Chapter 17 C-implementation
PAP' = LDL’

Speaker: Lung-Sheng Chien

Reference: [1] H. M. Deitel, P. J. Deitel, C++ How to Program 5-th edition
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row-major versus col-major

Logical index : 2D col-major based
4 A col-1 col-2 col-3 col-4
6 |12 3 | -6
12| -8 |-13| 4
A: - AT
3 [-13| -7 | 1 v v 4 v
6 -8 -7
\ J 12| |-13
3
row-major based

/ 6
row-1|
FOW—2 » 12 | -8 ) .
We choose col-major representation
row-3 * 3 |-13| -7




column-major: method 1 (square-matrix based)

12 | -8

-13

\

J

Keep properties

1 A[0] is useless

2 A[K][0] is forbidden

3 Ali]li]=Ad. 1)

column-major based

AlL] ——— A][0]

AlL][2]

AlL][2]

Al2]——— A[2][0] Af][3]

12

Al3] ——— A[3J[o]  A[2][2] 8
Ao] A AR AR A Al AO] AR AR
A MBI AP _
Al42]  A3)[3] 7
AABL AR :
6 A[4][4]
12| | -8
3 -13 7 4 Alj][i] is valid only for > j {A[Z][l]:—G:A(Al)?}

5 A[l]=base-1 A[2]=A[1]+3 A[3]=A[2]+2, A[4]=A[3]+1



column-major: method 2 (triangle-matrix based)

A Keep properties
6 (12| 3 | -6
121 -8 [-13| 4 1 A[0] is useless
3 13| 7| 1 2 A[K][0] is forbidden A[ll%i[[ll]][[ﬂ
S A2
' I )
column-major based o
A0] A A2l AS] A4 Al2][1)
| | | Al2][2]
T e
e E Sl
R e A A
3
4 A j)=A[j]li-i] foriz]

Index rule is more complicated
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Data structure of matrix and its method

lowerTriangleMatrix.h

s#ifndef LOWERTRISMWGLEMATRIX _H
#define LOWERTRIAMGLEMATRIX_H

ginclude "global B/ declaration of doublereal
#inclode "matrix h"

#include <ztdio he

#include =iostream= JJ twpe of 170
#include <iomanip: £ manipulate 140
using namespace std ;

5 typedef stroct lowerTriangleMatrix
integer m ;
integer 1 ;

order¥ar  sel ; /J col-major or tow-major

donhlereal **4
-} lowerTriangleMatrix ;

typedef  lowerTriangleMatrix®  lowerTriangleMatrizHandler ;

A lowerTriangleMatriz constouctor
fdestructor
woid dealloci lowerTriangleMatrizHandler &b ) ;

FIoshow content of matrixz in standard form
wold dizpl lowerTriangleMatrizHandler &h, ostreamd out ) ;

doublereal norm{ lowerTriangleMatrixHandler &h, matrix_kewword p 3 ;

FEoy = By
vold matvec) lowerTriangleMatrixHandler Ah, matrixHandler xh, matrixHandler wh) ;

A ocopy & to &_shadaow
wold duplicate! lowerTriangleMatrixHandler &h, lowerTriangleMatrixHandler Ah_shadow 3 ;

#gendif J// LOWERTRIAMGLEMATRIX_H

method 1

int  isdym ; S is@ym o= 0 0 & is svmetry ——— > A S symmetric, but we only st

woid =2eroz( lowerTriangleMatrixHandler® Ah_ptr, integer m, integer n, orderVar zel, int izlwm ) ;

> The

J

ore lower triangle part

same name as those in matrix.h




Constructor  [1]
lowerTriangleMatrix.cpp

FEolowerTriangleMatriz constructor
qwold =zeros{ lowerTriangleMatrizHandler® Sh_ptr, intezger m, integer n, orderVar =sel, int 1zivm )

integer j ;

doublereal **4 ;

doublereal *memd ; /f contiguous memory block of &
integer size ; ff number of entries in matriz &

azzert{ Ah_ptr ) ;
aszert{ 0 =m ) ; assert{ 0 =n ) ;

Fioalolocate an empty handler
¥ih ptr = (lowerTriangleMatrizHandler) malloci sizeof {lowerTriangleMatrix) 3

azzerti *&h ptr 3 ;

if ( COL_MATOR == zel )
HOL[0) 1= useless, A[1] means pointer of columm j
& = (doublereal **) malloc] sizeof{doublereal *¥(ntld 3 ;

aszerti & ) ;

if (m=mn )
sige = n¥(mtl) ;
1 size = size »» 1 ; [ size = mim+l )2
lelse]
zize = n¥Fintl) ;
2 zlge = zlge =» 1 ;

size += f{m-n) ; ff =size = afn-1052 + nim-n)

n
A

n(n+1)

+n(m-n)



Constructor  [2]

lowerTriangleMatrix.cpp

:

#ifdef HIGH_PRECISION_PACKAGE

memd = new dooblereal [zize] ;
#else

memd = (doublereal®) malloc) sizeof(douhlereal Przize ) ;
#endaf

azzert! memd ) ;

for ¢ j=0 ; § < size ; j++3

memb[i] = 0.0 ; fF reset matrix & as =ero matrix

A[1] = memd - 1 ; /f A[O] is useless
for { =1 ; 3 < n ; j++){
3 8[441] = (dooblereal®34[4] + m-i ;
lelsef
printf{"Error: we don't support row-major so farsn");
exit{l} ;

fozet parameter of a matrix

(¥0h_ptrd-=m =m ; (*h_ptrd-=n=n ; (¥8h_ptr)-==zel = =l ; (*Ah_ptrd-=0 = 4 ;

