Chapter 25 Sturm-Liouville problem (lIl)

Speaker: Lung-Sheng Chien

Reference: [1] Veerle Ledoux, Study of Special Algorithms for solving Sturm-Liouville and
Schrodinger Equations.

[2] TAETEZ %, chapter 8, lecture note of Ordinary Differential equation



Prufer method

Sturm-Liouville Dirichlet eigenvalue problem: —di(p( )Zyj+q( )y=Ew(x)y, y(0)=y(a)=0
X X

Scaled Prufer transformation

z=py =Spcosb { y=psing

psin @ Simple Prufer transformation

z=py = pcosé
where S(x;E)>O: scaling function

_ ’ dg 1 :
40 _S g EW=dop. S o oncn —=—cos’@+(Ew—gq)sin* 6
dx p S S S=1 dx p
_ ’ 1d 1 :
gd_p: S _Ew—gq sin2<9—icos20 14P_ [——(Ew—q)}smé’cosé’
p dx p S p dx p

So far we have shown that Sturm-Liouville Dirichlet problem has following properties

1 Eigenvalues are real and simple, ordered as E,<E <E,<-
2 Eigen-functions are orthogonal in Lz([O,a],W) with inner-product ¢|l/f I ¢ ( Jw(x)dx

3 Eigen-functions are real and twice differentiable

’

. . dg S Ew—q . N
Moreover we have implemented (Scaled) Prufer equation E=;COSZ 0+%Sln29+—sm6’cosé’

with Forward Euler Method (not stable, but it can be used so far)



Sturm’s Comparison [1]

Theorem (Sturm’s first Comparison theorem): let (4,E,),(¢,,E,) be eigen-pair of Sturm-Liouville problem.

dy

(P02 a0y =Bu(a)y

_E dx

suppose E, >E, ,then @, is more oscillatory than &, . Precisely speaking

[Between any consecutive two zeros of ¢, , there is at least one zero of ¢, ] / \/ M

@ 9,

Theorem (Sturm’s second Comparison theorem): let (¢, E,),(¢#,,E,) be solutions of Sturm-Liouville problem.

5 ()= (E(3)-a ()
suppose p,(x)<p (x) and (Ew(x)—gq,(x))<(Ew(x)—¢,(x)) on [a,b]

_i(m(x)%)=(E2w(x)—q2(X))¢z
(1) 6 (a)<6,(a) = 6,(x)<6,(x)

(2) Between any consecutive two zeros of @ , there is at least one zero of ¢,

<proof of (1)>
_4 a | _ _ a6, 1 .
dx(pl(x) dx)_(Elw(x) 0(x)) Simple Prufer d—xl=;lcosz 6, +(Ew=gq,)sin” 6,
d do
_E(pz(x)d_xzj:(Ezw(x)_%(x))% a;_f:zszCOSZ 02+(Ezw—%)sin2 o, 3
2



Sturm’s Comparison [2]
First we consider 6,(a)=6,(a)=86,

dg 1 .

—L=—cos’ 6, +(Ew—gq,)sin’ 6, = F(x,6,) 49 _ 1 oy 0, +(E,w—q,)sin* 8, =G(x,6,)
dx p, dx p,

6 (a)=6, 6,(a) =6,

suppose p,(x)< p,(x) and (Ew(x)-gq (x))<(Ew(x)-q,(x)) on [a.D]

1 [ 6(a)=06,(a)=6, - i
p,(a)< p, (a) - F(a,Hl(a))<G(a,92(a)) Q
(Elw(a)_%(a))<(E2W(a)_q2 (a)) 6 i

|
continuity of F, G XFa _
! F(x.6,(x))<G(x.6,(x)) Vxe[a,a+d] x=ath
6,(a)=6,(a)=6,
CZI (x)< Cil% (x) Vxela,a+d] 6,(x)<6,(x) Vxe(a,a+d]
2 Suppose 6, (x,)=6,(x,), x,>a+h ,then ¢ 0, :

