Chapter 13 Gaussian Elimination (l1)
Bunch-Parlett diagonal pivoting

Speaker: Lung-Sheng Chien

Reference: James R. Bunch and Linda Kaufman, Some Stable Methods for
Calculating Inertia and Solving Symmetric Linear Systems, Mathematics of
Computation, volume 31, number 137, January 1977, page 163-179



OutLine

Preliminary

- 1x1, 2x2 pivoting in Gaussian Elimination
- real symmetric indefinite matrix

Symmetric permutation

LDL’ decomposition (diagonal pivoting)
Example of complete diagonal pivoting
Algorithm of complete diagonal pivoting



Pivoting in Traditional Gaussian Elimination
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We use principal submatrix E=a, as pivoting, called 1x1 pivoting since E e R™

Question: can we use 2x2 or higher $xs pivoting, i.e. E€R™




2x2 pivoting in block Gaussian Elimination
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A:[E d @ If principal sub-matrix E is non-singular,
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then one-step GE leads to =|— ASY = B_cEd"
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Example 1: 2x2 pivoting
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3x3 pivoting in block Gaussian Elimination

Example 2: 3x3 pivoting

6 —2 2| 4
a0 |12 8 810 | (Eld") (1 | YE|d A -18
"7 7|3 13 9] 3 | (el B) (cEH 1) | A ”
6 4 1|-18
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T
where (1)1 and [EL1d7)_[12 -8 6 |10
cE* | | 1 A®) 13 -13 9 |3
11 65 2|1 -3
L =11 ul, =13

Question: what is criterion to choose 1x1, 2x2 or 3x3 pivoting?

stability performance

Question: what is the cost to estimate the criterion ?



Real symmetry indefinite matrix A

.
A:[E CJ is symmetric implies E=E' and B=B'
c B

From linear algebra, if A is real symmetric, then A has real spectrum decomposition (

(1o |
AV =V, A eR and V'V =§' = I. I. J. vV )=12--n
’ 0 ifiz]

A

or write in matrix form AV=VA  V=(\[|V,|--|V,) and A=dag(21,/?2,-~,ﬂh)=

without loss of generality, we can rearrange eigen-values to be increasing
h<Ap <<,

Definition: suppose matrix A is real symmetric, then we say “A is indefinite” if there
exists an eigen-value of A less than zero. If A is nonsingular, then

ASA <€A <0< A <A,

Thereafter we focus on LU-decomposition of symmetry indefinite matrix A



LU-factorization for real symmetry indefinite matrix A
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LU — factorization A= ‘C = : ¢ >~
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Question: why not LU-decomposition?

A is real symmetric, we only store lower triangle part of A, say
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G & " 8y




Pointer array to store lower triangular part of A

row-major based col-major based

col -1 col -2 col —n

row-1| | % / o /|
row—2 7| Q| Gy ,/ / X

: | B | [@ana| |8
row—(n-1) | | 8w |8 | | Eana & | | B &1

row—n

\ anl an2 ann

A2

Ay

Question: what is the cost to fetch one element of A ? That is, operation count for A(i, j)

Question: can you find another representation for lower part of matrix A ?

Question: if one uses row-major to store lower part of matrix A, then how to fetch a
column of A efficiently?
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Algorithm of complete diagonal pivoting



How to do permutation on real symmetry indefinite matrix A

1 2 3 &Y (1 0 0
Let A=|2 4 5 Define permutation matrix P=(1,3,2)=|¢€} |=|0 0 1
3 5 6 g o1 o
el: [efrx & interchange row 2, 3 1 23
PX=16 X216 X=X . PA=[3 5 6
&) &x) (% 2 4 5
X\ 1 3 2
XTPT_(PX)T: X, :(X1 X, Xz) interchangecolumn2,3# AP |2 £ 4
% 3 6 5

Symmetric permutation: A— PAP'

A PA (PA) P’

e A e A e A
1123 11213 1132
>lals interchange . 3 6 interchange . 316

< 3156 row 2, 3 >l 4ls column 2, 3 >l5 |24




Change diagonal element to (1,1) position

suppose we want to change a,, =8 to position (1,1) , then consider permutation

P= (3, 2,1, 4) and do symmetric permutation on A, say PAP'

A
11234
21567 interchangg
3,689 coll,3 ]
4 171]19]10

N

Question: we only store lower triangle part of matrix A, above permutation does not

work, how to modify it?

Observation 1:

A
112|3|4
25|67
316|809
417910

v

AP’
312|114
61527 interchange‘
86 3|9 row 1, 3 ]
9171 4]|10

PAP’
82|34
25|67
3(6|1|09
417|910

[1]

PAPT
86|39
6 | 512 |7
312 |1} 4
9 (7| 4|10




Change diagonal element to (1,1) position [2]

col-1—col -3 row—1—-row-3 col -3—col -1 row—3—row-1

T > a3 > 8oy A3 > Ay >,
col -3—col -1 row—1—-row-3 col-1—col -3 row—3—row-1
A5 —a; > Ay o — 83 > 5

Observation 2: we only need to update lower triangle part of A (diagonal term is excluded ).