(¥0h_ptri-=isfvm = 1zBwvm
if ¢ 0 1= is8ym 3
if {ml=mn2
4 cerr <=2 "A 1z symmetry, then & must be square matrix" <= endl ;
exit(1) ;

h

4  When matrix A is symmetric, it must be square
and we store lower triangle part of A,

Difference from full matrixis 3 4

3 Index rule

4 A
6 12| 3 | -6
12| -8 |-13| 4
3 [-13| -7 | 1

\ J

AlL] ——— A][0]

AlLla] | @
AlL[2] | 12
Al2]— A2][0] A[1][3] | 3
AlL][4]
Al3]—— A3][0] Al2][2] | -
A4l A[4][0] A[2][3] |-13
Al2][4]
Al3][3] | -7
Al3][4]

Al4][4]




lowerTriangleMatrix.cpp

Awvold dealloc) lowerTriangleMatrizHandler &h )

Ffostep 1: dealloc contiguous memory hlock
p#ifdef HIGH_PRECIZION_PACEAGE

delete [] § (doublereal®*)(8h-=4[1]0+ 1 ) ;
B#elze

free{ (douhlereal®* ) Ah-=4[1]0+ 1 3 ;
#endif —

/

fostep 20 dealloc column-index array
2 free{ Ah-=8 ) ;

Ffoztep 3: dealloc matrix handlexr
3 free{ &h ) ;
i

2 free pointer array

Al0] Al Al2]  A[3]

Al4]

3 free lowerTriangleMatrix handler

destructor

Pointer arithmetic, remember to do casting

A1l — A[L][0]
A[1]+1

~ AlLJ[]
AlL][2]
Al2]—— A[2][0] AlL][3

AlL][4]
Al3]—— Al3][0] A[2][2]
Al4]—— A[4][0] A[2][3]

étypedef ztruct lowerTriangleMatrix

douhlersal **4
-1 lowerTriangleMatrix

typedef lowerTriangleMatrix®

integer m ;

integer n ;

orderVar =sel ; /f col-major or row-major
int  isSym o; FF i=Swm o= 0 ;b iz svmmetry

lowerTriangleMatrixHandler ;

Al2][4]
A3](3]
Al3][4]

Al4][4]
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-13




Input/Output

lowerTriangleMatrix.cpp

ffoshow content of matriz in standard form
qvold displ lowerTriangleMatrixHandler Ah, ostreamd out )

int i, 4§ ;
donhlereal *#4 ;
integer m, n ;

azzert( ah 3 ;
azzert( COL_MATOR == Ah-:=sel ) ;

out _precizioni4) ;
ot =< std::fixed ;

if [ Ah-=1s8vm O
out <= "dimenzion of symmetric matrix is (" <= Bh-=m <«
2 fh-=n 22 ") with col-major" =< endl ;
lelzef
out <« "dimenzion of lower triangle matrix is (" <=2 Sh-=m
<< fh-=n <2 " with col-major" <« endl ;

1
& = dh-=8 ; m = Ah-=m ; n = &h-=n ;
if (m=mn
for{ i=1 ;1 ==m ; i++ 3
for{ 4=1 ; i == 1 ; j++ 3
1 ot =« setw(10Y =< &[3][1] ;
1
ot =< endl ;
i n
f_/%
n e
N
e I
m
1 2 MY
.

lelge! /i m==m
( for{ 1=1 ;1 <=n ; 1++ )
for j=1 ; j =1 ; j++
out <= =zetw(l0) <« A[4][1]
1

out =< endl ;
1
2 < for  i=ntl ;1 <==m ; 1++ }

forf =1 ; 3 ==mn ; j++ M
out == setw{10) << A[§][1] ;

out =< endl ;

.
Viifim=n

out precizion{lB) ;
out =< std::scientific ;

No matter what A is symmetric or not,
we only report lower triangle part



main.cpp

g#include "zlobal B"
#include «=ztdio h=
#include "lowerTriangleMatrixz b

wvold test _matrixd woid ) ;
Sint main{ int argc, char® argw[])

{
é#ifdef HIGH_PRECIZION_PACEAGE
unzigned int old_ow;
fpu_fix_start{dold_cw);
#endif

o #i1fdef DO_ARPREC
- mp s p_ini t{ARPREC _WNDIGITS )
#end1f

test matrix() ;
B end main code -----------

S #i1fdef DI0_ARPREC
mp:onp_finalizel);
#end1f

S#ifdef HIGH_FRECIZION_PACEAGE
- fpu_fix end(dold_cw);
#endif

return O ;
1

Simple driver

5 wold test_matrix( woid )
{
integer m = 4 ;
integer n =4 ;
lnwerTrlangleHatrleandler dh ;
douhlereal **4

geroz( &h, m, n, COL_MATOR, 1 7 ;
B = Ah-=h

8[1][1] = & ; II:'-[1]

L A3]
4]

1
ECI
=
[}
LR L]
I n

1
=] — i
L}

=

-2
e e
nmn nn

l:'-"'ll—'-l"-'-m

disp( &h, cout )

deallocl &h ) ;

Caaoaa

e

o CAWINDO WEisyztem 32wmd _exe

dimenzion of szymmetric matrix is <4,.4> with col-major
6. 8088

12 88608 -8 . 8604

3.AAA0 —-13.00808

—6. EEEE 4._.8888

=7.88088

1.688688 & .A8688

Advantage of method 1: index rule is the same as that of full matrix, one only notices

A[j][i] is valid only for > j

Question: how can we verify

A[j][i] is valid only for j> |

automatically?




