Chapter 24 Sturm-Liouville problem

Speaker: Lung-Sheng Chien

Reference: [1] Veerle Ledoux, Study of Special Algorithms for solving Sturm-Liouville and
Schrodinger Equations.

[2] TAETEZ %, chapter 8, lecture note of Ordinary Differential equation



Existence and uniqueness [1]

Sturm-Liouville equation: —%(p(x)?j+ q(x) y= Ew(x) y oninterval (O,a)
X X

Assumptions:

1 p(X) is continuous differentiable on closed interval [O,Q] ,orsay pe Cl[O,a] yand p>0 on (O’Cl)
I = p(0 lim p’(x) = p’(0
imp(x)=p(0)  _, Hmp(x)=p(0) min{p(x):0<x<af=p,, >0

lim p(x) = p(a) lim p’(x) = p’(a)

2 q(x) is continuous on closed interval [O,a] ,orsay ¢e€ C[O,a]

3 w(x)eC[0,a] ,and w>0 on (0,a)

d d
()2 Jrae)y=En(x)y
Proposition 1.1: Sturm-Liouville initial value problem { * * is unique on [O,a]
d
y(0)= 3. ()=
X

under three assumptions.

proof: as before, we re-formulate it as integral equation and apply “contraction mapping principle”

=S PO+ [ (a(5)= Bw() y(5)as
ppee 1 c 1 [
y(x)=y,+p(0) yé)J.O p(s)ds_i_jo m“()(q(s)—Ew(s))y(s)ds}dt

Let C([O,a]) = {f : [O,a] — R 1s Continuous} be continuous space equipped with norm Hf”m = max{‘f (x)‘ 0<x< a}



Existence and uniqueness [2]

1 C([0,a]) is complete under norm || f]. = max {| f (x)|:0< x<a}

2 | defineamapping T:C[0,a]— C[0,a] by (Ty)(x)=y, +P(0)y(()l)r

1 |
0 p(s) ds+_[0 M[

Lz(‘l(s)—EW(S)) )’(S)ds}dt

(T0)(x)~(19)(x) = [ == [[ (a(5)~ Bw(5)) (0(5) - (s)) s |

o p(1)

J/ extract supnorm H¢— V/Hm

(ro)(x)~(r) () < [} = [, (lal. +Illw]. o ds |ar

(o)) (r) o) L e gy

+|E
||T¢—Tl//||m S[Hqum ‘ H‘WHDQ a2J”¢_W”w

min

2p

min

T is a contraction mapping if lal. +IE1]w. a’ <1 —> Existence and uniqueness

min




Fundamental matrix

Sturm-Liouville equation: —i(p (x)ﬂj + q(x) y= Ew(x) y oninterval (O,a)
dx dx
. dy
J/ Transform to ODE system by setting 7 (x) = p(x)d—
X
1

S04, ) e ()2 e () G

d d
b2 a(a)y=Eula)
Solutionofinitialvalueproblem{ X ;f Is y(x)=yoyl(x)+(19(0)y(()1))yz(x)
y(o):yo’ d_}’(o):y(()l)
X
d d
Definition: fundamental matrix of ——(p(x)—yj+q(x)y=Ew(x)y is ®(x)= N g , »2 ,
dx dx % p(x)y p(x)y;

Vi (O) Y2 (O)

satisfying CP(O){ZI(O) Zz(o)]:(l 1)

Question: Can we expect that we have two linear independent fundamental solutions, say

ay, (x)+fy,(x)=0 on [0,a] ——> @=4=0



Abel’s formula

[1]

d a,lx a, |\ x
Consider general ODE system of dimension two: —(yjz n(x) @ (x) (y} with @ (x)= o , ©(0)=1,
dx\ z aZI('x) azz(x) Z 4 %
d Yoy Yoy
—detCID(x)=det[1 2J+det[1 f) (from product rule)
dx L 2, 7 2
det yl’ y; — det apyy,tanz  apy, a7, — det apy, ap, =, det i M —q, det®
7, 2, 4 Z, z, Z, 7, 2
det[yi yf)=det( ’ P )=det( ’ P J=a22 det P
S Ay tayz a,y,+a,z, and; Ay,
d
d—detCID(x)=(a“(x)+a22(x))detcl>(x)=trA-det<I>(x)
X
dy \

l

det®(x) = detCID(O)exp(joxtrA(s)ds)

l

det®(0)#0 < detd(x)=0

dy

y

implies y, (x), Y, (x) are linearly independent

\

First order ODE — =
d

X

ﬂ(x)dx _— J.yy(o)