( A [ A
8|2 |3|4
25|67 R 2
36|19 6
417|910 4,719

\ J \ J

diagonal term akk (k -+ 1’ 3) col -1<>col -3 N akk row-1<row-3 N akk does not Changed

col —1«<>col -3,row—1l<>row-3
CH > B3
col —1«>col —-3,row—1«<>row-3

a3 > 8y
&3 =38; does not changed

} we have changed



Change diagonal element to (1,1) position [3]

2 6
2 6 interchange interchange 6
6 col 1,3 row 1, 3 ] 2
9 | 7
4'1\7/9 )
Keep lower triangle part
\ e
8
6|5 Fill-in A(3,1) Fill-in 6
312 |1 diagonal term
9|74 |10 10 9

Question: any compact form to represent above interchange?



Change diagonal element to (1,1) position

[4]

A 2 4 4 A
o
6
2 6
6 " 2
417109 97| 4
4
\ J </9 \ J
casel: [ 4| 7| 9
; col-l<col-3 row-l<row-3
a, (i#13) >a,, >a,,
i col-l<>col-3 row=le>row-3
a,(i#13 —>a,, >a,,
case 2:
. > 4
B
6
a21 (I = 1’ 3) col -1<>col —3% 323 row-l<row-3 N 823 (upper triangle) _ 832
; col-l«»col-3 row-l<row-3 ; _
a, (j#13) o= s a,, o2 5 a, (upper triangle) = a,,



Change diagonal element to (1,1) position

For general real symmetric matrix A with dimension n, suppose we want to change a,, — &,

Step 1: interchange position (1,1) and (k,k), i.e. &, <> a,
keep position (k,1) and (1,k), i.e. &, =3a,, does not changed

k—1<

P=(k, 23--k-1 1 k+1n)

T

1—th

T

k—th

LS C R
(& ;
O X |
O X eee X /J!\
B~ A A_/_@ __________
: X ¥ X
Lo x X [5] X

A < Ay

v

interchanges rows 1 k or columns 1 k

(a) \
O X

o

O . O

\D X O X/




Change diagonal element to (1,1) position [6]

Step 2: interchange column 1 and k below row k+1, i.e A(k+1:n,1) <> A(k+1:n,k)

[ a, ) [ ay, )
O X O x

O X O x

3, A a, A, A a,

o - - -

\D X O -X/ \EI X O -X}

A(l,l)(l > k) col —1«»>col -k >A(i, k) row—-1l<row—k >A(i, k)
A(l,k)(l > k) col —-1<>col -k )A(l,l) row—1l<>row—k )A(l,l)

Therefore A(i,1) <> A(i,k) ¥V k+1<i<n



Change diagonal element to (1,1) position

[7]

Step 3: interchange column 1 (from row-2 to row-(k-1)) and row k (from col-2 to col-(k-1))
A(2:k-11) > A(k,2:k-1)

[ ay, ) [ ay, )
O] X A | X
O | x X A | X
ay | A A lay, &y |O a,
D ...... I} D ...... I}
. ok y . . y
\ O X X | O X X/ \ O X s X X}
A(i,1)(2<i < k)—2=2e s A, k) —==2 5 A(i, k) (upper triangle) = A(K, i)
A(k,i)(2<i < k)—2=ee= s A(K, i) —2=2 5 A(Li) (upper triangle) = A(i,1)

Therefore A(i,1) <> A(k,i) V 2<i<k-1



Implementation of symmetric permutation: swapping overnead [1]

Suppose we use col-major based pointer array to
store real symmetric matrix A

A Step 2: interchanging column 1 and kis O.K
mem(A) = a:zl 822 N since memory block is contiguous.
S VIC P A a, \
col -1 col -2 col —n O x
/ \ Do T
/ / X O X e X
&, Ay, a1 n1 Ay, Ay Ao A Ay
Ay, sy A 1 g |- = o
L e x| x
: . O X cee X | O X X
. a., \ / /
a, \
Contiguous memory block



Implementation of symmetric permutation: swapping overhead

Step 3: interchanging column 1 and row k, i.e. A(2:k-11)<> A(k,2:k-1)

is NOT efficient since A(K,2:k—1) is NOT contiguous.

2]

NOT contiguous, swapping is very slow.

Observation: the situation is the same even we choose row-major based pointer
array as storage strategy.

A

4

[ ay, ) [ ay, )
O | X A | X
O | x X A | x
3y | A a, & O a,
O O O O
. o | . . y
\EI X X | O X/ \El X ] X}

Solution: in order to avoid high swapping overhead, we should avoid permutation.