duplicate of a lower triangle matrix

lowerTriangleMatrix.cpp

'y copy & to A shadow

integer m, n, size ;
integer 1, j ;
doublereal **4 ;
doublereal *¥0_shadow ;
doublereal *p ;
douhlereal *g ;

azzert{ &h ) ; aszsert{ Ah_shadow ) ;
azsert{ COL MATOR == &h-=zel ) ;
azzert( COL_MATOR == Ah_shadow-:=sel 7 ;

m= Kh-=m ; n = Ah-=n ;
fFocheck Ah_shadow has the same confizuration as Ah
assert{ m == &h_shadow-=m ) ;
azzert{ n == Ah_shadow-=n ) ;
&h_shadow-=1s3wm = Ah-=128vm ;

if {mezmn

zize = m¥(mtl) ;

size = size =» 1 ; [/ size = mimtl )S2
lelze{

zize = n¥(n+l) ;

zige = sige =» 1 ;

size += v¥{m-n) ; /f zize = ain-10/2 + nim-nd
1
& = fh-=4 ;A shadow = bh_shadow-=4
p = (doublereal®*) 8[1] + 1 ;
g = (doublereal®*) & _shadow(l] + 1 ;

for { 1 =0 ;1 < sige ; 1++ )
FoH = FpH [ <

gwold duplicate! lowerTriangleMatrixHandler 8h, lowerTriangleMatrixHandler &h_shadow )

q= A_ shadow(1]+1

AlL][0]
p=A[l]+1—— A[1][1]
AlL][2]
AlL][3]
AlL][4]

o Al2][2]

Al2][3]
Al2][4]

Al3][3]
Al3][4]
Al4][4]

Question: This copy routine is different from that in matrix.cpp, which one is better?
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lowerTriangleMatrix.cpp

Matrix norm  [1]

jdouhlereal

{

integer m, n ;
doublereal =sum ;
doohlereal sumbax ;
doubhlereal #4%4

int i, § ;
m= fh-=m ; n = &h-=n ;
B = Bh-=4 ;

if [ INF_WORM == p 3
zumMax = D.D :

for { 1=1;1«=m; i++ )
sum = 0.0 ;
for  j=1;j==1; jtt}{
sum += fahz( A[3][1] 3 ;

for{ j =i+l ; j a=n ; j++ 3
sum += fabs( &[1][41] O ;

if { sum » sumMax
sumbax = sum ;

Vi for each row

lelze if { OME_MNORM == p 3
sumax = 0.0 ;

for { =1 ; J = ; j++
zum = 0.0 ;
for § 1 =1 ;1 =3 ; i++)
| sum += fabs{ A[L1][4] ¥ ; /F B[L104] = AL§]M1]

for (1=4 ;1 ==m; i++)]
sum += fabsi &[3][1] O ;

if { zum = sumMax )
sumMax = sum ;

1
1/ for each col
lelze{
printf{"TW0_NORM 1= WOT implementsn");
exitil) ;

return sumbax ;

morm_zym{ lowerTriangleMatrixHandler &h, matrix_kewword p )

lowerTriangleMatrix.cpp

#include =ztdio.h=
#include <=tdlib_he
#include =assert _he
#1nclude =math hs

#include "lowerTriangleMatriz . b
Fioprivate supplement function

doublereal norm_symi lowerTriangleMatrixHandler Ah, matrixz_kewvword p )
doublereal norm_nonsym{ lowerTriangleMatrixHandler Ah, matrix_kewword p ) ;

FEodmplement p = 1, 2 and inf
Sdonblereal worm( lowerTriangleMatrixHandler &h, matrix_kewword p )
{
azzert{ Ah ) ;
agzert{ COL_MATOR == Ah-:sel ) ;

dovhlersal wal ;

if { Ah-=isdvm )

val = norm_symi &h, p 3 ;
lelzed

val = norm_nonsym( &h, p ) ;

return val

“norm_sym” and “norm_nonsym” are private, means
that user don’t need to know them and we declare
them in lowerTriangleMatrix.cpp, NOT in
lowerTriangleMatrix.h which user looks at




lowerTriangleMatrix.cpp

Matrix norm

gdouhlereal  norm_nonsymi lowerTriangleMatrizHandler &h, matrix _kewword p )

{
integer m, n ;
doublereal =um ;
doublereal sumMax ;
doublereal *¥b ;
int 1, j ;

m= dh-=m ; n = 8h-=n ;
b= Bh-=4
if { INF_MORM == p 3
sumMax = 0.0 ;
for (1

1 ==m ; 1++

| s

for { 4=1;3<=1; j++}f
sum += fabhs({ &[5][1] ) ;

if [ zum = sumbax 3}
sumiax = sum ;

Vi for each row

lelse 1f o OWE_MORM == p 3
sumbax = 0.0 ;

for Ca=1:;41=n; 1+ )}
sum = 0.0 ;
for € 1 =4 ;1 ==m ; 1++){
sum += fabz( A[31]1[1] ) ;
1

1f { sum = sumbax 3
sumMax = sum ;

1
VY for each col

lelze]
printfC"THO_NORM 1= WNOT implementsn");
exitil) ;

1

return sumMax ;

[2]

symmetric : norm_sym

i 3
6 12| 3 | -6
12 | -8 |-13| 4
3 [-13| -7 | 1

\ J

nonsymmetric : norm_nonsym

4 A
6
12 | -8
3 |-13]| -7

\ J




oy = ¥y
wold matwec] lowerTriangleMatrixHandler &h, matrixHandler xh,
=] matrizHandler wh)
{
integer m, n, ¢ ;
azzert 8h ) ; assert{ xh ) ; assert{ vh ) ;
azzert] COL_MATOR == fh-==zel ) ;
azzert( COL_MATOR == xh-:==zel ) ;
aggertl COL_MATOR == vh-==el ) ;
m=8h-=m ; n=A&h-=n ; =5 = xh-=n ;
azzert{n == xh-=m) ;
agzert{m == wvh-=m) ; azszert{z == vh-=n) ;
if § dh-=izdvm Of
matwec_swm{ Sh, xh, wh) ;
lelsel
matvec_nonzyml Ak, xh, wh) ;
1
H

AX

only A is lower trianlge matrix (either symmetric or
non-symmetric), x and y are full matrices.

