5.5 Unit Step Function

In applications, systems are often subjected to discontinuous forcing functions.

(show real power of Laplace transform)

A

u(t):{o t<0 u (t)

1 0<t

u (t-a)

a
% typical “engineering function”

4 electrical or mechanical driving force off/on.

o P f(t) 3k} u(t-a) ¥ produce al sorts of effects.
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f(t):{

>t f(t)=2-3u(t—2)+2u(t-3)

g(t) O<t<a
h(t) t>a

f(t)=9(t)-g(t)ut—a)+h(t)ut-a)

f(t) =

(0 O<t<a
g(t) a<t<b
0 t>b

f(t)=g®ut-a)-u(t-b)]



1) FEfEzier>42 +#5
0 O<t<a
f(t):{
1 ac<t
»t T f(t)=u(t-a)

1

y'+ay +by(t) = ¢ f(t)
L{f(t)} =7

9] L{ut-a)}="?
| L{ut-a) }:j:u(t—a) e Sdt =j°° e tdt =

—as

e
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2) FERjR2Mems AR w5
O<t<a
L st sn(t-a) acst
~ \ F  f(t)=sin(t—a)u(t — a)

y'+ay' +byt)= f(t)
\J

Lt} =2
T L{snt-a)ut-a)}="?
= [ din(t - a)e Sdt L v=t-a

= [ sinve "%y = e[ sinve dv
=e *®L{sinv} or e*L{sint}
T L{sin(t—a)u(t—a)}=e*L{sint}

x L{f(t—a)u(t-a)l=eSL{f ()}
{ = (1) —= F(3)

) f(t—a)u(t—a)—— e *F(s)



f(t) > F(s)

f(t—a)u(t—a) - e *F(s)

228
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L{f(t-a)ut-a)}=Jy f(t-a)ut-a)eSdt=[7 f(t-a)e S dt

=[5 f(e Y Pdv=e*[7 f(v)eVdv=eF(s)

L y=t-—a
f(t) F(s)
1 1
S
sint 21
s“+1

u(t—a)

sin(t—a)u(t—a)

f(t—a)u(t—a)




DT R AT eF()—— > f(t-a)u(t—a)
proof : e F(s)=e Y f(r)e dr=[7 f(r)eds

L t=7r+a T:a—>® =t:a—> o dr =dt

e ®F(s) =7 f(t—a)e Sdt

=[2 f(t-a)u(t-a)eSdt

T e F(9)— s f(t—a)u(t - a)

o TR0
P& B integrand 2 0-afF =0
T u(t—a)

ZEI =228

N




Kreyszig P.282 ] 4.

y"+ 3y +2y(t) = r(t)
y(0)=y'(0) =0
Foy(t)

* Laplace transform r(t)

[32 +3s+ 2]Y(s) = R(9)

__Rs)
Y(s) = 213540 Q(s)R(s) 0

1 1 1
S) = = —
Q) s?+3s+2 S+1 s+2

qt) =€ - e

y(t) = L [Q(IR(9)] = q(t) * R(t)

r(t):{l 1<t<?2

0 otherwise




FATE U2 VR g R
Casel. if t<1 y(t) = [¢< r(ﬁ)q(t—f)dr
0

Case2. if 1<t<2  y(t)=[ r(r)q(t—r7)dr
:.-tr(T)CI(t—T)dT rEEor(r)=1
~ et g2t g,

_ ..t 7—t d(T t) J't 2(7—t) d(T —t)

t
— eT_t — 1 ez(f_t)‘
1 2
= [ el _ gt ]_ 1 e2(-t) _ } _ett 4 } a2(1-1)
2 2 2

e = e2(1-1)
y(t) ety 2



Cased. if t>2
A [ o AW Rr(r)=0
y(t) = H g(t—7)dr

= [ et e Jug

2
:{eﬂ4)_}€ﬂpn}
2 1




bl Yy +3y +2y=r(t) r(t):{l et y(0) =y(0)=0
0 otherwise
=u(t-1
e—S
Lut-D]=""—
S
e—S
(52 +3s+ 2)Y(s) ==
—S
Y=
s(s+1)(s+2)
_ 1 1) o
P shizr LN e SE(S) (=ut=Df(t—1
b {s(s+1)(s+2)} | { ()} DD
= convolution T—" 51 | 4 ¥ patial fraction
S :
1 L1 ot i 1 _1/2_ 1 +1/2
s+1 ’ . S(s+D(s+2) s s+l s+2
1 R




L F(9G(9V(9)]= frgrv=(f xg)*v
frg=[e’dr=1-€"
(fxg)*v=| (1— e’ )e‘z(t‘f)dr

_ 4 J‘c'; (eZT _ )dT

2t
:e_Zt e__et_|_1 :l_e—t_kle—Zt
2 2| 2 2

Y(s) =u(t- 1)E —e %e—z(t—l)}



Bl Yy +3y' +2y =r(t) y(0) =y'(0)=0 f )
(A r()=u(t-D—-u(t-2)
(B) r(t)=5(t-1) ;T IR
Sol : (A) SZY(S)+35Y(S)+2Y(S)=e:—e_szs
_ e_S _aS|— 1 -S  42S
Y(S)_s(sz+33+2)[1 © ] S(S+1)(S+2)[e © ]
o4 A — 1 (
SKA F@y‘as+n@+2) 0 t<d
V2 1 12 1 _ 2, 120 1<t<2
N s+1 S+2 _ 2 2
l l l B y(t) = ot o2 1 aeny 1202
fO)= -+ e s v 14 o a
2 T (e“-e)e —E(e —e7)e © 2<t<w
L F(s)es)= f(t-Du(t—1)
LHY(9)} = LY F(s)e |- LY F(s)e )= f t—Du(t-1) - f (t—2)u(t-2)