6, (xo) =0, (xo)
D, (xo) <p (xo)
(Elw('xo)_ql (xo)) < (Ezw(xo)_qz (xo))

6,(x)<6,(x) Vxe(a+ha+h+6]

_— F(xo,é’1 (xo)) < G(xo,lﬁ’2 (xo))




Sturm’s Comparison [3]
1 and 2 ——> 6(a)=6,(a) = 6(x)<6,(x)

Question: How to deal with the case & (61) <0, (a)

<proof of (2)> [Between any consecutive two zeros of ¢, , there is at least one zero of ¢, ]

@ 9,

Suppose ¢, has consecutive zeros at x;, X,

Without loss of generality, we assume ¢ (x)>0 on (x,,x,) 3/51\\/ XM x

Moreover ¢, (x,)#0 ,we mayassume ¢,(x)>0 on [x,x +J)

1| ¢(x)=0, i¢1(x1)>0 —> 91(x1)=tanl(—,]=0 and 6,(x)>0 on (x,x +9)
dx p( )
0<7<§ if ¢ (x,)>0

2| ¢,(x)>0 on[x,x,+5) ——> ﬁz(xl)ztan{p(%&j=7<7r

x) (%) §<7<7z' if ¢, (x,)<0

Apply result of (1), set a=x,,b=x, ,then

6, (x1)= 02(x1) = 6 (x) <6,(x)

|
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Pitfall [1]

Recall Sturm-Liouville Dirichlet eigenvalue problem: —di(p( )?j+q( )y=Ew(x)y, y(0)=y(a)=0
X

1 Eigenvalues are real and simple, ordered as E,<E <E,<-

Question: How about asymptotic behavior of eigenvalue, say hmE =oco or ImE, =«

n—soo

2 Eigen-functions are orthogonal in Lz([O,a],W) with inner-product ¢|I,V _[ ¢ ( (x)dx
Question: are eigen-functions complete in 2 ([o,a],w)

<«——> {(E,.w,):n=123-} is eigen-pair of _i(p( )dy

dx dij( )y=Ew(x)y, y(0)=y(a)=0

cl(sp{w,})=cl{f = finite combination of ¥, } =L’ ([0,a],w)
> e B((0alw)—limY (v, )y, = f

3 Eigen-functions are real and twice differentiable

The more important question is

Question: is operator [ =

{_i(p(x)i},q(x)} diagonalizable in L’ ([0,a],w)

dx



Pitfall [2]

Question: How about asymptotic behavior of eigenvalue, say igmw E =co or ImE =«

n—soo

General Sturm-Liouville problem Model problem
d d d?
—d—[p(X)%jw(x)(ﬁfEW(X)% ~Pu —d"f +q,8 =Ew ¢
x X py =max{p(x):xe[0,a]}>0 *
_ 0)=0
%:(0)=0 g, =max{q(x):xe[0,al} %(0)
w,, =minyw(x):xe[0,al;>0 4o 1
40, _ 1 os? 6, +(Ew—q)sin® 6, { 0.1 ——+=——cos’ 6, +(Ew, —q,)sin’ §
dx p dx  py
6,(0)=0 6,(0)=0

Sturm’s second Comparison theorem
(1) 6(0)<6,(0) = 6(x)<6,(x)

(2) Between any consecutive two zeros of @ , there is at least one zero of ¢,

2
Ew — .
M+k2¢1 =0, k= |—n"9u require Ew, > gq,,

Hook’s Law:  dx’ Py —> solution: ¢ (x)=sinkx
¢1(0):0

mx V4
Zeros of solutionis x,, =7 with space Ax=x,—x, =; N as E/

Exercise: [ Between any consecutive two zeros of ¢, , there is at least one zero of ¢, ] shows lmE, = 7
n—oo




Pitfall  [3]