H

wold matvec_nonzym{ lowerTriangleMatrixHandler Ah, matrixHandler xh,

matrixHandler wh)
{
integer m, n, 3 ;
integer 1, j, k ;
doublereal **4 ;
doublereal **yx ;
doublereal #4y ;
m= Ah-=m ; n = &h-=n ; = = xh-=n ;
= hh-=8 ; x = xh-=4 ; v = vh-=4 ;
Ay = xR 1) + sum_{ i} KEJ}*H( i)
for { k=1 ; k == s ; kt+)
for § 1=1 ;1 ==m ; 1++ )

w[k1[1] = A[1][1] * =[k][1] ;

for  §=2 ; j «=mn ; jH)
fb is lower triangle part of &
for § i=j ;1 ==m ; i++ 3f
wlk][1] += A[J][2] * =[k][4] :

1
i for each col-j

WV for each wector x(:.k)

H

wold matvec_swmi lowerTriangleMatrixHandler &h, matrixHandler xh,

matrixHandler whl
{
integer m, n, = ;
integer 1, j, k :
doohlereal **4
donblersal **x
douhlereal *4y ;
m= &h-=m ; n=~h-=n ; = = xh-=n ;
& = ph-=f ; x = xh-=4 e yh-bﬂ =
Ay = xR0 10 + sun_{3 30 =i *8(: .47 )
for { k=1 ; k === ; k++}]
for { 1=1 ;1 «=m ; 1++ }
} v[k][1] = A[L][1] * =[k][1] ;
for { §=2 ; j <= n ; j++)f
for i=1 1os g i+
i g, AlLLd) = AL,
} y[R1{1] += A[i104] * x[kI[4] ;
for { i=3 ;1 ==m ; 1++ )

ylk][1] += AL31[1] * =[k][4] :

W for each col-j
VW for each wector x(:,k)
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Function overloading in C++

C++ enables several functions fo the same name to be defined, as
long as these functions have different sets of parameter

(1) parameter type

(2) number of parameters

(3) order of parameter type

when an overloaded function is called, the C++ compiler selects the
proper function by examining (1) number (2) types (3) order of the
arguments in the call.

the only one function which cannot be overloaded is "main" since it
IS the entry point.

Advantage: overloading functions that perform closely related tasks
can make programs more readable



Function overloading of matrix data type

1 constructor

void zeros( matrixHandler * , integer m, integer n, orderVar sel ) ;
void zeros( int_matrixHandler * , integer m, integer n, orderVar sel ) ;
void zeros( lowerTriangleMatrixHandler* , integer m, integer n, orderVar sel, int isSym ) ;

2 destructor

void dealloc( matrixHandler Ah) ;
void dealloc( int_matrixHandler Ah) ;
void dealloc( lowerTriangleMatrixHandler Ah) ;

3 1/0

void disp( matrixHandler Ah |, ostream& out ) ;
void disp( int_matrixHandler Ah, ostream& out ) ;
void disp( lowerTriangleMatrixHandler Ah, ostreamé& out) ;

4 metric

doublereal norm( matrixHandler Ah, matrix_keyword p ) ;
doublereal norm( lowerTriangleMatrixHandler Ah, matrix_keyword p ) ;
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Algorithm ( PAP’ = LDL’, partial pivot ) [1]

Given symmetric indefinite matrix Ae R™"-constructinitial lower triangle matrixL =1

use permutation vector P to record permutation matrix pt

1+\/1_7

et AY:=A, %=1, P¥=(123-,n) and IOiVOt|=Z€rO(n), o =——=0.6404
int  bunch_kaufmant lowerTriangleMatrixHandler &h, int_matrixHandler Ph,
3 int_matrixHandler pivoth, dooblereal alpha )
| 1 .
oassert( Ah ) 5 assert{ Ph ) ; assert{ pivoth ) ;
agzerti{ COL_MATOR == fh-==el ) ;
azsert( COL_MATOR == Ph—}ﬂ&l 1
verification agzerti COL_MATOR == pivath-==zel )
m= &h-=m ; n = bdh-=n ;
< azsert] m == :
assert{ 0 I= 8h-=138wm 3 o /7 8 must be svemetric matriz
agzerti{ 1 == Ph-=n ) ; assert{ m == Ph-=m } ;
azzert( 1 == pivoth-=n ) ; assert{ m == pivoth-=m ) ;
\ agzerti (0 == alpha) && (1.0 == alpha) ) ;
& = fh-=4 ; P = Ph-=A4 ; pivot = pivoth-=4 ;
for { 1=1;1 «=mn; i++)]
F[1][1] =1 ; <
for § i =1 ;1 <=n; i++3]

plvnt[l][l] =0 ; <




Algorithm ( PAP’ = LDL’, partial pivot ) [2]

(1) we store lower triangle matrix L and block diagonal matrix D into storage of matrix A

(2) permutation matrix P and pivot sequence pivot are of type int_matrix

k=1
while k<(n-1)
we have compute P A( pld )T — (D) AlK) ( L(k—l))