— log

A(x)y

d—;= joxﬂ(s)ds

y(x) px
v(0) l

A(s)ds

%




Abel’s formula [2]

_d
dx

sHa Sol-el) e |
with fundamental matrix cb(x>=[yl yZ}de@(mm I:;} 1

. 0 7L

detCID(x)zdetCD(O) Vxe [O,Cl] since trA=0

Abel’s formula: det® (x)= detCID(O)exp(J.:trA(s)ds)

Definition: Wronskian W (¢, ¢, ) £ det

q:(x)z[y‘ »2 =[ noooo ,J=p(X)W(yl,yz)

_d
dx

dy

(P02 Jra()y= Bl

dx

Definition: boundary condition W(O) = l//(7l') =0 s called Dirichlet boundary condition

Question: What is “solvability condition” of Sturm-Liouville Dirichlet eigenvalue problem?



Dirichlet eigenvalue problem [1]

Dirichlet eigenvalue problem: —i(p( ) dy

dx dxj q(x)y=Ew(x)y, y(0)=y(a)=0

Observation:

1 If (l//,E) is eigen-pair of Dirichlet eigenvalue problem, then ¥ € C[O,a] Jnfact, e C? [O,a]

= is continuous on closed interval [O,a]

Exercise:  p,q,w:analyitc —=> W :analyitc
2  Underassumption W(X)G C[O,Cl] ,and w>0 on (0,61) , we can define inner-product
¢|W I ¢ (x)dx where ¢* (x) is complex conjugate of ¢(x)

1 If wis not positive, then such definition is not an “inner-product”

2 <¢| l//> is Dirac Notation, different from conventional form used by Mathematician

Thesis of Veerle Ledoux: <)’l, > J. Y, v, wdx

u—9
Matrix computation: quz(ul* u, u3) v, | »  Dirac Notation: <¢|W>
Vow




Dirichlet eigenvalue problem [2]

3 Define differential operator J — 1 {_i(p(x)ij+ q(x)} , then it is linear and

w(x) | dx dx
—%KP( )Zﬁjw( )y=Ew(x)y, y(0)=y(a)=0 Ly=Ey, y(0)=y(a)=0
4 Green’s identity: <¢|L1//>W _<W|L¢>w (l// &' )lx—a

(p1Ly), = ¢ Lywdx={ ¢ {——x( (x )d‘”}q( )vx}dx=—p¢*‘;—fls + j”{p%d—‘”w( )Wt//}dx

dx dx d
_ Ao, el dydg :
<W|L¢>w =-py Elo "‘IO {PWE"‘Q(X)‘// ¢}dx l
d¢* . 4 d¢* dy . The same
<V/|L¢>W=—PWE|0 + IO PEE"‘Q(XW‘// dx

vnce {o1y), ~ToTL8), = | W= 2| = () 3

\[ Dirichlet boundary condition:

(91Ly), —(vILp), =



Dirichlet eigenvalue problem [3]

5  Definition: operator L is called self-adjoint on inner-product space L’ ([O,a] , w) = {f : [O,a] —C: J'Oa‘f‘z wdx < 00}

If Green’s identity is zero, say <¢| L;//>W —<l//| L¢>W =0

Matrix computation (finite dimension):

eiAej = Aij e, —>¢

ejAel. = Aji ej - (//

Matrix A is Hermitian (self-adjoint): A, = A}

/l\/latrix A is Hermitian, then \

1 | Ais diagonalizable and has real eigenvalue

2 eigenvectors are orthogonal

Functional analysis (infinite dimension):

<¢| Ll/j>w = Lij

<l//| L¢>W = L?'i

operator L is self-adjoint: <¢| LV/>W _<l//| L¢>W =0

[

operator L is Hermitian, then

1 | Lis diagonalizable and has real eigenvalue

AV=VA — 2 A=VAV"

Azdiag(ﬂp---,ﬂn)

\ vy =1 : orthonormal /

2 eigenvectors are orthogonal

\_




Dirichlet eigenvalue problem [4]

Suppose(¢’E1) and (V.E,) are two eigen-pair of —di(p(x)%j+q(x)y=Ew(x)y, y(0)=y(a)=0
X X

