Chapter 12 Gaussian Elimination (1)

Speaker: Lung-Sheng Chien

Reference book: David Kincaid, Numerical Analysis
Reference lecture note: Wen-wei Lin, chapter 2, matrix computation

http://math.ntnu.edu.tw/~min/matrix_computation.html
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Weakness of A=LU

- erroneous judgment: A is invertible but A=LU does not
exist
- unstable, A is far from LU

A=LU versus PA=LU
Pivoting strategy
Implementation of PA=LU
MATLAB usage




Fail of LU: singular of leading principal minor

I 352)@

A 01 B 1 0)0 1 . :
11 17w 1o 9 a, =0, LU cannot continue

Question: How about interchanging row 1 and row 2?

o o) e o Wl




unstable of LU: near singular of leading principal minor [1]
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Theoretical: | * :(1+g+0(52)) _[ e +O(52) __e0 , why?
X, 1-2¢ l-¢ 1
Numerical:
e 1 (1 0\ ¢ 1
111 :LE 11 0 1 Problem: for double-precision,
g £ we only have 16 digit-accuracy,

we cannot accept +oo

if ¢—>0 then L, o, U,, \y—o



unstable of LU: near singular of leading principal minor [2]

g 1 1 O 1
1 1 1
X, 2 X, 2 0 1-—|\X% -—— 1|2 2——
E E E
backward , 1 1 2-1e
substitution ‘ step 1. (1_;}(2 B 2_2 =10, 1
1-% — 0

step2: EX+X%=1 —— x=

. 2-1le¢ -1lel1-2¢
Question: why not x, = - =1-£+0(¢&?
Y % 1-1/e -1lle 1-¢ ‘ (8 )

1-1/¢ —22 —1/¢ due to rounding error

2-1/¢ —=2> —1/¢ due to rounding error



unstable of LU: near singular of leading principal minor [3]

] ~14 . . __a1n-18
Case 1: ¢=10 Case 2: ¢=10
=» [L, U, i2ll_succ] = lu_nopivot_lzc(i) s> [L, T, islU_sncec] = lu_nopivot_lac(d)
L. = L =
1.0e+014 * 1.0e+017 ¥
0.00000000000001 0 0.00000000000000 0
1.00000000000000  0,00000000000001 10.00000000000000 0, 00000000000000
0= =
1.0e+013 * 1.0e+017 ¥
0.00000000000000  0,00000000000010 0.00000000000000 0, 00000000000000
0 -9,92990920029300) 0 -10.00000000000000
iell_suce = isllU_suce =
| 0 0
== UWLA[L; 2] == TVILA[L;2]D
Warning: Matrix iz close to gingular or badly scaled. Warning: Matrix i= close to singular or badly zcaled.
Rezulte mav be inaccurate. RCOND = 1.000000e-028, Results may be inaccurate. RCOND = 1.000000e-036.
ans = ans =
0.99920072216264 0 wron lution
0.99999599995999 1 ong soiutio




unstable of LU: near singular of leading principal minor [4]

Question: How about interchanging row 1 and row 2?

LY =l MG
M — B — LI 0

backward _ 1-2¢ .,
substitution { step 1 (1-¢)x =1-2¢ %=1 1

»
»

step 2: X +X =2 — X =2-X% -1

Key observation:

without pivoting pivoting
1-2 :
_ 2-1/¢ ¢50_ 1 (rounding normal X, = & ¢20_y 1 (rounding error does
1-1/ ¢ number) 1-¢ not occur for normal

number)



unstable of LU: near singular of leading principal minor [5]

Case 1: ¢=107"

== [L, T, igLllU _zuce] = lo_nopivet lac(d)
=

1.00000000000000 0

0.00000000000001  1.00000000000000
I =

1.00000000000000  1.00000000000000

0 0.999999529999049
izl zuece =
0

=» TVLA[Z 5 1]

ana =

1.00000000000001
0.99999999999999 ——» \Why not 17

Case 2: ¢=107"

== [L, T, igllU_zuce] = lu_nopivet_lac(d)