T

D, O 0 0
o -
" : D, 0
AY = 0 | a® () | update original matrix A , where D, :1x1or 2x2
Ak Ak
0 w0 al

k
——

-1
W| O bk-

ﬂkl):[#—oj k-1 combines all lower triangle matrix and store in L
M| |



Algorithm ( PAP’ = LDL’, partial pivot ) [3]

1 compute 4 =kr+TJlS€:1j><<n

Ay =|Ad T2k

-8 step 1 compute  lambda_l = max{la(j.kil: ktl==j==n}
lambda_1 = 0.0 ;

for{ 1 =k ;1 ==n ; i++ 53 ¥ step 1: compute lembda 1 = max{|a(j,k)|: k+l<=j<=n}
tmp = fabs({ &[k][1] ) ; 54 %
if { tmp = lambda_l1 3} 5 [lamkbda 1, 3] = mwax( sbs(i(k:n, k)] ) @
lambda_l = tmp ; 56 r=k+3-1:;

r=1 ;

VY for each row

Case 1. \akk\Za/il 1x1 pivot  no interchange

Dk—l | Dk_1 T
2 do 1x1 pivot : A = al¥| ¢ |= 1 o (L("))
c| B cl/ay) | | B—cc' /aly)
L(k+1:nk)«c/a
( | » then A= L*YLM Ak () ( L (kD) )T
A(k+1:nk+1:n)—=cc’ /a8l

Technique problem: if we store L into memory block of A, then L(k+1:n,k)
will overwrite ¢c= A(k+1:n,k) such that A(k+1:nk+1:n)—=cc’ /af(t) fails.
We use a temporary storage |_(1; n, 2)



Algorithm ( PAP’ = LDL’, partial pivot )

[4]

. D, | D,
do 1x1 pivot : ) k1 T k1 - T
Ak _ ad| ¢ |= 1 all) (L< ))
c| B c/al | | B—cc' /a
L(k+1:n,k) «c/a
A(k+1l:nk+1:n)-=cc" /a}
78 % Step 2: do 1x1l piwvot,
79 % Lik+1l:n, k| <—— c/filk,k)
‘ matrixHandler Lh - 80 % Aik+l:n, k+l:n) -= cro'/aik, k)
o 8l %
doublereal **L & g2 Lik+i:n, k I = Aik+1l:in,kK)/Aik, k)
23 Lik+1l:n, k+1:in) = A(k+1:n, k+1:n) - Lik+l:n, Kl *a(k+1l:n,k)' ;
ief':'f]'gl %quhf n, 2: CDL—HAJDR :' : o4 Lik+l:n, k 1 = zero wec(k+l:in) ;
= - 2 =]
.y Liktl:n, k o= bkl k0 Ak kY
a_kk = A[k][k] ;
for{ i =kl 11 2= n ; i++)d
LI1][1] = &[k][1] ¢ a_kk ;
1
=K Blk+l:n, k4lond = Alk+lon, k+lond - Lik+lon ko®aik+l on k)

- f remember: only update lower triangle pact
for (j = k+1 ; j =7 j++_}{ .
tmp = A[RI[3] 5 A7 Alk,4) = Alj.k)
for{ 1 =3 ;1 =1 ; 1++)] <

Alalla] -= LI1][1] * tmp ;
VY for each row ;
VY for each column
!l ostore L ointo &
for{ 1 =k+1 ; 1 ==n ;
Alk][1] = L[1][1] ;

1++

We must update lower triangle
part of matrix A only.




Algorithm ( PAP’ = LDL’, partial pivot ) [5]

3 k<k+1 and pivot(k)=1

. 25 %
A step 3: Llpli_latE.' k <= ktl and pivot(k) = 1 87 & step 3: update k <- k+1 and pivot(k) = 1
pivot[1][k] =1 ; ag %
=kt ; a9 pivotik) = 1 :
20 k= k+1 :

When case 1 is not satisfied, we compute

A, =max

j#r

a,

= maximum of off-diagonal elements in column r

é FEostep 4: find lanbda_r = maxmum of off-diagonal of col-r
For e n o lambda_r = max{ maxiabs(&(r k:r-130), maxiabs{&(r+lon, )00 )
A = 0o lambda_r = maxfabs(a{r kir-1000
lambda_r = 0.0 ;
ford g =%k ;1«1 ; g+ )
tmp = fabs({ &[5][c] » ;
if [ tmp = lambda_r 3
lambda_r = tmp ;

Vi for each column
if{r=mni
forf 1 =04l ; 1 == ; 1++

tmp = fabhs{ A[r][1] ) ;
if { tmp = lambda_r ) % step 4: find lambda r = maxman of off-diagonal of col-r
lambda_r = tmp ; e

if [ £ < n )

WY for each column lambda r = max | wax(sbs(hir,k:r-1))), max{abs(kir+lin,r))) | ;
Vi af {r =) else
lambda r = max(shs (Lir, kir-1)))

end




Algorithm ( PAP’ = LDL’, partial pivot ) [6]
=" )
By X
4 2, =max(max|A(rk:r 1), max|A(r+1:nr)) |a . x «
A >2>0? &k Bz 0 Bra| G
= S
X : X
\ & X X a, X x/
Case 2: |aw|4 =a4’ 1x1 pivot no interchange
D4 | Dy ;
5 do 1x1 pivot: A = al| ¢’ |= 1 al" (L(k))
c| B c/ay) | | B—cc' /a

{ L(k+1:n,k) «c/a}

6 k<« k+1 and pivot(k)=1

A(k+1:nk+1:n)-=cc" /ay

then A= L&Dk Ak ( L(K) )T ( L (kD) )

The same as code in case 1




Algorithm ( PAP’ = LDL’, partial pivot) [7]