Change off-diagonal element to (2,1) position

[1]

suppose we want to change a,, =9 to position (2,1), then consider first permutation

P= (1, 4,3, 2) which change first index from 4 to 2

N

and second permutation P, = (3, 2,1,4) which change second index from 3 to 1

RAR'

4

10

9

A
11234
21567 interchangg
3,689 col 2,4 ]
4 171]19]10

interchange

N W | > |

o | 0| © W

o | o [ NN

coll, 3

AF’lT
114 |3]|2
2 |17]6]|5 interchange‘
31986 row 2, 4 ]
4 110 9 | 7

(RART)PF)
31412
9 10| 4 | 7 interchange
81 913 |6 row 1, 3
6 |7]2]|5

RAR
114 |3 ]|2
4 (10| 9 | 7
319 |86
2| 7|65
R, (RART )P
81 9|3 |6
9 |10 4 | 7
314 |12
67|25




Change off-diagonal element to (2,1) position [2]

T T\ pT
A RAR R (RART)R
h ( A ( 3\
11234 114 |3 ]2 81 9|3]|6
2 | 516 |7 interchange 4 11019 | 7 interchange 9 10| 4 | 7
316|819 row and col 2, 4 319186 row and col 1, 3~ 314|112
4 719 (10 2| 7]|16]|5 6| 7|25
J \ J \ J
row/col 24 row/col 13
3 > A3 > 8y, a, N
/col 24 row/col 1¢<>3 3 1
Ay — — &y —8, ( ]_)( j
ool 2end ol 1es3 A3 Gy & 8y
row/col 2<>4 row/col 1«3
A3 > Ay, > Ay

Observation: two permutation matrices can be computed easily since 2 <-> 4 and
1 <-> 3 are independent.

R =(14,32)

P, =(3,214)

» P=PRB=(3412)



Change off-diagonal element to (2,1) position [3]

HOW to transform@,; =9 to position (2,1), under only lower triangle part of A is stored?

Observation 1: a,, <> a,, and a,, =4a,, does not changed

A RAR'

e 3 e 3
11234 1141]3]2
215167 interchange 4 1101 9 |7
3/6|8]|9 row/col 2, 4 319|8]|6
4171910 2|17 1]16|5

\ \/ J \ J

Step 1: interchange position (4,4) and (2,2), ,, <> dy,

s A 3\ 4 3\
112 |3 |4 112]3)|4
21516 |7 2 1106 | 7
3/6|8]|9 " 3/6|81|9
4171910 4171915




Change off-diagonal element to (2,1) position [4]

Observation 2: we only need to update lower triangle part of A (diagonal term is excluded ).

‘ 3 ‘ 3
11234
2 10| 6 | 7 2
3(6|8]09 3|6
41795 4 9

N J N J

Step 2: interchange row 2 and 4 below col 2, i.e A(2,1:1) <> A(4,1:1)

( A ( A ( A
2 interchange 4 9 interchange 4 9
3|6 row 2,4 . 3|6 col 2,4 319 6
4 9 2 6 2 6

\ J \ J \ J

N

NOTE: Interchanging column 2, 4 does not change position (2,1) and (4,1), it
suffices to interchange position (2,1) and (4,1) first.



Change off-diagonal element to (2,1) position [5]

4 A ( A
, A(21:) o AL ||,
3|16 ] 3|6
4 9 2 9

\ J \ J

Step 3: interchange column 2 (from row-3 to row-3) and row 4 (from col-3 to col-3)
A(3:3,2) <> A(4,3:3)

( A ( A
4 A(3:3,2)«> A(4,3:3) | 4
3|6 R
2 9 2 6

N J N J

2ol ? 5 a,, (upper triangle) = a,,

col-2«<»>col—4
Y
o 2oln? 5 a,, (Upper triangle) = ay,

col-2<>col-4
a
43



Change off-diagonal element to (2,1) position [6]

For general real symmetric matrix A with dimension n, suppose we want to change a, — a,,

P=(1 k,3,---k—-1, 2, k+1,n) interchanges rows 2 k or columns 2, k

! T

2—th k—th

Step 1: interchange position (2,2) and (k,k), i.e. &,, <> &
keep position (k,2) and (2,k), i.e. &, =38,, does not changed

S5 C R
[ | ) [ )
0 | 0
k-1< | . , | . .
O . | O
(| X O - X | Ay <> Ay . x O - X
S 7 A— i & a, A Ay
x o - ilo < o e ilo
X ; X x X
X o X [5] X e X X o e ox |0 X e X




Change off-diagonal element to (2,1) position [7]

Step 2: interchange column 2 and k below row k+1, i.e A(k+1:n,2) <> A(k+1:n,k)