L =
1.00000000000000 0
0.00000000000000  1.00000000000000
T =
1 1
0 1
igll_snecc =
0

== IVILA[Z 5 1)

ana =




unstable of LU: cause and controllability

define |Al = max

I<i,j<n

without pivoting &=107"

L =

1.0e+017 *

0. 00000000000000
10, 00000000000000

== [L, U, izllU =ucc] = lu_nopivet lacii)

0
0. 00000000000000

T =
1.0e+017 *
0.00000000000000  0.00000000000000
0 -10.00000000000000
L] =[U| =10 (NOT stable)

Objective: control growth rate of |L| .U

A ‘ = largest component of matrix A

pivoting ¢=107"

== [L, U, izllU =ucc] = lu_nopivet lacii)
L =

L. 00000000000000 0
0.00000000000000 1, 00000000000000

L =|U| =1 (stable)

—_ control multiplier



OutLine

Weakness of A=LU
A=LU versus PA=LU

- controllability of lower triangle matrix L
Pivoting strategy
Implementation of PA=LU
MATLAB usage



Recall LU example in chapter 11 [1]

A= A(l) L(l) A(Z)
s 3 s N\ [
6|-2|2 |4 1 6|-2|2|4
12 >» 12| -8 | 6 |10 2 |1 0|-4]21|2
1 —
- J1 3113/ 9 3 0.5 1 0 |-12| 8 | 1
-6
o | -6 4| 1|-18 -1 1 0213 /14
\ J N J \
1 ; . .
Lg’)1:2>1 since Aﬁ):6 IS not maximum among A(l:4,l)
A2 L2 AL
s 3 s \ [
6|-2|2 |4 1 6|-2|2|4
0|-4]2]|2 . 1 0|-4]2]|2
1 £—12J lola28 1 | 3 |1 olo|2]|-5
-4\ 2 » 0| 2| 3|14 -0.5 1 00| 4|13
N J N J \

L(;; =3>1 since Ag) =—4 is not maximum among A2 (2 4, 2)




Recall LU example in chapter 11 [2]

AB L3 A
‘ \ [ Y [ \
62|24 1 62|24
0|-4|2]|2 . 1 04|22
4 olo|2|-5 1 ojo0|2|-5
2 » 00 4|13 211 0]0]0]-3
N J N )\ J

A L U
( ) ( Y [ )
6 2|24 1 6 1-212|4
12/-8/6 10| 2 | 1 4122
3 -13/ 9 |3 05 3 |1 2 | -5
6| 4| 1|18 1 05|21 -3
\ J \ J \ J
A, =18 L. =3 Ul =6

Question: How can we control \L

_» is uniform bound possible?




PA =LU In MATLAB

== help lu

L1 LU factorization.
[L,U] = LU(X) stores an upper triangular matrix in U and a
"peychologically lower trianeular matrix" (i.e. a product
of lower triangunlar and permntation matrices) in L, =o
that £ = L*¥I. £ can be rectangular.

[L,U,P] = LU{E) returns lower triangular matrix L, upper
triangular matrix U, and permutation matrixz P zo that
F*i = L#I.

6 -2 2 4 412 -8 6
12 -8 6 10 L3 -13 9
3 -13 9 3_ b6 4 1
6 4 1 -18 26 -2 2

P=(2,341)=

SCFIFCINCINCF

=» [L, U, P]
L =
1.0000
0.2500
-0, 5000
(0. 5000
10) "~
3 12.0000
0
~18 0
0
4
P =
0 1
0 0
0 0
1 0

RAEY

-5.0000
-11.0000
0

0

O D = O

o= D O

1.0000
0.0909

6.0000
7.5000
4.0000

0

10,0000
0.5000
-13.0000
0.2727




PA = LU: assume P Is given

J

\

<1 since AV =12

PA= AY
]
——| 12| -8 |6 |10
3\[F>| 3|13 9|3
1
5| O —>| 6|4 1|18
6
S 6 |-2| 2| 4
N
LW (2:4,1)
A2
,
12| -8 6 |10
0 -11/7.5/05
10 > 0| 0| 4|13
~11( 2
> 0}2|-1]-1
N

J

19(3:4,2)[ <1 since A}

\

L

025 1

-0.5

0.5

J

\

[1]

is maximum among A" (1:4,1)

L2

1

0

-2/11

1

J

\

A?)