Question: are eigen-functions complete in 2 ([o,a],w)

General Sturm-Liouville problem Model problem\
d dy d’y
dx(P(X)dxj q(x)y=Ew(x)y  p=1¢=0,w=La=x = =Ey

y(0)=y(a)=0 y(0)=y(7)=0

g

Question : solution of modal problem is ¥, =sin(kx), k=123,

Is such eigenspace {¥,! k=123,-:} complete in L ([0,7])

Consider space L2([—7Z,7£])={f:[—7£,7t]—>Rl J_””‘ff dx<oo} with inner-product <f|g>=j_ﬂ”f'gdx

1 {q)k =™ | k=---,—3,—2,—1,0,1,2,3,"'} is orthogonal in r ([—ﬂ',ﬂ'])

27 if k=m

_ d —ikx‘ imx —
(1) =] e e {0 if K m

2 cl(sp{q)k =™ ke Z}) c L’ ([-7,z]) isaclosed subspace

decomposition f = Pf +P* f is unique
where Pfecl(sp{p, | ke Z})
P f Lel(sp{o, | ke Z})

e

pr cl(sp{o, | ke Z})



Pitfall  [4]

) = -
APV Informally, Pf =Y c.p  forsome {c,}_ tobe determined
k=1

Pf cl(sp{ep, | ke Z}) P f = f—Pf Lel(sp{g, | ke Z))

Pf Lel(splo | keZ)) ————> P'fle VkeZ ——> (9 |P"f)=0 VkeZ

P f=f-P =
J=r-y (o1 f)=(p |\ Pf) Vkel ——-—> <¢klf>=z_:cm<¢k|¢m> VkeZ
2 if k=m
<(p"|¢’">={o Ckem o f) wkez
> Ck_g o f €

Formally speaking, when we write Pf = chqok , in mathematical sense we construct partial sum S f = Z P,
k=1 k=-n

such that S,f = Pf in L2 sense.

f
S,f=>Ff in ([-7.7]) Tplf

cl(sp{gok I ‘k‘ > n})

P =££mw\/Jf”\Pf—Snf\2 dx=0  Sfeso—s >

lim|[Pf S, f



Pitfall  [5]

!
PLf M, Esp{gokl ‘k‘zl,Z,---,n}
Pr cl(sp{%l ‘k‘>n})
‘ < N,=d(sp{o) k|>n})) ——— C([-#x])=M, &N, &M
. M_ =cl(sp{p,| ke Z})

f= Sf + (Pf=S.f) + Pf

Sl

L ([-7.7]) M, N, M

S.f L(Pf=S,f)

S 1P SfLF=S,f=(Pf=S,f)+Pf —— (p|f=S,f)=0 V[k|<n

Y P S P A N1 P p— ck=$<¢k|f> vk <n

2

f_ickq)k

k=1

L2

4 1
Exercise: S,f =D P, ¢ =E<¢k | f) Y[k|<n s the solution of min{
k=—n

:{ck}Z:1 € R"}

10



Pitfall  [6]

n 1 n . .
Snf=ch§0k, ck=§<¢k|f> ‘v"k‘Sn EE— Snf=c0+che”“+c_ke i
k=—n

k=1

S.f =co+zn:ck (coskx+\/—_1$inkx)+c_k (coskx—\/—_lsinkx)

k=1

S.f=c,+.(c +c_,)coskx++—1(c, —c_, )sinkx
k=1

SnfE%ao+Zakcoskx+bk sin kx
k=1
1 ¢#
<%Icoskx> =0 a, —;J._”fdx
1 ¢7
where and g, =— cos kxdx
<llsinkx>:0 k ﬂj_”f
|
(sinmx|coskx)=0, m#k b, =;J._”fSIHkde