Case 3: |a,|>a4,  1x1 pivot do interchange
define permutation P = (1: k-1,r,k+1:r-1k,r+1: n) to do symmetric permutation

7 P(k)e P(r)

int_tmp = P[1][k] ; twp = Pik) :
P[1][k] = P[L1][x] ; Fik] = Plr} :
F[1][r] = int_tmp ; Fir) = twp :

To compute A¥ =R AYR" | we only update lower triangle of A"

(11 A(kK) o Ar,r) [%\

O] X 1

8 <2 A(r+1:nk)«> A(r+1:n,r) Lo 3.
OX X

~13 0 A(k+Lir-1,k) > A(r k+1:r-1) a, | A - A aT)
k r




Algorithm ( PAP’ = LDL’, partial pivot )

(1 A(k,k)e A(r,r)

2 A(r+1:nk)<> A(r+1:n,r)

L3 A(k+1:ir-1k) <> A(r,k+1:r-1)

[8]

Y. 145 %
Frostep B compute & tilda [k} = P Ik} ® 4 Ikl % (P Ik1y l4c % ztep S: cowpute A tilds {k} = P {k} * 4 {K} * (P _{K})'
ALY MY a--= Ar, x) 147 % (1] Aik,k) <--> Afr, 1)
tmp = a[k][k] ; 143 % (2] Lir+l:n, kK] <--» Alr+l:n, r)
B[k][k] = A[r][r] : 149 % (31 A(k+l:r-1, k) <--» RAir, ktl:r-1)
Alr]lc] = tmp ; 150 %
o2y Motln, kY 2--= .f_l.{r+1:n, 1';! _ 151 trp = Lik,k] :
for E i=r+l ;A} ﬁ? Ll 152 Aik,k) = Alr,r] ;
mp = rifif ; Rir, = ;
Alx][i] = AK][A] : e VEoEl T T
} 'ﬁ'[k][i] = tmp ; 185 Cmp (E+1:in) = Afr+1l:in, £
A03) Bkl oe-1, k) <--= Alr, ktlor-1) 158 o e T B e s
for {1i=1I+l D1 <1 ; i+t 157 Air+l:n, k) = twpir+l:nl
tmp = A[k][1] ; 158
AlkT0L] = AlilM:] ; 153 tmwp vec(k+l:r-1) = Aik+l:r-1, k) :
A[1][r] = tmp 1e0 Lik+l:r-1, k) = A(r, k+l:r-1)':
} 161 Lir, k+l:r-1) = tmp_wvec(k+lic-1)' ;
(D
k-1
~ k) .
then AK — al¥) ¢ |, al)=a




Algorithm ( PAP’ =

To compute (¥ =pL*IPT

9 We only update lower triangle matrix L

then

p(K A( p(K) )T _ [k A ([(k—l))

L(k1:k-1)e> L(r1:k-1)

T

T,
2

Lik, 1:k-13 <--= L{x, 1:k-13

if {1 <k 3

for{ 1 =1;4i

tmp

»  ALII[k]
Alallr]

h
WiAf (k= 1)

fFostep 9: compute L_tilda {k} = P Ik} * L Ik1 # (P Ik}V

iq++}{
l

LDL’, partial pivot )

[9]

| (kD)
(1
x 1
X X 1
IkJ. Ik,2 Ik,k—l
IrJ ILZ Ir,k—l
\\ X X X

163 %

164 % step 9: compute L tilda {k} = P {k} * L {k} * (P {k})'
1:k-1) <—-> Lir,

168 %
166 %
167
1&g
1&3
170
171

Lik,

if (k> 1)

tmp wvec(l:k-1)

Lik,
Lir,
end

1:k-1)
1:k-1)

1:k-1)

Lik,1:k-1)"' :
Lir, 1:k-1) -
twp vec(l:k-1)' :

we store lower triangle matrix L into storage of matrix A




Algorithm ( PAP’ = LDL’, partial pivot ) [10]

10

{

11

do 1x1 pivot : AM =

Dy | Dy
al| ' |= 1 al) (L(") )T
c| B c/ay | | B—cc' /a

L(k+1:n,k)<—c/afd'§)

A(k+1:nk+1:n)-=cc /a}

k«—k+1 and pivot(k)=1

then P(")A( pK) )T -

[0 (k) plks) ( L(9) )T ( (D) )T

The same as code in case 1

Case 4: |a,|< a4,

2x 2 pivot

do interchange

define permutation P=(1:k,r,k+2:r-Lk+Lr+1:n), change &, to 3.k

12

P(k+1) <> P(r)

1nt_tmp
Pl1][k+1]
FI1][x]

PI1][k+1] ;
P[1][r] ;
int_tmp ;

tp
Fk+1)
Flr)

Pik+1) :
Pir) :

tmwp




Algorithm ( PAP’ = LDL’, partial pivot ) [11]

To compute A¥ =R AYP" | we only update lower triangle of A"