\
12 (-8 | 6 |10
0O [-11/75/0.5
0|0 1| 4 |-13
o2 -1 -1

J

AL

12| -8 | 6 10
0 |-11| 7.5 0.5
0] 0 4 -13
0O | O |4/11]-10/11

_11 is maximum among A" (2:4,2)




PA = LU: assume P is given  [2]

A(3) |_(3) A(4)
‘ \ - N \
12 -8| 6 | 10 1 121 -8| 6 | 10
0|-11] 751 05 1 0|-11/75/| 05
1 4 » 0ol o| 4 |a3|] 1 olol| a|-13
VAT
ool o antl0m 111 | 1 olol o 311
L ) L )\ )

L(3) = 1—]E|- <1 since Ag??:) =4 is maximum among A(3) (3:4, 3)

PA L U
( 3 4 N\ [ 3
12| -8 6 |10 1 121 -8| 6 | 10
3 -13] 9 | 3 . 025 1 -11| 75| 0.5
6|4 |1 |-18 051 0 1 4 | -13
6 2|24 05 |-2/11/1/11 | 1 3/11
N J \ J o\ J
A =18 L] =05<1 U| =13

Observation: though proper permutation, we can control |L| <1

Question: in fact, we cannot know permutation matrix in advance, how can we do?



Sequence of matrices during LU-decomposition

al) a)
A= AY = agll) aglz)

4 ol

> A(k):
X
LOL@) Lk 2 Lx 1 «— k—row
X |

&) al
0 a)

A2 _ 0 aég)

0 a?
(1)
1
0
i
0
0 --- 0

2y
al;)
al;|

o2

4
4
4

o
4

A
i

G




OutLine

Weakness of A=LU
A=LU versus PA=LU
Pivoting strategy

- partial pivoting (we adopt this formulation)
- complete pivoting

Implementation of PA=LU
MATLAB usage



Partial pivoting and complete pivoting

Partial pivoting

(1) finda pe{k k+1:--,n}such that ‘ASE)‘ - maX‘A(k)(an, k)‘

(2) swap row A" (k,1:n) and row A (p,1:n)

then PA=LU with |L| <1

complete pivoting

(1) finda p,qe{k k+1---,n} such that ‘Aéz)‘=maX‘A(k)(k:n,k:n)‘
(2) swap row A* (kl n) and row A (pl n)

(2) swap column A" (1:n,k) and column AY(1:n,q)
then PAIT=LU with |L| <1




Recall permutation matrix

1 2 3 elT 1 0 0
Let A=|4 5 6 Define permutation matrix P=(1,3,2)=|¢€ |=|0 0 1
/7 8 9 e} 010
T T
X
elT e# 5 interchange row 2, 3 123
Px=]6& |x=)&Xx|=| X - PA=|7 8 9
& gx) (% 4 5 6
T
X 1 3 2
X PT = (PX)T =[x, :(X1 X, Xz) interchange column 2, 3 AP |4 6 &
X /7 9 8
Symmetric permutation: A— PAP'
A PA (PA) =3
4 A 4 A 4 A
112 |3 1123 1132
415 6 interchange 71819 interchange 7198
< 718109 row 2, 3 ] 41516 column 2, 3 ] 416 |5




Meaning of matrix coefficient

A, = relationship between node | and node ]