Theorem: trigonometric basis is complete in 2 ([—ﬂ'ﬂ'])
< cl(sp{gok =e™| ke Z}) =L2([—ﬂ',ﬂ'])
D LZ([—M])=MH@NH@/£Z M, =splo) [|=12..n} N, =cl(sp{p,! |k|>n)})

<—> S f—f inl2sense where S f E%a0+2akcoskx+bk sin kx

k=1

11



Pitfall  [7]

Exercise: we have shown cl(sp{¢k =e™| ke Z}) =cl(sp{Lcoskx,sinkx:k =1,2,--}) = *([-7,7])

S f E%ao +Zn:ak coskx+b, sinkx — f e L' ([-7,7])

k=1
L o= L ¢x . . -
where a, = —I fdx, a, =— I f coskxdx: Fourier cosine coefficient
7T Vi
Loz . . L -
b, = —I f sinkxdx : Fourier sine coefficient
7Z' -

We abbreviate fas f ~,1,i_r>25"f =%a0+2ak cos kx + b, sin kx

k=1

1 > 2 ox
1 | Iffunction fis even, say f(x)=f(-x),then f ~5a0+2ak coskx, a, =;IO f cos kxdx
k=1

2 | If function fis odd, say f(x)=—-f(-x),then f ~ ibk sinkx, b, :g_f:fsin kxdx
k=1 7

d2
- f = Ey : : ) :
Modal problem  dx has eigen-pair (Ek =k",p, =sm(kx)), k=1,2,3,---
y(0)=y(7)=0
f(x) if x>0

From above exercise, forany fe I’ ([0,7]) , we can do odd extension f, , (x) ={ e L' ([-7,7])

(
—f(-x) if x<0
then f~ibksinkx .Hence cl(sp{y, =sin(kx):k=1,2,---})=L ([0, 7])

f(x) if x> Oe P2 ([—7[,7[])

Question: How about if we do even extension f,,., (x) = )
f(=x) if x<0 12



Pitfall  [8]

{_i(p( )d},q( )} diagonalizable in L’ ([0,a],w)

dx dx

Question: is operator [ =

1
w(x)

From Prufer transformation, we can show Ly, =Ew,, ¥, (0)=v,(a)=0 and

1 Eigenvalues are real and simple, ordered as E,<E, <E, <:--, l{lmE =00
2 Eigen-functions are orthogonal in Lz([O,a],W) with inner-product (,/)W/ I ¢ ( )w(x)dx

Define domain of operator L with Dirichlet boundary condition as D(L)={f e *([0,a],w): £ (0) = f (a) =0}

Clearly we have CZ(SP{‘//k k=1, 2,“'}) c D(L) ,but we cannotsay L isdiagonalizablein D(L)

Finite dimensional matrix computation infinite dimensional functional analysis
2 1 Ly, =E . :
Jordan form: A(u v)=(u v)[ J Vie= B ——> Y, : eigenfunction
2 V/k(o):V/k(a):O
Au=2u = u:eigenvector
— . : . Lo=E o+y, i . . .
Av=2v+u = v:generalized eigenvector (0)=(a) —> ¢:generalized eigenfunction
¢(0)=¢(a)=0

Question: does such ¢: generalized eigenfunction exists?
Idea: if we can show that CZ(SP{V/k Tk =1,2,-"}) =D(L) ,thenevensuch ¢ exists, #¢ D(L) , why?

Then operator L is diagonalizable in D(L) 13



Scaled Prufer Transformation [1]

Scaled Prufer transformation Time-independent Schrodinger equation
d dy 2
——1 p(x)—= |+q(x)y=Ew(x 1d
HP0E Jratr=v0; )= ()
1
y=—=psiné v (0)=y(7)=0
{ Js S(xE)>0
Z=py'=\/§pcos6?
49 _1 §+Ew—q + S_Ew=g cos26+isin26 e _1 (2S+HJ+(25—E_Vjcos20+isin20}
dx 2(\p S p S S dx 2 S S S
6(0:E)=0