13 do interchange row/col kK+1<>r

1 A(k+Lk+1)«> A(r,r)

2 A(r+l:nk+1)<> A(r+1:nr)
3 A(k+Lk)<> A(r k) 0 % [am  ﬁ o]
4 A(k+2:r-1:k+1)<> A(r,k+2:r-1) 0 | G anxw% x

H—]."'.l" % 2tep 13: do interchange row/col k+1 <——> ¢
Fostep 13: do interchange rowfcol k+l =--» 1 % (1] Afk+1,k+1) <--> Ajr,r]
S Ly Bk Lk ) = B x) % {2) Air+l:n, k+1 | <--> Li{r+l:n, r)
tp = A0[k+1][k+1] ; % (3] A(k+1,kK] <--> A(r, k]
ATk+11[k+1] = ac][x] & (4] Aik+2:r-1,k+1) <——> Lir, k+2:r-1)
Alr]fr] = tnp ; %
PO 02y Brtlon, k4l ) =--» B{r+lom, 1) trp = A(k+1,k+1) :
for {1 =104l ;1 =71 ; i+){ Lik+1l,k+1) = A(r,r) :
p = Ak ][] ; Y —
Afk+1][1] = A[r][1] ;
} Alr]f1] = tnp ; twp wvec (r+1:n) = Lir+l:n, k+1 ) :
Lir+l:n, k+1 = Alr+1l:n, :
fE(3) Ak4L k) =--= Alr k) AEE+1:2, E] ! = trL; vercl(ri::ll:nj :
tp = 4[k][k+1] ; -
g B I
P4 B(ka2ir-1 k1) 25 A1, ke2ir-1) s e
for { 1=k2 : i <1 3 it ’ B
tmp = A[k41][1] ; . - . .
F'.[]-:+1][i] - P.[i][l’] : twp_wvec (k+2:r-1) = Afk+2:r-1 , k+1) :
: . Lik+Z:r-1 , k+1) = 4jr , kK4+2:r-11"' :
Al1][r] = tmp ;
Lir, F+2:rx-1) = tmp_wec (k+2:r-1]"' ;




Algorithm ( PAP’ = LDL’, partial pivot )

14 do interchange row k+1l<r
L(k+11:k-1)«> L(r,1:k-1)
then
p(K A( p(K )T _ (D A ( [(c-D) )T

Hoto compute L_tilda_{k} = P Ik} # L Ik1 * (P_IE1Y
if (k=13
5/ step 14: do interchange row k+l =--> 1
vy Liktl, 1:k-1) <--» Lir, 1:k-13
for [ 4 =1 ;
tmp
B3] [k+1]
Ali]lr]

h
WAaf (k= 1)

koo )
J1[k+1T
Jlle] ;
P

nmn .

il
A
tm

o1 "-|
:>< 1
JEa‘:,l AEa‘:,:: 1
‘E.i:+1,1 ‘E.i:+1,.it—1 0 1
< ; =
rl ‘Er,t—l
Lo 5 1 )
if [ k> 1)
S
¥ step 14: do interchange row k+1 <—-> ©
% L{k+1, 1:k-1) <--> Lir, 1l:k-1)
i‘s

tmp vec (lik-1)

Lik+l ,

Lir
end % if [ kK > 1

1:k-1)
, l:k-1)

Lik+1,1:k-1)"' :
Lir ,1:k-1) :
tmp wvec (l:k-1)"' :

[, 4 (o,
15 do 2x2 pivot: AY = E|lc I E
c| B cE™ || B—cE'c'
L(k+2:nk:k+1)«cE™
T ~
{ A(k+2:nk+2:n)—=cE™c' then P(k)A( pt ) = [0




do 2x2 pivot : {

Algorithm ( PAP’ = LDL’, partial pivot )
L(k+2:nk:k+1)«cE™

A(k+2:nk+2:n)—=cE™c'

FFocompute 1nwiED

FEL(k+2m,

FEA(k+2m,

Ffostore L ointo A

detE = Alk][k] * A[k+1][k+1] - A[k][k+1]*¥A[k][k+1] ;

inwE_11 = &[k+1][k+1] J detE ;
inwE 22 = &[k][k] § detE ;
inwE_12 = -&[k][k+1] # detE ;
ivE 21 = 1vwE_12 ;

E:ktld = A0k+2:on, kok+l ¥ inwe(Ey

for {1 =k+2 ;1 <=1 ; 1++
L{L][1] = A[k][1] * inwE_11 + A[k+11[1]* inwE_21 ; E—l
LI2][1] = A[k][1] * 1owE_12 + A[k+1][1]* inwE_22 ;

1
E+2:mnd = Alk+2:on, k+2ond - Lik+2:mn, kol (Adk+Z:on, k:k+ld') ;
for { j =kt ; 4 ==mn ; j++)f
for { 1 =3 ;1 =2=mn ; 1++)f
A1) -= L[1]{a] * A[kT[4] + L{2][1] * A[k+L1](a] ;
W for each row
VY for each col

for €1 =k+2 ;1 ==mn ; i++ )
Ak JM1] = LIL][1] ;
Alktl][1] = L[z][1] ;

h

[13]

ak,k ak+1,k
ak+l,k ak+l,k+l

1 a‘k+1,k+l _ak+1,k

_dﬂE'%Mm a

¥ step 15: do Z2xZ2 pivoting

Eil,1) = &k , k] :
E(2,1) = Alk+l, k) :
Ei{l,2) = E(2,1) :

E(2,2) = Alk+l,k+1) :

Lik+d:n, k:k+1)
Lik+2:in, k+2:n)
Lik+2:n, k )
Aik+2:n, k+1)

Zero_wvec (k+Zin)
Zero_wvec (k+Zin)

Aik+2:n, kik+1l) #Finv(E) :
Aik+2:n, k+2in) - Lik+Z2:n, kik+1)* [Lik+2:n,

Eik+1) ')




Algorithm ( PAP’ = LDL’, partial pivot ) [14]

16 k< k+2 and pivot(k)=2

x
Fdostep 167 update pivot(k) = 2 and k =-- k+2 1 % step 16: update pivotik] = 2 and k <—— k+2
pivot[1][k] = 2 ; 1%
k=X + 2 ; | pivot (k)] = 2 ;:
: E=k+ 2 ;

endwhile

|_l_|H terminatin condition for pivot array
Fhowhen k = n-1, do 1xl pivoting, after leaving while loop, pivot({n) = 0,
LS we must correct pivotin) = 1 {implicit 1xl pivoting)
if ¢ 0 == pivat[1][n] ¥
if {1 == pivat[1][n-1] M
pivot[l][n] =1 ;