[ X ) [ x )
0 a8, O a,
o . . O

x O - X x O . X

D a, A Ala, D a, A Aa,

X O : O ‘. X O . O

X X X X

X o o x o] x e X X (O o ox|lo x e X

A(|,2)(| > k) col —2<>col -k >A(i, k) row—2<>row—k N A(l, k)
A(l, k)(l > k) col —2«<>col -k A(l , 2) row—2<>row—k N A(l ’ 2)

A\ 4

Therefore A(i,2) <> A(i,k) V¥ k+1<i<n



Change off-diagonal element to (2,1) position [8]

Step 3: interchange row 2 (column 1) and row k (columnl),i.e A(2,1) <> A(k,1)

[ X \ [ x
Ay Ay
o . O
x O X x O X
Dl a, A Ala, S0 ]ae A A,
X O o X O o
X | X X |
| X O X | o X x) | x O X | o X

A(Z,l) col —2«>col —k >A(2,1) row—2<>row—k )A(k,l)
A(k,l) col —2<>col -k )A(k,l) row—2<>row-K \A(Z,l)

N

Therefore A(2,1) > A(k,1)




Change off-diagonal element to (2,1) position [9]

Step 4: interchange column 2 (from row-3 to row-(k-1)) and row k (from col-3 to col-(k-1))
A(3: k-1, 2) > A(k,3: k—l)

[ x \ [ X A
D a, D ay
x O X x | A X
0 Ao A A% ] 0 4, | O O,
X O o X O =
: X ; X X X
\ X O X o X ></ \ X O X | o X X )
= A(k1)

col —2«>col -k )A(l,k) row—2<>row—k >A( k)(upper trlang|e)
)(u

col —2«>col —k >A(k,|) row—2<>row—Kk >A( pper tnangIE) A(,Z)

Therefore A(i,2) <> A(k,i) Vv 3<i<k-1



OutLine
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LDL’ decomposition (diagonal pivoting)
- growth rate of 1x1, 2x2 pivoting

- criterion for pivot strategy

- comparison to complete pivoting in GE

Example of complete diagonal pivoting
Algorithm of complete diagonal pivoting



LDL’ decomposition: 1x1, 2x2 pivoting

« diagonal pivoting method with complete pivoting:
Bunch-Parlett, “Direct methods fro solving symmetric
Indefinite systems of linear equations,” SIAM J. Numer.
Anal., v. 8, 1971, pp. 639-655

« diagonal pivoting method with partial pivoting:
Bunch-Kaufman, “Some Stable Methods for Calculating
Inertia and Solving Symmetric Linear Systems,”
Mathematics of Computation, volume 31, number 137,

January 1977, page 163-179



Growth rate in LDL’ decomposition [1]

E ¢ I E | E'C’
= c B = L A | E isof order S

y7A =1ma>< Aj‘ = maximal element of matrix A
| <i,j<n
Define L:(cE‘l Ij and constant #4 = max Ai\ = maximal diagonal element of matrix A
v=‘det E‘
Casel:s=1
& | & 8y
el T e e A Esa i vofotEl a0
ay | &, - &,
a21 a’22
ael and B= a:23 % . IBT with Blj :ai+1,j+1

c=| | with C;=a,,

A G Gy Ay



Growth rate in LDL’ decomposition [2]

A
A3

a 1
<~ max

all V 2<j<n

cEl=— ajl‘sﬂ

— ‘cE‘l‘ < max
@© 1%

2<j<n

Ay

Therefore | |L|, =max (MCE_l‘ )S max (1’ &j
0 1%

Observation: in PA=LU, we choose |a,|=max|A(,1)| such that |L| <1

4 cc - a
A(n—l) —B-cElc = B_g Agn—l) _ Blj _ a1'+1,j+1 _ & .11 j+1.1
a; a; a;
n- a1'+1,1 ) a'+1,1 2 ] ) 2
A <@g+ <+ 22 implies [AMY] < g+ 20
‘ail‘ |4 °° 1%
2 2
Therefore | |A™Y| < max(\aﬂ\, A )s max(v, o +&j < g+

Observation: large element growth will not occur for a 1x1 pivot if
vV is large relative to £,



Growth rate in LDL’ decomposition [3]

Case 2:s=2
&; Gy | 8y

A| BB L AL where ;\<nz>:[E AM], L:(CE'l J and A™®) _p_cE i
Gy 8p | Gy

E:[an azlj with V:‘detE‘:‘aﬂazz—azzl‘>O and E'= 1 (azz _azlj

& det E —ay a,

83 Ay Qg3

a a

f11 f12 af"3 s =B with B|j:ai+2,j+2

with G =4a,,; and B=

Ay Gy A3 Gy Ay
- 1 [ &
EY) =

_ 1 (&
(CE l)_ =(c, %)E alllj

(cE‘l)ij =c(i,’)E™(;, ) implies {




Growth rate in LDL’ decomposition

for 2<i

— 1 % :ailazz_aizazl
{ i =(c8") G a12)detE[ azlj det E

- 1 Ay —&,8, + 3,3,
. =(cE ! =(a = )
L =(c )i—1’2 (3 a12)detE( a, j detE

2|3 +an |3 _ s+ 15 _ g
Ly < >

‘det E‘ 1%

/u0+/ul)