L¢=E¢
Ly =Ey

Lp=E¢p —> (viLp), =E(ylg),

(¢,E1) and (l//,Ez) are two eigen-pair ——>

Ly=EY —M———> <¢|LW>W=E2<¢“//>W

(9ILy), —(wILp),

(p\Ly), —(wILg) =(E,—E){¢ly), ’ [0=(E2—Ef)<¢lw>w ]

Theorem 1: all eigenvalue of Sturm-Liouville Dirichlet problem are real

1 d d p,q,w:real
L= {——(p(x)—)+q(x)} L=L
dx dx

w(x)

<proof>

* " * L* * * *
Lp=Ep — (L¢) =E¢ Ly =E¢
Hence (¢.E,) is eigen-pair if and only if (¢*,E1*) is eigen-pair

choose E,=E/, y=¢ ¢#0

0=(E -E)(pl¢), ——— E=E =>E€cR

0=(E2 —El*)<¢|y/>w



Dirichlet eigenvalue problem [5]

. . d d
Theorem 2:if (9. E,) and (V.E,) are two eigen-pair of —d—(p(x)d—yj+q(x)y=Ew(x)y, y(0)=y(a)=0
X X

If eigenvalue E, # E, ,then (ply) =0 ¥ are orthogonalin I’ ([0,a],w)

<proof> from Theorem 1, we know E1 and E2 are real

E E, :real

E #E,
0=(E,~E )(o1y), 0

(Ez_E1)<¢|V/>W O=<¢|W>w

Theorem 3 (unique eigen-function): eigenfunction of Sturm-Liouville Dirichlet problem is unique,
in other words, eignevalue is simple.

<proof>
p e PO
d dy suppose B and 3 B
——(p(x)—j+q(x)y=Ew(x)y Ly =Ly y(0)=y(a)=0
dx dx
d | v
lz(x):p(x)d_z Let q)(x)_{pﬁ pl//} , then
0 1
im: o(x) m detd(0)=0 — > detd(x)=0 Ve [0,q]
dx\ 2 q(x)—Ew(x) 0 <
———> @=c¥ forsome constant ¢
det®(x)=det®(0) Vxe[0,q]

since frA =Oj




Dirichlet eigenvalue problem [6]

Theorem 4 (eigen-function is real): eigenfunction of Sturm-Liouville Dirichlet problem can be chosen as

real function.

<proof> suppose ¢=u /=1y s eigen-function with eigen-value E , satisfying
Lp=E¢ and ¢=u+x/—_1v Lu = Eu and u(0)=u(a)=0
Lv=Evy v(0)=v(a)=0

#(0)=¢(a)=0 L=L
Hence (u E) (vE) are both eigen-pair, from uniqueness of eigen-function, we have v =cu

\/—1)u we can choose real function u as eigenfunction

So far we have shown that Sturm-Liouville Dirichlet problem has following properties
1 Eigenvalues are real and simple, ordered as E,<E <E,<--

2[00 () (x)w(x)dx

2 Eigen-functions are orthogonal in Lz([O,a],W) with inner-product ¢|§//

3 Eigen-functions are real and twice differentiable

d’y
_ =Ey
Exercise (failure of uniqueness): consider dx’ , find eigen-pair and
d d
y(=7)=y(7), ——y(-7)=—y(7)
dx dx

show “eigenvalue is not simple”, can you explain this? (compare it with Theorem 3)



Dirichlet eigenvalue problem [7]

Theorem 5 (Sturm’s Comparison theorem): let (¢, E,),(#,.E,) be eigen-pair of Sturm-Liouville Dirichlet problem.

suppose E, >E, ,then @, is more oscillatory than &, . Precisely speaking ) 9,

[Between any consecutive two zeros of ¢, , there is at least one zero of ¢2]

VNN
ANV
<proof>

1
M Let x,,x, are consecutive zeros of ¢ and @ >0 on (x,x,) as left figure
/ suppose @, >0 on (x.x,)

v

()% )+ (310 = En(1)01. 4(0)=0(a) =0
(¢.E,),(¢,,.E,) are eigen-pair, then
_%(P(x)%J"'Q(x)%:EW(X)¢2’ ¢2(0):¢2(a):0
define det@(x)=det(p¢;, p@,}=pW(¢2,¢l)
@(%)=0
det®(x,) =4, (x)(pe)(x) _M¢2,(xl)=¢2(xl)(p¢l,)(xl)>O VT
¢1(x2)=0 detCID(C)=O, ce(xl,xz)

detCP(xz) =0, (xz)(p¢1’)(x2) _/q){d(p%’)(xz) =0, (xz)(pﬂ,)(xz) <0



Dirichlet eigenvalue problem [8]