:E_

e, %e‘z(t‘l) } u(t—1)- E —e 24 %e‘z(t‘z) } u(t—2)
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f(t)=sint—sint-u(t—=z)+sint-u(t—2z)—-sint-u(t—3z) +---

=dnt[ u(t) -u(t—z)+u(t - 2z)—u(t —3z) +--]

B0 f ()

4\ 7N
N 7\ 7\ .
2 4 6 8 10

f(t)= 4sin(%ntj[ u(t) —u(t —2) +u(t—4) - u(t —6) +--]



4 (2 O<t<r

2 r
SN N .t f(t)=40 T<t<2rm

- E NN sint 27 <t
Ff(t) = Laplace transform F(s)
f2 1 stepl. £ @ 2 f(t) in terms of unit step function

f(t)=2u(t) - 2u(t —m)+u(t—2r)sin(t —2r)
=2u(t) - 2u(t— ) +u(t — 27)sint (7 - T BRPU-2T% 5 1)
step 2.

L{f(t)}=2L{u(t) }-2L{ u(t—r) }+L{u(t—27)sin{t - 2r)}

—JTS
_2.1 5.8 +e %S {sint}
S S

—7TS
_2.t 08 T, b g
S S s°+1




52 4 F(s) & f(t)

R 2 2 —28 4 —25 S —TS
| - F(S)=— —— ——e e
) 2 s S 52+1
) 42 42 _ e 4 s
LY F(s Ll{ } Ll{ e2~°’}—4|_1 +|_1{ e”s}
tF(9))= s s S s?+1
£i24 e TE(= - 2-Ty S

$? 2 s §2+1
i f(t)=2t—2t—4-cost

* @ ®F(s) > f(t—a)u(t—a)
~now LHF(s) }=2t—2(t-2)u(t—2) - 4u(t — 2) — cos(t — 7)u(t — 7)
=2t—2(t-2)u(t —2) —costu(t — )

(2t 0<t<2 A
T f{t)=<0 2<t<nrm | :\\
| —cost <t | |\ L.




Ex.3 of P.271 LC circuit

R Resistance & ra Ri (t) L di it) + — J. (t) dt = E(t)
T—/% Inductor & & dQ(t)
VoltageE(t) /% L (t) o
Source |
C Capacitor & % d Q dQ 1
Now, E(t) 4] - - L dt? d Q(t) =
E(t) ( 0 0<t<?
T E(t)=11 2<t<5
N 0 5<t
2 5

L R=0, QO)=Q, Q(0=0, Q)
(i(0)=0, switch & t=0z % 5 open)



Solve :

stepl. E(t) = E | u(t-2)-u(t-5)] i LQ"+%Q(t) = E(t)
* Laplace transform
1 g2s 1 _ss 2_i
[S Q(s)- SQ(O) Q(O)j c Q(s) = Eo( -8 j O =16
(Ls + jQ(s) LsQO+EO( ‘25__e—55j Use convolution :

111 1
Q9= >, Folb (- &™) L{Ss+a)2}

s?+1/LC  s(s?+1/LCJ

%7 = L {F(5)G(9)}
Q(t) = Qycoswt + Ey 7 =[S f(z)g(t-7)dr
_ 1 1 . 1
L 1{3(32 +w2)} = ;jg Snotdr = ?(1— coswt) = |5 Snor -1dr
1/L —2s —55\ Lt . 1 . . _ _ _ —
S5+ 07) (e e ™) > sz{ u(t — 2)[1-cosw(t — 2) |+ u(t — 5)[1— cosm(t —5) |}
_C

. Q(t) = Qycosmt + E,C{ u(t — 2)[1— cosm(t — 2)|+ u(t — 5)[1- cosw(t - 5)]}



* u(t—a) 2 Laplace Transform® % Q(t) on entire domain (0O<t <o)
F 4+ Chap.32. % 2 % & = - k&
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* u(t—a) 2 Laplace Transform® % Q(t) on entire domain (0O<t <o)
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052

2—>5
55

BT



» 7 L{fQut-a)=[r eSft)dt let v=t-a
= [ € f (v+a)dv
=7 &% f(t+a)dt

=g ®L{ f(t+a)]
T f)ut-a)=e*L{ f(t+a)}
Folel s L{tut-2)=2

& v L{tz}_l‘_)g

S3
L{2ut-2)|=e®L{(t+2?|=e =L{t? + 4t + 4]
= e‘ZSL—ZB +Si; + ﬂ g

B L{sintu(t—n)}ze‘”SL{sin(t+7r)}=e‘”SL{—sint}ze‘”S(— 21 )
s +1

2

& L{—sint-7)u(t-=)}=—€"°L{ sint}:e‘”s(—S 1 1)
_|_