‘le‘<‘6\1Hazl‘ \%Han\ Holho + Holy _ My

det E] v  (to44)

Therefore | |L| =max (1,‘CE‘1L) < max (1 Ho 20 (g + ,ul)J

[4]



Growth rate in LDL’ decomposition [5]
A" =B, —(cE™*)(i,)c" () =B, —c(i,)) Ec(j.)
_ . L &y Ty aj+2,1
= a1‘+2,j+2 (a1'+2,1 ai+2,2) det E [_aﬂ all j[aHz,z]

T P WA D
+2,]4+2 detE +2,1°22 +2,2721 +2,1721 +2,2711 aj+2,2

(a1'+2,1a22 — 85,8 ) aj+2,1 + (_a1'+2,1a21 + a1'+2,2a11) aj+2,2

- a1'+2,j+2 -

detE
A< ) (2 01/l200] * |82 ][B! ) [ 2]+ (|8 28] [r] #2122 |04 ) 252
i - ai+2,j+2 ‘det E‘
< 1y + (/Jolul +:uo:u0)/u0 +(/Uoluo +/U0:u1),uo = 1, {1_'_ 214, (,Uo —|—/,11):|
1% | 4
Therefore | |A™? < max(\E\w AT w) < max[yo,yo {1+ 2H (’:0 +M)D —u {1+ 244, (ﬁ]‘/o +ﬂ1)}




Criterion for pivot strategy  [1]

Fix a number 0<a <1 (later on, we will determine optimal value of o )

o (E g | E ) Hy =1rsri1’?i(n Aj‘: maximal element of matrix A
A=A = c B \cE' | A L 'ulzrlgi%)n( Ai‘= maximal diagonal element of matrix A

1% =‘det E‘

Case 1: 1 2 au,

suppose 4, :"Akk‘ = max Ai\ we interchange 1st and k-th rows and columns by introducing

1<i<n

permutation matrix P = (k,2,3,---, K—11k+1---, n) and do symmetric permutation

@ oAy X a!<1 X
A : L x CAM | LT X
@ <

X X X X

~

AN — HA(n) |:1T

A ~ 2 g 2
Thendo LDL™ on A" with 1x1 pivot, written as A(”):[aﬂ ¢ j:[ ' ]{aﬂ : 1)le
| A"



Criterion for pivot strategy  [2]

Recall for 1x1 pivot, A=LA™L" , we have growth rate

2
\L\mSmax(l,ﬂj and ‘A(“—D <+
1% e VvV
~ T fay
Now for A" = % C = 1~ % LI, V:‘én‘:‘akk‘:/ﬁzaﬂo
c B) \c/a; | A

L| <max (1ﬂj < max (1, lj 1 and | |A"D
|4 (04

2
< 1 +&S(1+£)yo
*® | 4 04

Case 2: u <au,

suppose t, = ‘Aq‘ = max | A, ‘ r > q, we interchange g-th and 1st rows and columns,

I<i, j<n
and then r-th and 2nd rows and columns by introducing permutation matrix
Fi :(1,r,3,-.-,r—1,2,r+1,-..’n)-(q,2,3’...,q_1’1,q+1,...,n)

and do symmetric permutation A" = PA"PT

Question: we must change q<->1 first, then change r €22, why?



Criterion for pivot strategy  [3]

R=(Lr3r-12r+1--n):(q,23--,0d-1Lq+L---,n) transforms A, - A,

1 r>g>3

~U
I
—~
w
-S
-
E
=
I
-
N
—
+
P~
>
~

3 3=r>q=2 (boundary case)

R=(1324,-,n)-(2134,,n)

| —

(2,31 4,:.n)
but  (2,1,3/4,---,n)-(1,3,2,4,---,n)=( 3,1, 2, 4:--,n)



Q; ay a; X X
@ 2, Poox o a,
: e X X
(n) _
AT = aql auq arq
X X X el
X By x (g
X X X x x X

Thendo LDL™ on A" with 242 pivot, written as A :[

Criterion for pivot strategy

[4]

2 x 2 pivot
r———————— |
(Fn B A
G >
re2 |
> A" = Ay a
gel

Recall for 2x 2 pivot, A=LA™?LT , we have growth rate

“—L@ < max(

1t
1%

(44 +ﬂq)]

and

X X X
X a, X
X X X
& X
©X




Criterion for pivot strategy  [5]