] ] { @, ] J
, |=det , ,
(pg)) (pd)) (pd)

__£p(x)%j+q(x)¢l = Ew(x)4)

dx

d [p(x)%}q(xm ~ Bw(x)g,

_E dx
d 9, )
—detd(x)=det =\E,-F W¢¢ >0 on X, X
dx ( ) [((]—Ezw)% ((]—EIW)QJ ( 2 1) 172 (1 2)
det®(x,)>0 and didetcb(x)>0 on (x,x,) implies det®(x)>0 on (x,x,) % det®(c)=0, ce(x,x,)
X
Question: why @, is more oscillatory than @, , any physical interpretation?
Sturm-Liouville equation Time-independent Schrodinger equation
h h _ _ _
0L + a()y=Ewlx)y 2V Vv (3) |y (3) = Ey ()
dx dx 2 m,

Definition: average quantity of operator () overinterval =(x1,x2) by

<é>1 = L yOAywdx/L y*wdx



Dirichlet eigenvalue problem [9]

Express operatorLas L=

d d
{——(P( ) j"‘ C[( )} =T+V where T :kinetic operator, V :potential operator

w(x) | dx dx

Ly = By (WiLy), =E(vly),
where <y/IL1//>1= - py WI"2 +I ( jdx + .[ qw’dx

neglect boundary term

X d‘// ? R%) 2
L p(dj dx I qy “dx
(L), =E ——> (T),+(V),=E where (T) = — e and (V) =" :
Lzl/lzwdx J-¥1 W wdx
Heuristic argument for Theorem 5
<T>1 (¢1) = El _<V>1 E2 > E1 X 2 X 2
(4,E).(4,,E,) —> —— (T),(¢,)>(T), () —— lep(%j dx>L12p(%j dx
(1), ()= E,=(v), ) )
¢2 ag

—> Average value of > Average value of

dx

——> ¢, is more oscillatory than ¢,



Prufer method [1]

Sturm-Liouville Dirichlet eigenvalue problem: —di(p(x)?j+q(x)y =Ew(x)y, y(0)=y(a)=0
X X

Idea: introduce polar coordinate (p,8) in the phase plane (y,z=py’)

y=psin@ (pi=y+
z=py =pcosd tang=2
Z
dy . ap ap sind  cosd | L
dx | _ sind  pcosf || dx dx |_ cos O <ing dx
dz cosf —psinf)| do de — dz
dx dx dx P P dx
. 0 1 ?:lcoszéw(Ew—q)sinzH
y y X p
E(Z]: p(x) (Z] L4 . Exercise: check it
g(x)—Ew(x) 0 ——’0=(——(Ew—q)jsin fcos &
pdx \p
Objective: find eigenvalue E such that Objective: find eigenvalue E such that
y(0)=y(a)=0 tan(0)=tan(a)=0

Advantage of Prufer method: we only need to solve 2—6 :lcosz 0+(Ew—q)sin® 6
X P

when solution €(x;E) is found with condition tan8(0; E)=tan 8(a; E) =0

then p(x)= p(O)exp[Jj(ﬁ—(Ew(t) —q(t))Jsin 0(t; E)cos(t; E)dt



Observation: Prufer method [2]
1 pP=y*+7'>0
Suppose P(%,)=0, 0<x,<a —> y(x,)=0, z(x,)=0

CH 0wy

q(x)—Ew(x) 0

has unique solution y(x)=0, z(x)=0 %

with initial condition ¥(x,)=0, z(x,)=0

2 fixed x>0, 8(x;E) is a strictly increasing function of variable E
p=Lg=0,w=1 )
—i[p(x)ﬂJ+q(x)y=Ew(x)y _4 Z:Ey is Hook’s law
dx dx dx
d2
4y py
* has general solution y =sinkx, k =\/E, E>0
y(0)=0
=Lg=0,w=1 ,
d_ezlcosze+(Ew—q)sin26 P=>4 i d—6=coszc9+Esm20 and tanH(x;E)=ltan(kx)
dx p dx k
[ de('x’kl) 2 2 2.2
—= 0+k 0
dx o P k> k slope : cos® @+ k sin” 8> cos” 0 +k; sin” 6
- 1 2 . .
de(;;kZ):COS29+kzzsin29 implies 9(X;k1)>9(x;k2)20
X