3
ZAJ. ; =b 1 constraint on node | . X1 x2 %3
=1 x1| | 1]2]3

node | isnamed X x2|| 4|56

x3 71819

\

(1, 3, 2) change node 2 to node 3 and node 3 to node 2

— 0| O
o
I

write constraint for now node index

x1 x2 X3

X2 7 9 8
X3 4 |6 |5




ldentity matrix Is invariant under symmetric permutation

x1 x2 X3
e A
X2 1

l P= (1, 3, 2) change node 2 to node 3 and node 3 to node 2

1
(> X1 X2 X3

x1 1

()
SOOI |




PA = LU: partial pivoting

A= AY
\
61224 ‘Aﬁ) =max‘A(1) (1:4,1)‘
12|-8| 6 |10
3 |-13| 9 | 3 32(2,1,3,4)
6| 4|1 |-18
J
AD L)
‘ ) r
— 12| -8 | 6 |10 1
|62 24| | o5
3 |-13| 9 | 3 0.25 1
-6 4|1 |-18 -0.5
> J .
A?)
\
12]8]6]10 ‘Aéj)‘:max‘A(Z)(ZA,Z)
0O}l2|-1]-1
0 |-11]7.5]/0.5 PZ :(1’ 3’2’4)
O[04 |-13

10

0.5

-13




PA = LU: partial pivoting  [2]
PA= AU 1 OaA® _ @ (I:)2T|:)2) A2 — @ |:)2T (|:)2A(2)) _ 1@ |:)2T A2

1

gaA:(gwp;)A(Z):|:<1>A<2> where BB =(1324)(2134)=(2314)

1) T
|_(1) |_(1) |:>2T P |_( )|:>2
) r \ f 3
1 1 1
LOp] B(LR) | o
0.5 1 2 . < 0.5 1 s |/ 0.25 \11
\ |
Interchange v 0.5 ) 1
0-25 ! columnszg 3 025 1 Interchange -
05 1 ’ 0.5 1 rows 2, 3 0.5 1
J \ Y, \ J
v P, = (l, 3, 2,4)
~(1 ~(2
RRA [ A?)
[ 2\ . AN 3\
12| -8 | 6 |10 1 12| -8 6 | 10
) 3 /-13| 9 | 3 025 1 0 |-11/7.5/0.5
verify —
6 |-2| 2 4 0.5 1 0| 2 1/]-1
-6 | 4 1 |-18 -0.5 1 0 0| 4 |-13




PA = LU: partial pivoting  [3]

A2 L2 A3
[ 3\ [ N\ [ 3\
121 -8| 6 |10 1 12 | -8 6 10
5 0O |-11/7.5/0.5 . 1 O |-11| 7.5 0.5
1 —_—
___11[0} O] 2 |-1]-1 -2/11) 1 0O | 0 |4/11 -10/11
E—— OO0 /| 4 |-13 0 1 OO 4 13
\ J \ J \ J
AO P A® — AG)
[ 3\ [ 3\
12|-8| 6 | 10 ‘A(é)‘ _ max‘A(S)(3:4 3) 12|-8] 6 | 10
O (11| 7.5 0.5 O (-11| 7.5 0.5
0O | O |4/11 |-10/11 P — (1 24 3) 0O 4 13
3 1 &9
OO 4 -13 0O | 0 |4/11 -10/11
\ J \ J

~ ~

PRA= (W AR — (W@ AG) — [01(2) (P3TP3 ) AB — [0 (2) |:%T (F% A(3)) _ (W@ |:%T AL

aaaAz(aE“)L@)Fg)A(S)=E<2>A<3> where B,(BR)=(12,4,3)(2,314)=(2,341)



PA = LU: partial pivoting  [4]

[0 (2 [0 (2 p3T R ( [0 (2) %T )
3\ e ) (
i (O @pT ' P ( (O @pT ) :
025 | 1 3 025 | 1 3 )| o251
05 k211 1 Interchange 05 L2/11 1 05 | 0,
columns 3,4 Interchange || ‘
-0.5 1 05|01 rows 3.4 \ 05 211
J . J N N
B =(1,2,4,3)
~(2 ~(3
PRRA @ AL
. A 4 N\ [
12| -8 6 | 10 1 12 | -8 6 10
) 3 -13| 9 3 0.25 1 O |-11| 7.5 0.5
verify o
6| 4| 1 |-18 -0.5 0 1 OO0 4 -13
6 |-2| 2 4 0.5 |[-2/11 1 0O | O |4/11 |-10/11




PA = LU: partial pivoting  [5]