-
Now for A" — E c_ 1 E N
c B (cE! | A

4 :‘det E‘ = ‘aqqarr _arzq = aqu _aqqarr 2 /Jg _/ul2 > (1_0{2)#5

To sum up

Case 1: 1 2 au,

. A o 1 a 1
AN — a4, C _ 1 T <= d
[ C Bj [C/éﬂ |J[ An—l) I'1 ‘Ll‘w a an

Case 2: <oy,

R 4 E 1 N
C B CE—l I An—Z) 0 1-a

Question: How to choose value of 0<a <1




Criterion for pivot strategy  [6]

worst case analysis : choose Q0<a <1 such that

[growth rate of 1x1 pivot + 1x1 pivotj ~ [growth rate of 2x2 pivotj

Ingd

or equivalently [growth rate of 1x1 pivot} ~A/ [growth rate of 2x2 pivot}

Define B(a):max(ju_l’ /1+LJ
o l-a

minB(a)=B(«,)= L+ 17 ~2.5616 < 2.57
O<a<l 2
1+~/17 - 1 2
where ¢, = 17 ~0.6404 satisfies 1+—= [1+
8 a, 1-«,

and «,

| 1417 1417
Exercise: verify MinB(a)=B(a,)= +;/7 B +5\3/7

<a<l



Diagonal pivoting versus complete pivoting of Gaussian Elimination [1]

1 We must search for the largest element in each reduced matrix, this is a complete
pivoting strategy analogous to Gaussian Elimination with complete pivoting

Hy = Max

I<i, j<n

A ‘ = maximal element of matrix A

4, = Max

1<i<n

Ah‘ = maximal diagonal element of matrix A

complete pivoting of GE (Gaussian Elimination)

1) finda p,ge{kk+1---,n} such that ‘A{)Z)‘zmax‘A(k)(k:n,k:n)‘

(2) swap row Al )(kl n) and row A (pl n)

(2) swap column A¥ (1 n, k) and column A" (11 n,Q)
then PAIT=LU with |L| <1




Diagonal pivoting versus complete pivoting of Gaussian Elimination [2]

2 growth rate

diagonal pivoting  pApPT = LDL" complete pivoting in GE  PAIT = LU
L Sma{i, L jzmax(1.56,2.78):2.78 L, <1
" o, 1-a,
= U| <?
‘D‘oo < B(ao) TS 2-57n_1,uo e

Remark: Bunch [1] proves that the element growth in the diagonal pivoting method
with complete pivoting is bounded by 3n- f (n) in comparison with Jn-f (n)

for Gaussian Elimination with complete pivoting, where

n Liogn
f(n)=,I1 D c1.g.pe
k=2

[1] J.R. Bunch, “Analysis of the diagonal pivoting method”, SIAM J. Numer. Anal.,
v. 8, 1971, pp. 656-680
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Example (complete pivoting)

[1]

A=A 13 max |A | = =
f po = max A=A, =13 [is=max|A|=[A] =8| o~ 06400
6 |12 3
12| -8 113 W < o,u, =8.33 we choose 2x2 pivot
3 [-13| -7
6| 2|1 swap row/column 2<>1 and 3<>2 by permutation matrix
) l R=(2314)
A — P AL plT
~ s 3
(@ﬁ, -8 -8 |-13] 12
8 261 (6 ) 362
12 { -8 X < 12 \e_sjﬂ R 13| -7 ] 3
3|[-13| -7 -13| 3 (7) 12| 3|6 |6
6/l 4]|1]|6 4 1-6|1 41|66
N J
N7 N I
E ¢




Example (complete pivoting) [2]

E ¢ | E l ! T
PAYPT = AW _ _ N OF\OIIY
oo c BJ |cE?* | B—cEc" IcE" | ( )

2

A — ] AW P’ L A0
. A ( A4 3\
-8 |-13112 | 4 1 -8 13
13|73 1|] _ 1 13 | 7
12| 3| 6 | -6 0.3982 | -1.1681| 1 4.7257 | -6.4248
4 1|66 0.1327 | -0.3894 1 -6.4248 | 5.8584
\ J \ J \ J

Recursively do the same procedure for A® (3 :4,3: 4)

= MaX
Ho 3<i, j<4

—6.4248) | =max

3<i<4

=5.8584| «,~0.6404

A=A

RS

L > o i, =4.1144 we choose 1x1 pivot

swap row/column 3+<>4 by permutation matrix B =(1,2,4,3) such that AY > A

RAYF = RLYP |(RAYF] )[Pg (L) Fﬂ - AS ()




Do symmetry permutation for A¥ and

Example (complete pivoting)

[3]

AB AB) _ R AL P’
‘ ‘
8 13 8 13
13 7 R = (1' 2’4’3) -13 7
4.7257 | -6.4248 5.8584 | -6.4248
-6.4248 | 5.8584 6.4248 | 4.7257
N N
L @ _ R L0 %T
‘ \ ‘ \
1 1
1 R =(124,3) 1
0.3982 | -1.1681 | 1 g 0.1327 | -0.3894| 1
0.1327 | -0.3894 1 0.3982 | -1.1681 1
N J N J
_ 2 o 5.8584 | -6.4248
wedo 1x1 pivoton A®(3:4,3:4)=
6.4248 | 4.7257




