3 (or QTDIR=C:\Qt\4.4.0) and 
QMAKESPEC=win32-msvc2005

Step 3: prepare source code



OpenMP + QT4 + vc2005: method 1      [2]

Step 4: type “qmake -project” to generate project file matrixMul_block.pro



OpenMP + QT4 + vc2005: method 1      [3]

Step 5: type “qmake –tp vc matrixMul_block.pro” to generate VC project file 

Step 6: activate vc2005 and use File Open Project/Solution to open above VC project 



OpenMP + QT4 + vc2005: method 1      [4]

Step 7: Project Properties configuration Manager: change platform to x64 (64-bit 
application)



OpenMP + QT4 + vc2005: method 1      [5]

Step 8: Language OpenMP Support : turn on

Step 9: Linker System SubSystem change to “console” (this will disable GUI 
window since we don’t use GUI module)



OpenMP + QT4 + vc2005: method 1      [6]

Step 10: C/C++ General Additional Include Directories: add include files for high 
precision package, “C:\qd-2.3.4-windll\include, C:\arprec-2.2.1-windll\include”

Step 11: Linker General Additional Library Directories: add library path for high 
precision package, “C:\qd-2.3.4-windll\x64\Debug, C:\arprec-2.2.1-windll\x64\Debug”

Step 12: Linker Input Additional Dependence: add library filesfor high precision 
package, “qd.lib arprec.lib”



OpenMP + QT4 + vc2005: method 1      [7]

Step 13: check if header file “omp.h” is included in main.cpp (where function main locates) 

Necessary, if not specified, then runtime error 
occurs

Step 14: build matrixMul_block and then execute



OpenMP + QT4 + vc2005: method 2      [1]

Step 1: create an empty project and copy source files to this project



OpenMP + QT4 + vc2005: method 2      [2]
Step 2: add source files in project manager

Step 3: Project Properties Monfiguration Manager: change platform to x64



OpenMP + QT4 + vc2005: method 2      [3]

Step 4: C/C++ General --> Additional Include Directories
"c:\Qt\4.4.3\include\QtCore","c:\Qt\4.4.3\include\QtCore","c:\Qt\4.4.3\include\QtGui","c:\Qt\4
.4.3\include\QtGui","c:\Qt\4.4.3\include",".","c:\Qt\4.4.3\include\ActiveQt","debug",".",c:\Qt\4.
4.3\mkspecs\win32-msvc2005, C:\qd-2.3.4-windll\include, C:\arprec-2.2.1-windll\include

Step 5: C/C++ Preprocessor --> Preprocessor Definitions
_WINDOWS,UNICODE,WIN32,QT_LARGEFILE_SUPPORT,QT_DLL,QT_GUI_LIB,QT_C
ORE_LIB,QT_THREAD_SUPPORT



OpenMP + QT4 + vc2005: method 2      [4]

Step 6: Language OpenMP Support : turn on

Step 7: Linker General Additional Library Directories
c:\Qt\4.4.3\lib, C:\qd-2.3.4-windll\x64\Debug, C:\arprec-2.2.1-windll\x64\Debug



OpenMP + QT4 + vc2005: method 2      [5]

Step 8: Linker Input Additional Dependences
c:\Qt\4.4.3\lib\qtmaind.lib c:\Qt\4.4.3\lib\QtGuid4.lib c:\Qt\4.4.3\lib\QtCored4.lib  qd.lib arprec.lib

Step 9: Linker System SubSystem change to “console”



OpenMP + QT4 + vc2005: method 2      [6]

Step 10: check if header file “omp.h” is included in main.cpp (where function main locates) 

Necessary, if not specified, then runtime error 
occurs

Step 11: build matrixMul_block and then execute
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GPU versus CPU: matrix multiplication [1]

GPU: FMAD CPU: block version

Makefile

nvcc uses g++ as default compiler



GPU versus CPU: matrix multiplication [2]
( ) ( ) ( ) ( )216size A size B size C N= = = ×_ 16BLOCK SIZE =

Experimental platform: matrix (quad-core, Q6600), Geforce 9600 GT

( ) ( ) ( ) total size size A size B size C= + +

h2d: time for host to device (copy h_A d_A and h_B d_B)  

GPU: time for C = A* B in GPU

d2h: time for device to host (copy d_C h_C)  

CPU: time for C = A* B in CPU, sequential block version

N Total size
MB

(1) h2d
ms

(2) GPU
ms

(3) d2h
ms

(4) = 
(1)+(2)+(3)

(5) CPU
ms

(5)/(4)

16 0.75 0.39 0.75 0.4 1.54 31.04

224.64

1967.2

17772.87

146281

314599.69

468978.09

20.2

32 3  1.37 5.49 1.47 8.34 26.9

64 12 4.81 42.87 4.54 52.21 37.6

128 48 16.65 345.24 17.5  379.39 46.8

256 192 66.13 2908.76 69.64 3044.53 48

350 358.9 123.83 7174.93 130.1 7428.88 42.3

397 461.7 158.29 10492.08 166.73 10817.1 43.4



GPU versus CPU: matrix multiplication [3]

Let BLOCK_SIZE = 16  and ( ) ( ) ( ) ( )2_size A size B size C N BLOCK SIZE= = = ⋅

( ) ( ) ( )total memory usage  floatsize A size B size C= + +

Platform: matrix, with compiler icpc 10.0, -O2

N Total size Thread 1 Thread 2 Thread 4 Thread 8

16 0.75 MB 13 ms 10 ms 10 ms 139 ms

32 3 MB 371 ms 271 ms 185 ms 616 ms

64 12 MB 3,172 ms 2,091 ms 1,435 ms 3,854 ms

128 48 MB 27,041 ms 17,373 ms 13,357 ms 29,663 ms

256 192 MB 220,119  ms 143,366 ms 101,031 ms 235,353 ms

N Total size (MB) (1) GPU (transfer +
computation)

(2) CPU (block version), 
4 threads

(2)/(1)

16 0.75 1.54 10 6.5

32 3  8.34 185 22.2

64 12 52.21 1435 27.5

128 48 379.39 13357 35.2

256 192 3044.53 101031 33.2



GPU versus CPU: matrix multiplication [4]
Platform: matrix, with compiler icpc 10.0, -O2

Block version, BLOCK_SIZE = 512 

N Total size Thread 1 Thread 2 Thread 4 Thread 8

2 12 MB 4,226 ms 2,144 ms 1,074 ms 1,456 ms

4 48 MB 33,736 ms 17,095 ms 8,512 ms 9,052 ms

8 192 MB 269,376  ms 136,664 ms 68,026 ms 70,823 ms

N Total size 
(MB)

(1) GPU (transfer +
computation)

N (2) CPU (block version), 
4 threads

(2)/(1)

64 12 52.21 2

4

8

1074 20.6

128 48 379.39 8512 22.4

256 192 3044.53 68026  22.3

Geforce 9600GT

Question 4: GPU is 20 times faster then CPU, is this number reasonable ? 