AP L3 A
( h [ \ [ A
12| -8| 6 10 1 12| -8 | 6 10
0|11] 75| 05 || 1 0 [-11] 75| 05
l>< 4 — 0|0 4 -13 1 00 4 13
Ubt—| 0|0 la11|1011 111 1 olo| o |3m
\ J \ J \ J

~

we have PPRRA=[PA® = [PIOAY PA=LU
where P=PRRR =(234,1)

[ 3\ ( \

1 12,8 6 | 10

x 025] 1 11| 75 | 05

L=C[9% = U=A® =

05, 0 | 1 4 | 13

05 [-2/11|1/11 | 1 3/11
\ J \ J

L] =05<1




OutLine

Weakness of A=LU
A=LU versus PA=LU
Pivoting strategy

Implementation of PA=LU
- commutability of GE matrix and permutation
- recursive formula

MATLAB usage



Implementation issue: commutability of GE matrix and permutation [1]

PRA= ( p2|_(1) P ) A2 _ [ A2)

L) [
( \ . 3\
1
1 le-(l)PzT =
05 | 1 > /102571
< Interchange rows and columns 2,3 || ]
0.25 1 0S5y 1
P,=(1/32,4) ==
-0.5 1 -0.5 1
\ J \ J
%
PRPRA= ( PR ) A®) — [ AB)
W) (2) [?
( UL 3\ ( A
1 P ( [0 (2) p3T) 1
0.25 | 1 > 025 | 1
Interchange rows and columns 3, 4 P B N
05 2111 1 705|071
< R=(12]4,3) | !
-0.5 1 \\ 0.5 [-2/11y 1
\ J \ SI___- J




Implementation issue: commutability of GE matrix and permutation [2]

Observation: If we define [ =| , then (<2 <Y R(([("‘Z)L(k‘l)) P =[xV

k-1
where 1
k-2 () _ WO }k—l W=|x . |eRKDEY
M| | x x 1
R=(12--k-1pk+1---,p-1k p+1---,n) interchanges rows k, p or columns k, p
é 112131'”1k
i o th and  p#| }
) k-1 K 0
(1 | L) (1 \
x 1 | | x 1
k—-1< : . | i
Ceee e | : R((E(k—z)l_(k—l))PkT
L] x X 1 i | > X X 1
K -4-A--A--——- Arg 3----1- O O - O1
R : interchange S e 1
p_._._.@_._@_._'.-_,._.Q._i _________ ;I ] A A . A ,
\ X X X i : 1/ \ X X X 1/




Implementation issue: commutability of GE matrix and permutation [3]

k-1 (1 \
' - ~ k
([ 1 | !O \ < 1
x 1 | :
k—-1< : . | | X X 1
| S i — A A A
Ll o x ox - 1] | - : . 1 .
K - A - A A“i ______ I— - partial rows < EREY : .
A ; (candp) O O . O 1
o i interchange Y y .
D - _._.@_._@4_._._,._.@*._; _________ ]:L _______ \ )
\ X X X i : 1 / [ 1 \
x 1
_ _ _ _ X X e 1 /\
-+ symmetric permutation on an Identity matrix A A . A ‘1' ______ IL _____ >
O O Ol-bm |
| X X X i : 1)




Given full matrix Ae R™

use permutation vector P to record permutation matrix P

let AY =

for k=1:n-1

we have compute pkUa= [ kD pK - plkl)

Algorithm (PA=LU)

A, (Y=1=1 and P9=(12,3 -,

al! al,
0
AW _ A1 a5
0 | ay ¥
0 0 Jay - ay
k-1
I_H
[(k-2) W

[1]

construct initial lower triangle matrix L = |

(k)

)

R<—1F?<—2"'P2F1

update original matrix A

stores in lower triangle matrix L



Algorithm (PA=LU) 2]
1 finda pe{kk+1:--,n} such that \A(pi)\=maX‘A(k)(k:n,k)‘
2 swap row A(")(k,k:n) and row A(")(p,k:n)

define permutation matrix B, =(1,2,---k-1, p.k+1,---, p—-1k, p+1,---,n)

then after swapping rows k, p, we have AR — F{<A(k)

k —col
!
X X X
A9=lo ¢ d7 f—k-row ( |¢[=max|c| )
O ¢c B

3 compute P « RP*Y  for p(©) =(1,2,3,---,n)

if k>1 then
4 compute |:(k—1)(_|:>k(|:(k—2)|_('<—1))|:?(T by swapping L(k,1:k—1) and L(p1:k-1)

then P A= [(k-2) (k1) plK) » PM A= [kDAK
endif



5 decompose A = WAKD \where

A( k+1)