1

% terminatin condition for pivot array
% when kK = n-1, do 1x1 pivoting, after leaving while loop, pivotin) = 0,
% we must correct pivot(nl = 1 (implicit 1x1 pivoting)
*’_‘5
if [ O == pivotin] 1

if [ 1 == pivotin-1) 1

pivotin) = 1 :

encd

encd




Example: partial pivot

A
e 3 Bunch-Kaufman (partial pivot)
6 12| 3 | -6
12 | -8 |-13| 4 a:1+\/17 P= 1|2 | a]|3 pivot=| 2 | 0
3 [-13] 7] 1 8
‘ ) ‘
64|16 1 6
J
1 12 | -8
L= D=
0 0.5 1 8
-0.6875 | 0.5938 | -0.6875 | 1
\ J .
r )
6
12 -8
L+D — mem(A)=
0 0.5 8
-0.6875 | 0.5938 | -0.6875| -1
\




driver for example [1]

main.cpp
J Solution Tower Trianglebdatoix’ (1 project)
= E lowerTriangleMatrix #include "global h"
5 [ Header Files #include <stdio.he

#include "lowerTriangleMatrix h"

] GanssianEliminate.h #include "GaussianEliminate h"
1] globalh
h] lowerTrisnglebdatriz h void  test_BunchEaufmani woid ) ;
ﬂ matriv h - . .
*
[ Resource Files Eaint main{ int arge, char® argv[])
L Source Files EL#ifdef HIGH_PRECISION_PACEAGE
Ej Bunch_Eaufman.cpp unzigned int old_cow;
4:,+_+’| lower TriangleMatri cpp - fpu_fi:-:_start{&u:uld_u:w}l;
m; 1T #endif
f-_’| In_partialPivot.cpp
G main.cop h#ifdef DO_ARPREC
€+ matris cpp : : mp:cmp_init{ ARPREC MOIGITE )
’gﬁ arprec lib #endif
2 d Lib L it main code ----------------
test_BunchEaufmani) ; < Test example
I e end main code -------------

pr#ifdef DO_ARPREC
- mp:mp_finalizel );
#endif

pp#ifdef HIGH_PRECIZION_PACEAGE
- fpu fix end(dold cwd;
#endif

return 0 ;
1

We need full matrix representation of x,b of linear system AX=D
and permutation matrix P, pivot sequence pivot



gvold  test_BunchEaufman( woid ) drlver Tor example I_t_]

{ p \
integer m = 4 ; 6
integer n = 4 ;
lowerTriangleMatrixzHandler ah ;
lowerTriangleMatrizHandler Ah_dup; 12 -8

int_matrixHandler Fh ;
int_matrixHandler pivoth ;

matrizHandler bh ; 0 -0.5 8

matrixHandler xh ; fF % = inwl8)%h

matrixHandler bh_hat ; /F b _hat = &%x

matrizHandler th ; ff residual v = b - bx -0.6875 | 0.5938 | -0.6875 -1
donblereal r_supnomm ; \_ Y,

int isdingular ;
doublereal ##4
doublereal **b ; e ICAWINDO WSAsystem 32\cmd exe
doublereal alpha ;

configuration of matrix A

zerosi &bh, m, n, COL_MATOR, 1 ) ; dimension of symmetric matrix is €4,.4> with col-major
|':'| = Iﬁlh'}lﬁl . 6 . BREA
ALLITL] = 6. ; A[1](2] = 12. ; A[1][3] = 3. ; A[L][4] = 6. ; 12.0009 —8.0999
B[2][2] = -8, A[2][3] = -13. ; &[2][4] = 4. 3.8 -13._0909090 —7.8808
B[31[3] = -7. ; A[3][4] = 1. ; -6 . AAAA 4 _A8aaa 1.8888 6. 88aa
Al4][4] = B. ;

_ _ _ AP’ = LDL* : store L and D into A: with alpha = A.6484
C'_I'th =« "configuration of matriz 8" == endl ; imenzion of symmetwic matrix iz <4.4> with col-major
disp({ Ah, cout ) ; 6. ABERA
geros( &dh_dup, m, n, COL_MATOR, 1 ) ; 12 .08608 -8 .A0AA
duplicated Ah, Ah_dup ) ; -B.68868 -8.58688 8 . 8088

-B.6B75 A.5938 -B.6875 -1 .A888

Eerns( &Ph Lom, 1, COL_MATOR 3 ;
geroz( dpivoth, m, 1, COL_MATOR % ; ermutation matrix P:

alpha = (1.0 + =qrt(17.000/3.0 ;
A step 2: factorization, PAP' = LIL'
cout _precizion{d) ;
cont =< std::fixed ;
iziingular = bunch_kaofman_w2( &h, Ph, pivoth, alpha 1 ;

dimension of matrix is <4.1> with col-major

cot << “wnPAP' = LIOL' : store L and I into A: with alpha = " << alpha <= endl ;
dizpi &h, cout ) ;

" . . . pivot matrix piovt:
cout <« "npermutation matrix Foin® dimenszion of matrix iz (4.1 with col-major
dizp{ Ph, cout 3} ;

collt << “wnpivot matrix plowt:in" o
dizp{ pivoth, cout J ;




Report

Implement PAP’ = LDL’ and linear solver in C/C++
describe program structure

How to verify your program

Comparison with MATLAB implementation
Memory usage (do you need extra storage?)

Speedup strategy