Or write in original matrix form

A<3>(3:4,3:4)=[

5.8584

-6.4248

-6.4248

4.7257

AB) _ R ALG) F%T

-13

-13

-7

5.8584

-6.4248

-6.4248

4.7257

Example (complete pivoting)

[4]

¢’ 1 o) | '
B) \c/a? | B-cc" /ald J\c/al) |
1 5.8584 1 -1.0967
-1.0967 -2.3202 1
L A
( N\ [
1 -8 -13
-13 -7
1 5.8584
-1.0967 | 1 -2.3202
\ J \



Example (complete pivoting) [5]

PR =(124.3)-(2314)=(2341)

( A ( A
1 -8 13
[0 _ ! P I I e
0.1327 | -0.3984 1 5.8584
0.3982 | -1.1681 | -1.0967 1 -2.3202
\ J \ J

In practice, we have two key issues .
col-major based

1 we only store lower part of matrix A col-1 col-2 col-3 col-4

A
[ 3\
6 h 4 \ 4 A 4 A 4
6 -8 -7 6
12 | -8
12 -13 1
3 |-13]| -7
3 4
64 |1)|6
\ J -6




2 we store decomposition (YL® and A"

0.1327

-0.3984

0.3982

-1.1681

-1.0967

\

N A4 —

-13

Example (complete pivoting)

[6]

into original A

-13

5.8584

-2.3202

0.1327

-0.3984

5.8584

0.3982

-1.1681

-1.0967

-2.3202

J

Question: How can you judge correct decomposition PAPT = LDL'

from mem(I:(1) |_(3))+ mem(A(“))




Example (complete pivoting)

Case 1. four 1x1 pivot

Case 2: two 2x2 pivot

.
1
13 1
0.1327 | -0.3984 1
0.3982 | -1.1681 | -1.0967
\
.
1
1
0.1327 | -0.3984 1
0.3982 | -1.1681

[7]

-8
5.8584
-2.3202
-8
-13
5.8584
-1.0967 | -2.3202




Example (complete pivoting)

Case 3: 1x1 pivot + 2x2 pivot + 1x1 pivot

[8]

‘ 3 (
1
L -13 1 D=
0.1327 1
0.3982 | -1.1681 | -1.0967 | 1
N J .
Case 4: 2x2 pivot + 1x1 pivot + 1x1 pivot
. 3 .
1
1
L — D =
0.1327 | -0.3984 | 1
0.3982 | -1.1681 | -1.0967 | 1
\ J \
Solution: we need an array to record pivot sequence

v 3

pivot | 2 | 0o | 1 | 1

2Xx2 pivot

1x1 pivot

-8
-7
-0.3984 | 5.8584
-2.3202
\
-8
13 | -7
5.8584
-2.3202
J
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Algorithm ( PAP’ = LDL") [1]

Given symmetric indefinite matrix Ae R™ , construct initial lower triangle matrix L = |

use permutation vector P to record permutation matrix pt

et A=A, 9=, pO =(12,3,---,n) and pivot= zero(n), a= 1+g/ﬁ ~ 0.6404
k=1
while k<(n-1)
(k) p( P ) _ [ (kD A (D)
we have compute P A(P ) =LA (L )
Db 0 -/ 0 - 0
0
" : D, 0
A" = 0 | a® ) | update original matrix A , where D, :1x1or 2x2
A k A k
0 0 |a¥ (k)
k-1
—

wy (WO k-1 | | |
™ = combines all lower triangle matrix and store in L
M| |



Algorithm ( PAP’ = LDL’) 2]

Ai‘:Am

1 compute 4, = max

K<i, j<n

Aj‘:‘Aq‘ and g4 =max

k<i<n

Case 1: 2 au,
define permutation R, =(1,2,3,--- k-17,k+1---,n-Lk,7+1---n) to do symmetric permutation

2 P(k)>P(n)

To compute A¥ =R AYR" | we only update lower triangle of A"

(1 Ak,k)e A(n,7) ((a, \
k
5 N
3 <12 A(n+1:nk) < A(n+1:n,7) .
Y13 A(k+1:in-1k) <> A(n,k+1:7-1) O X\ X
a, A - Ala,)
D, , e
then A _ al) ,c’:\f<'§):=<’:\77,7 S S I T U
C B \D X ) X D X e oo X}




Algorithm ( PAP’ = LDL’) 3]

(k) _ p kD) pT
Tocompute L™ 7" =RL" "B r1 \
4 We only update lower triangle matrix L x 1
L(k,l: k—1)<—> L(77,1: k—l)
X X 1
then o Lo s |1
p(k)A( p(k) )T _ [k A (E(k—l) )T < : 1
|77,1 |77,2 |77,k—1
| X X X 1 )
Dy | Dy ;
5 do 1x1 pivot : Ak = afd‘j) ¢ | = 1 afd'j) (L(k))
c|B cl/ay) || B—cc' /aly