Prufer method [3]

de ) .
Question: Given energy E, how can we solve o =cos’@+Esin’ 8, 6(0)=0 numerically
X

d
Forward Euler method: consider first order ODE d—y= f(xy), y(0)=y,
X

1 | Uniformly partition domain [0,a] as 0=x,<x <x,<--<x,=jhi<---<x,=a

_ 2
2 | Let y* =y(x,) and approximate ﬂ(xk) by one-side finite difference ﬂ(x): y(x+h)=y(x) hd y(c)
dx dx h 2 dx*

d
continuous equation:d—y =f (x, y), y(O) =Y

X
ﬂ(x)z y(x+h)-y(x) 80 E)/n
dx h £ ' ' ' ' ' ' 'E:1
4 —-— E=4 H
(k+1) _ (%) — —E=3
discrete equation: 2 Y _ ¢ (xk, y(")), Y=y, 35| E=16 |
h
3_
25+
Exercise : use forward Euler method to solve angle equation
2_
do(x, E )
%=0032(0(x;E))+Esm2(0(x;E)), 0(0;E)=0 151
X
1k
for different E=1, 4, 9, 16 as right figure oel

It is clear that Q(x;E) is a strictly increasing function of variable E o




Prufer method [4]

3 y = psiné pl=y+z
Z:py,:pcose tan@:l
z
dé 1
d dy — =—cos’ @+ (Ew—q)sin” 8
)2 Jrat)y=En(a) 2 p O (Brmg)si
y(0)=y(a)=0 tan (6(0)) =tan (6(a)) =0
y=psiné
y(x)=0 sin(H(x;E))=O O(x;E)=nm
p>0
ﬁzlcoszéw(Ew—q)sinze _ _ .
Although dx p has a unique solution €(x;E) . But we want to find energy E
6(0)=0
Bx;Exn, E=3
dg 1 . 2
such that E=;COSZ‘9+(EW—CI)SIH20 ,thatis @(a;E)=nr is constraint.
6(0)=0, tan(&(a))=0 15}

do .
Example: for model problem o cos’(6)+Esin’(8), 6(0)=0, E=3
X

05}
0(7)=1817x #nx

Wi



dé

dx

Prufer method [5]

1 ) y(%)=0e0(x)=nx a6 )= ! >0
:;cosze+(Ew—q)s1n29 dx(xl) p(xl.)
y=psinf

O(x;E)=nrx
p>0

—————> 0 never decrease in a point where (x,)=nx

————> number of zeros of y in (0,a)= number of multiples of 7 in (8(0),6(a))

/2

(n+1)7 /\/

y(x)=0 «<——> tanf(x)=0 <——> O(x)=nx

V()20 <> an@(x)=teo <> e(x)=(n+%jﬂ

wl2 T

[ Ground state ¥(x;E,) has no zeros except end points]




3x/2

kY4
Sr/2

27
3z/2

/2

/2

NLE)

P A S B R

=\

Q(X,Eé)

I
——4—4—4——#—1——4

I
1 _ls0 1

Prufer method [6]

[ First excited state y(x;El) has one zero in (0,75) }

49 =icos2 0+(Ew—q)sin’ 8
dx p

1
Q(xj)z(n+5j7t —> z=py =pcosf=0

i (xj)=(Ew—q)

dx

dé
model problem: d—(xj) =E>0
X

[ second excited state y(x;El) has two zeros in (0,75) ]

conjecture: k-th excited state y(x;E,) haskzerosin (0,7)



Prufer method [7]

Theorem 6 : consider Prufer equations of regular Sturm-Liouville Dirichlet problem

_di(P(X%}CJ(X)FEW(X)y, y(0)=y(a)=0  peC'[0.a]. g weC[0.a] and p>0,w>0
X X

ﬁ=lcos2 f+(Ew—q)sin’ 8

dx p

Let boundary values satisfy following normalization:
0(0)=0, O(a)=7x

Then the kth eigenvalue E, satisfies 6(0,E,)=0, 6(a,E )=7+kx
Moreover the kth eigen-function y(x,E,)=0 haskzerosin (0,a)

Remark: for detailed description, see Theorem 2.1 in

Veerle Ledoux, Study of Special Algorithms for solving Sturm-Liouville and Schrodinger Equations.