= A(x)+ B(x)cos268+C(x)sin26

() 't if E-V(x)<1 ( ) here £ (x) {1 if x<1
Suppose we choose S(x)=—4 =— f(E-V(x where x)= :
PP V| JE-Vv(x) if E-v(x)>1 2 Jxoif x>1
d
Question: function f is continuous but not differentiable at x = 1. How can we obtain I
. 0 if x<1 A P | |
—f(x)=1 1 . 05 I
d if x>1 d \
’ 2x o4 ——f(x) 1 f(x)
0.3 X 1 11
ﬁ(r):o, ﬂ(r):l 02 1
dx dx 2 0.1
0 0.4
— has jump discontinuity at x=1 o 05 i 5 2 " 05 i 7 2 14

dx % W



Scaled Prufer Transformation [2]

. 0 if x<1
1 if x<1 d
Observation: f(x)= S if x>l and Ef(x): Lo E(l) does not exist, we ignore it.
2Jx
< df
Then fundamental Theorem of Calculus also holds, say f(x)=1+ | d—(s)ds
X

1 O0<x<l, Zi(x):o , fundamental Theorem of Calculus holds, f(x):f(0)+j:j—f(s)ds=1, 0<x<l1
X X

2| p(r)=1 f is continuous F)= (1) =1

_ _ . Y IR A S
i , fundamental Theorem of Calculus holds, f(X)—f(l )+_[1 d—(S)dS—HI1 mdS—x/;, I<x

X

d
Question: although fundamental theorem of calculus holds for function f, but if d—f is given,

How can we find f(x) numerically and have better accuracy?

Reason to discussion of fundamental theorem of calculus:

_ _ ’ «d6
?:%{(2S+%j+(25—ESVjcos29+SEsin29} ———> 0(x)=6(0)+| —(s.0(s))ds
X

e depends on S(x), accuracy of &(x) is equivalent to accuracy of obtaining S(x)
X

: 1 if x<1
s(=fyr(e-vea). =[5

15



Numerical integration [1]

(%)= 1y + 4, +x—22f0(2’ +§—3,f0‘3’ +Z—4,fo“” +o(x°), f,=1(0), £ =r"(0)

l Ignore odd power since it does not contribute to integral
" dx = " x @ x* W10(x°) |dx=2h i @ O(hS)
j_hfx—j_h f0+7f0 +Zf0 + (X ) X = f0+?f0 +
h? n’ h
f(h)=f0+hfo(l)+—2 f0(2)+—3! f0(3)+—4!f0(4)+0(h5)

e 0 e B s
f(=h)=fo=hfy" += 1, O+t -o(n)
+> L A | A )

f(h)+f(=h)=2f,+1* 7 +0(n*)

(2

h 2h 2(2h) .
[\ te=2 e )]3S A w0 )
J/ general form f(a) f(b

bh—
2

@)+ f ()]~ (b-a) £2c) ; —

l base=b—a

Trapzoid rule (FETE7E)

[ e

16



Numerical integration [2]

f4
Example: given a partition a=x <x, <x, <x, <x;=b Iy X ;
X 5
X
and grid function f, = f(x,).k=1,2,3,4,5 X
| | ] |
: : [ I | !
We use Trapezoid rule to find F(x) —L f(7)dt i=x  x e b

1 F=F(x)=0

X, — X
2 F=F(x,)= 22 A+ 1)
/4
f1 P fs X
2 X fs
F, %
I | |
|
a=x, X, X, X, x;=b
X, — X
3 F3=F2+ : 2(f2+f3
Ja
£ ¥ 5 X
2 f:
] 5
J?z ><
| |
| I
a=x, X, X, X, xs=b

Exercise 1:let f(x)=cosx, a=0, b=1

Try number of grids = 10, 20, 40, 80, 160, compute F(x)= rfdt

and measure maximum error max{ |F (x,)-sinx,| }

Plot error versus grid number, what is order of accuracy ?