Algorithm (PA=LU) [3]

klcol
I
0 1 «— k—-row
0| c/&| |
X | X X T
_loleldT| B=p-Y
0/0|B d

then P YA= (2L DAN

endfor

by updating matrix A(k+1:nk+1:n)—=

pk) A = (k1) (k) plk+)

by updating L(k+1:nk)«c/&

(recursion is done)

cd’




Question: recursion implementation

< ¢ Initialization
- check algorithm holds for k=1

« Recursion formula
- check algorithm holds for k, if k-1 is true

e Termination condition
. - check algorithm holds for k=n

normal <

abnormal

 Breakdown of algorithm
- check which condition PA=LU falls

Extension

of algorithm

e EXception: algorithm works only for square
matrix?



Exception: algorithm works only for square matrix? [1]

Casel: m=n
n n n
K_J% r N\ s N 1 2 3 1
n{ — n{ }n A=14 5 6|=(4 1
/7 8 9 /7 2 1
Case 2. N=M+pP>M
m P m m p
4 A N\ A N\ 4 A A 4 A N/ T
m{ — m{ }m
1 2 3|4 5 1 1 2 3 4 5
A=|6 7 8|9 10|=6 1 -5 -10|-15 -20

1 19 13 |14 17 1 34 1 —24 | 41 -56



Exception: algorithm works only for square matrix?  [2]
Case3: M=nN+pP>n

n n P n

:n{ O }
P4 p{ | O }p

1 6 1 1 1 6 1

2 7 19 2 1 -5 17
A=3 8 13(=|3 2 1 —24

4 9 14 4 3 ~1.7 |1

5 10 17 5 4 ~23 1

memrse (2} SJ5)-() )

Question: what is termination condition of case 3 ?



OutLine

Weakness of A=LU

A=LU versus PA=LU
Pivoting strategy
Implementation of PA=LU
MATLAB usage

- abs
- max



Command “abs”: take absolute value

In PA=LU algorithm, we need to take absolute value of one

column vector (‘Aﬁf‘ = max‘A(")(k:n, k)‘) for pivoting

== help abs

ABS ibzolute value,
ABS(EY iz the abzolute walue of the elementz of X. When
i oig complex, ABS(E) iz the complex moduluz (magnitude) of

the elements of X. abs also works for matrix

See alzo SIGN, ANGLE, UNWRAP. s h=[-123 -4.56:7809]
Overloaded methods i =

help symfabz.n -

_ -1 2 3
=» 4 = [-3 -4 -5] 4 = %
L= 7 8 9

-3 -4 -5 == gba(4)
== abz(h) ans =
ang = 1 2 3

4 5 B




Command “max”: take maximum value

=» help max

MAE Largezt component. == A = [-3 -4 5]
For wvectors, MAZ(E) ig the largest element in Z. For matrices,
MAZ(E) {2 a row wector containing the maximom element from each L =
column. For W-D arrave, MAX(E) operates along the firast B
non-zingleton dimenzion. 3 4 :
\//[Y,I] = MAE{Z) returng the indices of the maximum wvalues in wector I. .
[f the walues along the first non-gingleton dimenzion contain more roEE [v,1] = max(abz{4))
than one maximal element, the index of the firzt one {2 returned.
5:" =
sx b= [-123; -4 -5 -6;7879] 5
)= 5=| A(3)|=max{|A(L:3)]} <
-1 2 3 i =
-4 -5 -6
7 8 9
\ 3
s> max(h) o s [v,1] = max(h)
ang =
j,:" =
7 5 9
-3
== max( max(d) ) —3= A(l)zmax{A(13)} <
ang = .
1 =
9
\ 1