Prufer method [8]

Scaled Prufer transformation: a generalization of simple Prufer method

y=—=psiné
{ Js where S (x;E)>0: scaling function, continuous differentiable
Z =py’=\/§pcos0
sin @ pcosé

1 ) 1
—_ psind o | — L
J { Y= psin d (y}_ S'p Ssmé? s S S d (p}

e dx z) 2Js dx\ 8
z=py =~/Spcos8 Vs cos & JS cos® —/Spsind
sin @ pcosé \/E sin @ C\(;S_G
1 A2l s s | —— 4= , 'Se
JScos@ —JSpsin® Js co8 _on
p P pJs
d d S’ —lsiné?
2 e p :A_l —_— y _—p S
dx\ 6 de\z) 24 cos 9
[ Theorem 6 holds for scaled Prufer equations]
dy Z dz
—= , —= x)—Ewl(x))z
dg S 2 g Ew—gq S’ Exercise: use Symbolic toolbox in MATLAB to check
—=—cos" 0+—

.2 .
St 9+?sm6?cos0 scaled Prufer transformation.

dx p

gd_p: E_Ew—q sin20—icos2¢9
p dx p S S




Prufer method [9]

Scaled Prufer transformation Simple Prufer transformation

_ ’ de 1 .
40 _5 o209+ 2" "9 6in2 915 indcosd —=—cos’ @+(Ew—q)sin® 6
x p S S=1 dx p
_ ’ 1d 1 :
2dp_(S_Ew=q sin20—i00s26’ __p:[__(Ew_q)]SIHQCOSQ
p dx p S p dx )4
Recall time-independent Schrodinger’s equation
R 7=1.0542x1077 -5
o d y(x)+Vy(x)=Ey(x) m, (mass of electron) =9.1x107'kg
X=ay, orsay [X|=a
dimensionless form ~
E=¢E, orsay [E]=¢ [V]|=|E]
1 ma’ - .\ ma’€ - ~
3+ () o) =" B ()
h2
€=—5 | reduce to 1D Dirichlet problem
ma
1 d*
ey V(x) v (x)=Ey(x) p==.q=V,w=1 4 o
()2 Jra(0)y=Ew(x) 3, y(0)=5(a) =0



1

Consider 1D Schrodinger equation with Dirichlet boundary condition

2 dx?

y(0)=y(7)=0

( -2 1
111 =2 1

o

number of grids = 50, (n = 50)

Exercise 1 [1]

o3r — EID = D.?Isga?g
0,25+ — —E1=2468630 Y

E2 = 5128314
02F T T
0.15 // \ 4
0.1 / \\ -
0.05F / b
0 / \

P /
0051 N / .
0.1 N / 4
0.15 B /

AN /S i

1

patential ()
20 . T

V : repulsive potential

M X

. | | | | " X
| 1 1 | 1 1 1

O xl Xz X3 \/ 'xn+1 = 7[

0<E,=0.7597<E <---

all eigenvalues ae positive, can you explain this?

Ground state ¥ (% E,) =¥, has no zeros in (0,7)
1%t excited state ¥ (x;E, )=y, has 1zeroin (0,7)

24 excited state has 2 zero in (0, 7)

Check if k-th eigen-function has k zeros in (Oﬂ)



2 solve simple Prufer equation for first 10 eigenvalues

_1d
2 dx’
de
dx p

0(0;E)=0

N 0+ (Ew—q)sin’ 8

Exercise 1l [2]

V(3 (9= (). w(0)=y(m)=0

L1597
A6
1283
L1374
13,2805

E(0:9)= 187736

[n= R I S

Forward Euler method: N = 200

@ _

dx

1
Ly we 10 _ 25.1734
p ) q E=200820+(E—V)SIH29 32,4683
e(o-E)—() 40,6337

(k+1)
f(xy), y(0)=y, ——>

_____________________

____________

_______

_______

........

________________

__________

______________

_________________

............................

1] 0.1 0.2

(k)
:f(xk’y(k))a y(O) = Yo

1| O(7 E)=kr+m isconsistent with that in theorem 6

2 | O(7 E,) increases gradually “staircase” shape with

“plateaus” at e(ﬂ, Ek) = JZ and steep slope around

H(E,Ek)=(j—l)ﬂ

2

Question: what is disadvantage of this “staircase” shape?