{ L(k+1:nk)<«c/ay

then P(k)A( P(k) )T _ I:(k_l) L(k)A(k+1) L(k) (E(k_l) )T
A(k+1:nk+1:n)—=cc' /afd'j)

6 k<k+1 and pivot(k)=1




Algorithm ( PAP’ = LDL") [4]

Case 2: w <ay,
define permutation B =(1:k,r,k+2,---,r =L k+Lr+1.---,n)-(1:k-1,9,k+13,---,g-1,k,g+1,---,n)
to interchange g-th and k-th rows and columns, and then r-th and (k+1)-th rows and columns
7 P(k)«>P(d) andthen P(k+1)«<> P(r)

To compute A¥ =R AYPR" | we only update lower triangle of A"
(1) do interchange row/col K <> q

1] A(KK) o Ag,a) fe—\ \

1
8 <42 A(g+l:nk)e A(g+1:n,q) sl gl \
~13 ) A(k+1:9-1k)«> A(g,k+1:q-1) O\ Z

Dk Im D oo E D

then A% - ay) o e

C B
\D X X | O X X}




Algorithm ( PAP’ = LDL")

9 (2) dointerchange row/col k+1<>r
1 A(k+Lk+1)«> A(r,r)

2 A(r+1:nk+1)<> A(r+1:nr)

3 A(k+Lk)<> A(r,k)

4 Ak+2:r-1:k+1)<> A(r,k+2:r-1)

D,
0

[5]

\
A
ak+ +1,k+
:1,k Ql,kl \ 1
ol w
<
X O \/ X
8, & A Al
X ] O K
. . |
X O X O X}




Algorithm ( PAP’ = LDL")

To compute [“* =R L“YRT
10 (1) do interchange row k<

L(k1:k-1)«> L(q1:k-1)

11 (2) do interchange row kK+1<r

L(k+11:k-1) > L(r,1:k-1)

then

p(k) A( p(K) )T _ (k) &K ( [k )T

6]
(kD)
(1
X 1
X X 1
< Ik,l Ik,2 Ik,k—l
Iq,l Iq,2 Iq,k—l
\ X X X
1
X 1
Ik,l Ik,z 1
Ik+1,1 Ik+1,k—1 O
Ir,l Ir,k—l O
X X 0




~

12 do 2x2 pivot : Ak =

Algorithm ( PAP’ = LDL’) [7]
D, , (1 (Dyy T
El ¢ |= | E (L(k))
B cEl || B—cE'c’

{ L(k+2:nk:k+1)«cE™
A(k+2:nk+2:n)—=cE™c'

13 k<« k+2 and pivot(k)=2

pivot(k:k+1)=[2,0] means A(k:k+L1k:k+1)=D, :[

endwhile

then  PIA(PY )T _ [ LK)

A(k+2) .

dk,k

dk+1,k

Alks)| (K ( (D) )T

dk+l,k

dk+1,k+1

k+2)

(
ak+2,k+2 X

j IS 2x2 pivot



Question: recursion implementation

< ¢ Initialization
- check algorithm holds for k=1

« Recursion formula
- check algorithm holds for k or k+1, if k-1 is true

e Termination condition
. - check algorithm holds for k=n-1

normal <

abnormal

 Breakdown of algorithm
- check which condition PAP'=LDL’ fails

Extension

of algorithm

* No extension: algorithm works only for square,
symmetric indefinite matrix.



MATLAB implementation [1]

Given a (full) symmetric indefinite matrix A, compute factorization pAP™ = LDL"

return four quantities P, D, L, pivot

Remark: try to neglect upper triangle part of A in MATLAB implementation

Example : —
A
-
6 12| 3 | -6
12| -8 |-13| 4 1++/17
o= .
64|16
\

\
1
1
0.1327 | -0.3984 1
0.3982 | -1.1681 | -1.0967 1
J

P= 3|41
pivot = 0|11
.

-8

13

5.8584
-2.3202




N

MATLAB implementation [2]

When factorization is complete, PAP' =LDL' , you need to provide linear solver
AX=b —— (PAP")(Px)=Pb —> LDL" (Px)=Pb

define z=DL'(Px) ,then Lz=Pb —— z=L"(Pb) by forward substitution

define y=L"(Px),then Dy=z —— y=D"'z by diagonal block inversion
a /3,
1 a, -
Example: D= % % ,then D= —2( ‘ a3j
a g, R~ (8 q
A 1/a

define w=Px,then L'w=y ——* W:(LT )_1 y by backward substitution

However you cannot transpose L explicitly in MATLAB

x=P"w , you must scan w once to determine X