0 if x<1
Exercise 2:let f(x)=1 1

2Jx

if x>1

1 | If x=1 isinthe grid partition, what is order of accuracy

a=0, b=2

2 If x=1 is NOT in the grid partition, what is order of accuracy

17



Scaled Prufer Transformation [3]

Question: can we modify function f slightly such that it is continuously differentiable, say

1 if x<1 0 if x<1
f(x)= p(x—_lj it 1<x<l+a and  f'(x)= lp'(X_‘lj i l<r<lta
a a a
Vx if xzl+a L if x>1+a
2Wx

where p(z)=a,+az+a,2"+a,z° is polynomial of degree 3, 4,,4,,a,,a; are chosen such that fecC

<sol> fe C' isachieved by following 4 conditions M-
13}
_ ‘ 1.2+ a:l f(_x)
1 f(0)=7(r) —— 1=p(0) — 1=gq, > i
11} |
1, _ '
2 ff(li):f’(lJr) > Oz—p (0) _— O_al 1 :
a
09} |
- N . . )
3 f(1+a )=f(1+a ) ———> VJl+a=p(l) —>Vl+a=1+a,+a, "%y 0.5 1 15 2
% |
4 f(l+a’)=f(1+a") l+a
0.6 ]
1 1, a 0.5
= 1 =
N ap( ) N 2a, +3a, o
0.3
0.2
\j1+a—1 0.1
2 3 a, 3 -1
p(z)=1+a,z"+a,z’ where [ J:[ 5 1j a 0 ]
a —
’ 2N1+a g 05 | 15 2 18



1 if x<1
f(x)= p(x—_lj if I<x<l+a
a
Jx if x>1+a

Scaled Prufer Transformation

and f(x)=

0
1 (
—p
a

1
2x

2
f(x)eC' but c:;f has jump discontinuity at x=1L1+a

2
X

Exercise 3: try to construct f ()

1 if x<1

x—1

eC?

X—

a

if x<1

1j if l<x<l+a

if x>21+a

[4]

06
0.5
0.4
0.3
0.2
0.1

0.1

0.5 1 1.5 2

f(x)= p(—} if 1<x<l+a where p(z)=a,+az+a,z°+a,z°+a,z" +a,z is polynomial of degree 5

a

Jx it x>1

+a

1 | use Symbolic toolbox to determine coefficients 4, a,, a,, a,, a,, a,

2 | plot f(x), < f(x). 2

(%)

xd
3 | use Trapezoid method to compute f(x)= 1+IO d—f(t)dt ,what is order of accuracy ?
x

19



Review Finite Difference Method

Model problem: Diw () =awls) or j=12en, e
d2
~E @)=k (2). w(0)=y(7)=0 FOM L .
X — > l//:{sm(kxj):]=O,1,2,---,n,n+1,ke N}
solutionis  , (x)=sin(kx), k=1,2,3:- eigen-pair: ssin*(kn12)
/’17( = h2 Eklmm
cos(c
Ak =k -k, =Mk3h2 =0(k’n’)
24

. . . . 3
Question: why does error of eigenvalue increase as wave number k increases? Ak o< k

Df(x)= 70 () +1 9 (x) 0 ) :

RETREAE DR () 4y (x) =Ky (x)

Substitute ¥ (x)=sin (kx)

2, 4 2712 2712 213
P . ST Sy S WL =1{1—1hk +0(h4k4)}=k—hk

12 2 12 24
' (x,) =K'y (x)) 12
d’ PP L
Exercise 4: find analytic solution of — y 1’2”+Vy/(x) =Ey(x), v(0)=y(7)=0 where V(x)= IR
gy 0 otherwise

Then use FDM to solve —DZV/(XJ-)WLV(XJ-)'//(X,-):EnumV/(xj), w(0)=y(7)=0

What is order of accuracy? measure

E,, —E|

20