Exercise 1l [3]

Forward Euler method: N = 100 Forward Euler method: N = 200
=T = :
14 I I I I ! I I I : 1D T T T T B(XIIE)I‘JI T T T T
7] R SO R S SN SN SR SURRY SRS S e A
Y S R S S
e e
; ; ; ; ' : : : ' L e it e Rty S e e ey et RLR L
8_ _______ _______ _______________________________ ] PR SO SO SO SISt = e
5NN S NN O S /0 70 O A
] el CELLCEE SEEEREE R R S e Pt cu PR
: : : : 4 __________________________________________________
/I R A, B4 WE I o B SN WO 0.5 S0 i S g e W
i i ; ) S DU~ Ao e S S oo SN I
] R T G o SN
| ﬂ, : : ; 1 |- - R e e T o T e TT T by
Y = -
e | | | | | | 0 | | | | | | |
0] 0.1 0.2 0.3 0.4 0.4 0.6 0.7 0.8 0a 1 1] 0.1 02 0.3 0.4 0.5 06 0.7 0.8 04 1
win xn

0(7,E,)=127+x under Forward Euler method with number of grids, N = 100, this is wrong!

Question: Can you explain why o(x, Eg) is not good?
hint: see page 21 in reference

Veerle Ledoux, Study of Special Algorithms for solving Sturm-Liouville and Schrodinger Equations.



Exercise 2 [1]
Scaled Prufer transformation

o_s .

, dg 1|(S Ew—gq S Ew—gq s .
Ew—gq ., S . —=—|—+ +| —— cos 20 + —sin 260
I 0s 0+Tsm 6’+Esm6’cosa9 — > dx 2|\p S p S S
x p

= A(x)+ B(x)cos20+C(x)sin26
2

1D Schrodinger: (-%%WLV (x)]l//(x) =Ey(x), y(0)=y(7)=0

dé

1 _ _ ,
— = A(x)+B(x)cos20+C(x)sin26 PZE’QZV’Wzl 9 _1 (2S+E Vj+(2$—E Vj00529+isin29
dx x 2 S S S
0(0;E)=0 O(0;E)=0

if E-V(x)<1

1 1 if x<1
Suppose we choose S(x)= =f(E-V(x where f(X)={ , is continuous
PP ) { V) it v L ETVE) Jroif x>1

f(x)
ds
Question: function fis continuous but not differentiable at x = 1. How can we obtain . J
das
Although we have known d—(x) =0 onopenset I, ={x:E-V(x)<1} and .
X
_ 1 das -1dVv
V(x)z=—— _ e
< 2(x+0.1) ——(x)=o-—- onopenset I,={x:E~V(x)>1]
E—-1
S~
I * V(X )_ ! E-1 1 0.1
X, - - - _% X, = —
> 1 V2 (x,+0.1) " R(E-))
Il < >



Exercise 2 [2] 0.7507
. . . . 2. 4606
solve simple Prufer equation for first 10 eigenvalues 5 1283
( 1 d* J B.7374
———+V(x) |w(x)=Ey(x), w(0)=w(x)=0 13,2805
2
2 dx E(0:9)= 13,973
25,1734
’ 32,4683
d@ _ S 2 EW_q .2 S . — l — V w :1 ’
E_;COS 9+Tsm 9+Esm9cost9 P=75-4=V: 48 o0+ E=V Gin? 045 sindcosd 40,6337
dx S N 49, 6406
0(0;E)=0 0(0;E)=0
Jo5 if E-V(x)<1
Choose scaling function S(x)=
JOS(E-V(x)) if E-V(x)>1
Forward Euler method: N = 100 Forward Euler method: N = 100
10 B I.E:lf‘lI 14 T T T ! i :E)f T T T T
9- d 12______1______4______4_______._______|_______|.______1______4______45 _____
8l scaling function S NO scalmg functlon S
T Compare both figures and o R R
Bl 1 interpret why “staircase” | IR S AN N SRS S OIS
st disappear when using scaling
st 4 function 6_ """" VD B S S e
3} - ) N SUUN NN SO~ G R S s S
T ‘ V7 P e Wy WA sy
! L ; ;
gl , , , , , , , , V== ] I i I I i
0 01 02 0.3 0.4 05 0B 07 08 09 1 0 0.1 02 0.3 0.4 04 06 0.7 0.8 09

Wi




